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Introduction
The maths subject is considered one of the basic courses that helps students to acquaive
educational abilities to develop thier thinking and solving problems and it helping to
deal with difficult situations in thier life .
As a starting point of attention by the Ministry of Education represented by the General
Directorate of Curricula to develop the curricula in general and specially of maths in
order to go along with the technological scientific .
The book consists of six chapters:
The first chapter is (Complex Numbers) which contains:
Find the roots and their properties ,Solving second —order equation .in complex number
, polar coordinates , Modulus and Argument of complex numbers .
The second chapter is (Conic Sections) which contains:
The standard equation .for Parabola , Ellipse and Hyperbola, and eccentricity of each
them.
The third chapter is (Application of Differentiation) which contains: Related Rates.
Rolle’s and Mean value theorem ,the derivative test for increasing and decreasing for a
function, local Max and Min, Concavity and inflection opint, the second derivative test
for local Max. and Min graphing functions and optimization (Max ,Min) problems.
The fourth chapter is ( Integration )which contains: Integration and its applications, find
integration of Algebraic, Logarithmic , Exponential and Circular functions find the area
between x-axis and the curve , and the area between two curves ,find the volume of
revolution .
The fifth chapter is (Ordinary Differential Equation) with contains: find (Degree, Order
and Solution) and solving equation by separation of variable.
The sixth chapter is ( Space Geometry ) which contains: Dihderd angle and perpendicular
planes ,and Orthogonal Projection on plane some.

We hope God help us to serve our country and our sons

Authors
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COMPLEX NUMBERS

Chapter 1 : Complex Numbers

1 —1 Need to expand set of real Numbers,

1 -2  Operations on complex Numbers set.

1 -3 Complex Conjugate.

1 -4  Sgunare roots of complex Number.

1 -5  Solution of gquadratic equation in C.

| -6 Cubic roots for one integer.

1 -7  Geometrical representation for complex Numbers,
1-8  Polar form of complex Number.

1 =9 De Moivre's Theorem.

Terminology
Term Symbol or Mathematical Relation

Real part of number £ : R(Z) R{Z)=x=r.cos0
Imaginary part of number Z:1(Z) l(Z)=y=r.snb
Argument of complex number £ arg(Z) = 0
Modulus of complex number Z r=||Z|l = mod Z
Left hand side LHS
Right hand side RHS
Naturel numbers N
Intckers £
Whole numbers w
Rational numbers 0
Real numbers R
Complex numbers C




COMPLEX NUMBERS

1 —1: Need to Expand set of real numbers J

We have previously studied solution of linear equation. There is one unigue solution for a set of

real numbers for any linear eguation.

When studying quadratic equations, some of them have a solution in the real number set, some do

not have solution in this set, like equations :
(2+1=0) , (x*+4x+5=0)

As vou learned, quadratic equations whose discriminant is (b° — 4u¢) & negative number.,

have no solution in the real numbers set.

Emergence of this type of equations in physical and geometrical applications has urged the need
to expand real numbers set to a larger set, which s the complex number that need to be the

subject of our discussion in this chapter.

When we want to solve the equation (x° + 1 = 0) ar (x* = —1) |, there is no real number whose

sgaure is (—1), so we suppose a number —1. It is a non-real number (i), it is called imaginary

unit, it is not a number that can be associated with computing or measurement.

(1) Satisfies algebraic properties of the real numbers except for order property (ordinary),
therefore we can compute the powers of (i) as follows :

L |

Pei i=(=1).0=-

=il e (=1).(=1)=1

iT=i i=O.i=-1.i=i
M= j=GhH? j=1M.i=1.1=]

=)= i -0

=i =)t i=C1R. 0=



COMPLEX NUMBERS

Generally :

i e T=§" . new , r=0,1,2,3 1
: ]
: w={0,1,2,3,.. ] i
This means when (1) is power to a positive integer, the result is one of set |-, 1. -1, |}

Whereby (i) power is divided by 4, the remainder is new power to (i)

For example ;.
25 =i because 25 quotient by 4 is 6 and the remainder is 1.

i" = i¥ = =i because 99 quotient by 4 is 24 and the remainder is 3.

Write the following in simplest form :

a) ilf
h} ]'SH
) jlhl'?:!
dy i3

a)  ilf= M0 = 0=
hi 98 = M2 o 22

c) §12n+93 — (4(3n) 93 = .“]311 CHIIR = (1)i) = i

a1
i|3 il:‘l



| The square root of a real negative number can be written nsing (i) significance.

For example

=16 = 16.4/-1=4i
J-25 =251 =5i
J-12 = 12401 =234

=15 =154/-1 =151

Crenerally

J-a=Ja1=4ai , va20

Now after lacrming what the imaginary number 15, What the number (a + ) 1s called?
Whereby (a) is real number, (b) is real number N-1=i7

Definition 1-1-1 Complex Number

The number ¢ = a + bi , wheréby a, b are real numbers, J-1 =i 15 & complex number, its real
part is {a) while (b} its imaginary part. The complex number set is symbolized C, the form s + bi

is called the standard form or the algebraic form of the complex number.




Any complex number ¢ = a4 + bi can be made equivalent for unique order pair (3, b). a, b areal
numbers, conversely, the real number {a) can be wrnitten as s+ i or (a,0) and (1} is the
imaginary unit, such that :

ie(0,1) or i=0+1i
The number (0, b) < bi s a pure imaginary number, as for the number

{a, 0} = a=a+ 0, itisa pure real number.

The number -2 + 31 is a complex number, its real part is -2, imaginary part is 3.
The number -2 is a complex number, its real part is —2, imaginary part is (.

The number —31 is a complex number, its real part is ), imaginary part is -3.

Example 2

Write the following numbers in the form of a + bi

|4+ +/=25
a) =5 by =100 c) —1—\?'3 d)

al S5=-5+1h
b =100 =100 .J=1: 10i =0 + 10
¢ —I-y3=-1- J3i

144-25 1 +25i_1 5.
4

4 4 4 4

Since each real number can be written as o + 00 or (a, 0}, 1., it can be written as a complex

number, it imaginary part 15 #ero, this means;



Real number set R is a subset of the complex nambers C, this means R < C.

Definition  1-1-2 Equality of Complex Numbers

If ei=mtii, cr=azthai  then by =b, .

.1 = 33 — I:I = :I
The two compléx numbers are equal if their real parts are equal and their imaginary parts are equal

and vice versa

Find the value of real x, y that satisfies the equation in the following :
a) Ix=-1l+2di=1+(y+1)i

B} 3x+4i=2+8yi

¢) y+1)-2x-1}=-8+H

Solution

) x—1+2i=14(y+ 1)
dx—1=1 =3 Q=3
== x= |
I=y+1l = y=2-1
=1

by 3x+di=2+ 38y

2 '
Wb Aoy e S detac
& LTSy RIS TS

10
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&) 2y+ D -2x-1i=-8B+ 5
y+1=-8,(2x-1)=3 ==
y=-9 -x=2 =

| —2 Operations on complex numbers set :

First: Addition operation on complex numbers Set:

Definition 1-2-1 Addition of Complex Numbers

Let  er=a+bil, er=aztb:d  whereby ¢ » ¢, € C then,

€, +c,= {(a, +a,}+ (b, + b))l

As you know, (a; +a,) e R, (b, + b;) € R, because real number set is closed under addition

operation,
(a, +a,)+(b, +b,)ieC

Complex numbers set is closed under addition operation

Example 4

Add two complex numbers in the following :
a) 3+4u‘5i.5—1~ﬁi

e} 1—i, 3

11
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1) (BFAVEZD+ G220 =45+ v2. 2420
=R +342§

bl (3)+(2—5i)=(3+0i)+(2- 50
={(3+2+(0-5n=35-5

¢} (1 —=dy+3i= (1 -i)+(0+3i)
=(1+0)+{-1+3)i=1+2i

Properties of addition operation in complex numbers

The addition operation in complex numbers has the following properties :
¥ ¢, 0y € C then,

«  Commutativity : ¢, + ¢, = ¢, + ¢,

«  Assoclativity @ ¢, ¥ (c, T o) = (¢, o) T oy

+  Additive Inverse: Yce C,c=a+hi I z:rcre=stc=0 =—r=-

Whereby =a=bi = = ¢, (=¢) is called the additive inverse of the complex number c.

«  Additive ldentity : symbolized {e) and defined as: e=0=0+0i e C

Sabtracting a complex number from the other equals the addition of the first complex

number with the additive inverse of the second complex number.

12
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Find the result of
(T-131)-(9+4)

Solution

(7 — 13i) - (9 + 4i) = (7 - 13i) + (-9 - 4i)
= {7 =9) + (-13 - 4)i
=B 1

Solve the equation
(2-4i)+x=-5+i whereby x e C

Solution

2-4)+x==-5+i
By adding the addivite inverse of the number (2 — 4i) to the two sides :
(2-4)+ (-2 +H)+x=(-5+i)+ (-2 + i)
x=(-5+i)+ (-2 + &)
=(=5-2)+ (1 +4)
=-7+ 5i

Second : Multiplication operation on complex numbers set
To multiply two complex numbers, they are multiplied as two algebraic values and subsiitude

instead of i* by the number (—1), as follows :

13



Ir ¢, =a; +bi, ¢,=a,+b,i then
¢ . cy=(a, T byi) . (ay+ byi)
= a,.4, + a,.bgi + a,bi + b.b,i?
=4a,.8, +a,.byi + a,.b)i—b,.b,

— (al-az"_ hl-hzl e i {-ﬂ-l.bz =+ ﬂ:.hl}i

Let ¢j=a;+bji . er=azthai whereby ¢, ¢, € C then
€| - & = (aja; — bbby ) +{a,by+ a5b)i
As you know  (aja,—b;by) € R and (a;b, + a,b) € R becausc
R 15 cloged under multiplication operation
Therefore; ¢ . ¢; & C

Complex numbers set 15 closed under multiphication operation.

Example 7

Find the result of the following

a) (2 -3X3-51)

by (3 +4i)¢
)il +1)
5
d) —-={4+3;
1[ 1

e) (1+iy+(1-1)
14
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) (2— 303 - Si) = (6 — 15) + (~10 - 9)i

=0 — 1%

Or the result can be reached by distribuotion :
(2-33-51)=6-10i - 9 + 15" = -9 19
by (3+4i¥=9+ 24 + 16i°
=0 +24i - 16

= 7 + 24i

Or the result can be reached by distribution :
(3+4P=(3+4i}3I+4)=0+12i+ 12i + 16§’
=(@-16)+(12+ 120

= -7+ 24i

& HUEDS eI ¢
d —%:4-l-3i}——lﬂ—gi
6] (1 + D)+ (1 —if =1+ 20 +i2) + (1 = 2i +i%)

= 2i+ (-2i) =10

Properties of multiplication operation on complex numbers

TYepcne el
Multiplication operation of the complex numbers has the following properties :

« Commutativity : ¢ x ¢, = gy x ¢
- Associativity : ¢ x (c; x¢q) = (Cyx ;) x ¢y

«  The Multiplicative Identity which is { 1 +0i) = 1

15
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The Multiplicative Inverse :
u::-:% = (1 + 0i) wherehy EI% eC,¥cz(0+0i)

i.e, each complex number ¢ other than zero has a multiplicative inverse

! that belongs to complex numbers set.
6

1-3 Complex Conjugate

Definition 1-3-1 Complex Number Conjugate
Conjugate for complex number  e=a+bi is c=a-hi YaheR

For example :
3+i 1% conjugate to number 3-1 and vice versa in correct, also (1) conjugate 1s {—1) and the
vice versa.

5-41 15 conjugate to 5+4i and the vice versa, also 7 conjugate 15 7.

6) [“-’]:i..:ﬁﬂ

16



Example 8

If e=1+ , e=32i ,then. check:

) ete=cte

) grey =g

Solution

) ¢ +e=(1+1)+(3-20)

=(4-i)=d+i

¢ +8y =(1+1) +(3=-2D)

=(1-)+(3+21)=4+i

0+ =¢ +¢y

{ Check yourself /

C—Cx =6 —C

2} geey=(141)-(3-2i)

=3-2143-2"=5+i=5-i
¢ ey = (1+1)(3-20)=(1-i)3+2)
=(3+2)+(2-3)i=5-1

G e3=0 -0

17
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Find the multiplicative inverse of the number c=21-2i and put it in the standard form of

the complex number.

Solution

i ey o
The multiplicative inverse of number ¢ 15 —
c

I_ 0 _ 1 242 243 2420 _1 1
¢ 2-2F 2-2i 242 4+4 8 4

 Example 10

If 3—.21 : T_;“ are conjugated, then find value of each x, y & R.
i +5i

Solution

E—Ei:[x—}ri] L, 33 x4y
i 1 +5i i 1-3

xi + yit =3-15i -2 + 10i°
xi—y=—7-1T

- ox==]T -y==7

¥=7

18



If ¢=32i , ¢,=l+i  the prove that:
€1 2

Solution

L

[ ]=[3 -4 1= 1]
1+1 1+1 -
3-3i-2i+a4° ) (1-5i _1.5, 1.5
1+1 i S I [ T B
o _3-2 342
g, 1+1  1-i

I+ 141 34342+

-1 1+ 1+1

+5i_

1 :
— 4 =i
2 2

4
bt | e

Al I NS 4
ty C G

To divide the complex number ¢, to the complex number ¢, where ¢, # 0, we multiply

¢
the numerator and denominator of the c—' by the conjugate of denominator , then :
2

19
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[ Example 12__J

Write the following in the form of athi :

gl ] g2
1-i I+4 -2 +1

Solution

1+i I+ixl+[_l+2i+iz_2i

a) - = —— - = =—=i=0+1
I-1 1-1 1+1 1+1 2
o Y L H3—4i_ﬁ—E[—?-H-IjI_Z—!li_i_ﬂi
I+ 3+4 3-di 9+16 25 25 25

1420 1420 -2-i_-2-i-4i-2i _-si

- = - - =—i=0-1
241 =2+1 -2-i 4+1 5

€)

x! +y! can be analyzed to product of two complex numbers, each has the form of a + bi :

x o+ yr=af - it = (x -yl + ¥i)

Example 13

Analyze both numbers 10, 53 into product of two complex numbers in the form of a + bi

where a, b are rational numhbers.

0=1+9 10=9+1
=1 - 9i? =9
=(1-3i)(1 +31) or =(3-D)3+1)
53=4+49 53=49+4
= 4 - 49 = 49 — 4i?
= (2-TiN2+ Ti) or = (7= 2i)(7 + 2i)

20
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Put the following complex numbers in standard form :

5,00, 1124 99 pRntl oo ew (24 30F (12 + 24)

(10 + 300 + 6i) , (1 +it=(1—iyt, }2H1 3+4
i 3-4i
E|
i i 2 43 144i
: » [3+I] s : :{l : ; (1+iR(1=1)
1+3i I+ | - 441

Find the value of each x, ¥ that satisfies the following equations :
ay oy 51={2x+ 1)(x + i)

by Bi=({x+2i}y+2)+1

i fid=d f= (14 202
] [I+j]+{x+y1j-{l+2ﬂ

g Rt ya—
1+1 2+1 i

Prove the following :

S S
(2-i (2+iY 25

. | e
b {]_1.} +{I+L:}| )
1+1 -1

¢y (1=i1-i%)1-if)=4

Analvze each of numbers 29, 115, 41, 85 to preduct of two complex numbers in

the form of a + bi where a, b are rational numbers.

Find value of real x, v if, i L ﬂ are conjugated.
X+yl 2-i

21



COMPLEX NUMBERS

[ | -4 Square roots of complex number ]

You have learned that if (a) is a real positive number, there are two real numbers, which are
ﬂ:v"E, hoth satisfy the equation %% = a and it is called i'u";. the two square roots of the number
(a). But if a =0, 1t has only one root which is 0. Now we will study square roots of the complex

number ;

Example 14

Find the square roots of ¢ =8 + 6i

Let the square root of ¢ be x +yi

Lolx+ 3,.'1']2=B+6i
= ,14_1;{}44_11}.3 =B+ b
= (x% - ¥*)+ 2xyi =B+ 6i

it~ },: =R s o)
The two complex numbers are equal .

Then substitute equation 2in 1 :
2
x° —[1] =8
X

32 - ,,?1 =8 Multiplying product of two sides by x2=0:

= x"-Bx*-9=0
= (7 —9x* +1)=0

2 3
= X=%3 or (X" =-1) i neglected because xe R

22
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Then we substitute in equation 2 the value of x , we have :

o
ket

y=zil

I:l =3"'i "1:] =_3_i.

ie. roots of number (e) are 3 +0, -3 -1

Example 15

Find square roots for : -25, 17, —i, 8i

a2}  Let gt =25

by Let gt=_{7

o= s =] T = _‘tw'ﬁll

¢l Let  (x+ vi)is the square root for =i
(x+vit=- = X+ xyityi=0-1i

-y =0 . (1)

Then we substitute from equation (2) by equation (1) we have ;

1
x]——2=ﬂ =
4%

23
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By multiplying bath sides by, 4x% £ 0 we have :

dx ¥ =1=)
(227 -1) (2x%+1) =0

i |
Either x? = o (11 18 neglected because x € R)

|
Or x=£—= by substituting x value in equation {2), we have :

N2

. Squoare roots of —i are: i[%
d)  Let x+vi is the square root for 8i;
Lo(x +1.fi]:’=3i = xl+2xyi-yi=0+8i
A=yl e (1)

Iy =%

By substitute equation (2) in equation (1) we have :

16
K? ——2 =ﬂ'
X

Multiplying both sides by, x* # 0 produces :
-16=0 = - +H=0 =
Either x!=-4 (neglected because x £ R)

Or x2=4 = x=+12
24
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By substitute x value in equation (1) we have ;

& Square roots of i are = (1 + 20)

1 -5 Solution of Quadratic Equation in C ]

You have learned in intermediate stage  that for the equation ax® 4+ bx + ¢ =0 (whereby a =0

and a, b, ¢ € R) have two solutions in the Quadratic formula

—h4 b - dac

2a

:.;.=

You know that if the discriminant value b? — 4ac is negative, there is no real solution for the

equation But | there are two solutions in the complex numbers set.

Solve the equation x' + 4x+5=10 in the st of complex numbers

According to the quadratic formula :

b+ yb® — dac A fl6-(4)1)5)

21 2

Xxm

41 16-20 424
2 2

4+l
2
i.e. the equation has two roots -2 +1,-2 -

=-2%i

The solution setis | -2 +1,-2-i}
25
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Using the quadratic formula , we see that both roots of the quadratic equation

ax® + bx + ¢ = 0 whose coefficicents are real are :

_ ~b-yb® ~dac " —b+ Wb —dac

M 2a EE Za

Addition of roots is : X, + X, = ;h
i

Product of roots is @ x; . X, = k.
a

These properties can be useful, as follows :

First: If x +vyi,y#® . wasone of the roots of the equation, ax’+bx+e=0, a=0

a, b.c e R, then, x —yi is the other root.

Second : Division of both sides of equation, ax?+bx+c=10 by a=0, we have

4 :
x1+Ex+—=ﬂ which 15 :

i i

[ 37— (the sum of tw roots) x+ product of two roots = 0 ]

26
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Example 17

Find the quadratic equation whose roots are + (2 + 20).

Sumoftworoots: (2+2)+(-2-2i) = 2-D+(2-i=10
Product of two roots : (2 + 2i)(-2 — 21 =—(2 + 2i)*
= —{4 + Bi + 4i")

= _Bi

. The quadratic equation is : x* — Ox + (-8i) = 0
= xt—Bi=10

= X =Bi

Example I8

Find the quadratic equation whose coefficients are real and one of its roots is 3 - 4i

The coefficients are real and one of the root is 3 -4
The other conjugate root is 3 + 4i

Sum of two roots = 6

Product of two roots = 25

The equation is ; x* - 6x+25=0

27
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Solve the following quadratic equations and show which has conjagate roots?

1) z2=_12 h) 28 —3z+3+i=0
¢) 222 -5z +13=0 d) z8+2z+i2-i)=0
e) 42 +25= f) z2=2zi+3=10

Find the quadratic equation whose roots are m, L. where :

) m=1+21 , L=1-i

by m= 2=! | L=(3-2i)?

1+1

Evaluate the square roots for the following complex numbers :

4

1) —6i by T+ 244 Hl—\ﬁ'l

What is quadratic equation of a real coefficients and one of its roots is :

J2 +3i

4

il by §—1 ¢l

If 3+i was one root for equation x 2_ax +(5+5i)=0, then what is the value of

a C 7 and what is the other root?

28
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(1 -6) Cubic Roots of one Integer

Let Z2=1 then: 22 ~1=0 = (z- I+ z+1)=0
Either = z-1=0 = z=|
Or = Ft+z+1=0
To solve the equation 2+ 2 + 1 =0 we use the (Quadratic formula) :
" b+ fb? —dac _ -1 JT=4(0)
2 2a 2(1)
I i w.."i.l
2

_I_

a7 n

i.e. the cubic roots for positive integer 1 are :

Square of any of the imaginary roots equals the other imaginary root when conjugated (check ).
If one imaginary foot is o (Omega) , then the other root is @°  Therefore, the cubic roots of

integer 1 15 writlen as ;

1, &, &

These roots satisfy the following properties :

1) l1+@a+ai=0

From property 1. we get the following :

¥

Il w+af=-] 2} 14+ p=—wt I 14 @f=-n

i a B 4
1) w=—l-of ) w=-l-w i) =—m - W

From property 2, we get the following :

o=t m=1l.m=0

|

1 i)
o B 1

NNae, "
_*__'3"_=-__=
(1] LHNRE ] L] L1l

29



These values are repeated the as the exponents increase by (3) consecutively :

@' =", Where n is an integer, r=20, 1, 2

Example 19

Evaluate : o , o, ¥

@ = @I _ 0

235 _ N8 |

i =M =0

[’ ie. Division remainder of (i) exponent by (3) is the new exponent of & |

30
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Prove that :

T

a) W +e+1=0

b (5+3e+30?f=4d2+n+2u)=4

B IHS=w +w'+ 1= o+ w’. w*+1
=ﬂ}+[ﬂ2+]=ﬂ = RHS

{According to property 1)

by the fistamount= (54 3w+ 30’) =[5 + 3w + o))
={5i-3F=2) =4

Also
the second amount = —4(2 + @ + 20%)° = -4[(1 + ) + o]’
= —4[-20 + o]’ = -4[-o]?
=—4(-1)=4
L (3tlot3e’P =42+ 0+ 2oty =4

Find the quadratic equation whose roots are :
a) 1 =ie’, 1-iw

2
b) T

31



COMPLEX NUMBERS

Solution

a)  Sum of two roots
(1 —iw?) + (1 - iw)
=2 - i(0? + o)

=2+i

. the equation is : x — (2 +i)x +i

b)  Sum of two roots

Product of two roots
(1 —iw?) (1 —ia)

=1 —im— in® + *e?

=1 —ife+ e?)-1)(1)

=0

Product of two roots

2 2 2-20+2-20°
I—m+ 2" | — 3

|~ -0 -0+
=4—Hm+mﬁ
2—(ow+ )
3
4
. the equation is : x? - 2x + e

2 2 4
(1-w) (1-w?) (1-o){l-o’)
4 4
-0~ +0’ -0 +]
4 N 4 _ 4
2— (i’ +w) 2—{=1) 3

0

32



Exercises

Simplify the following expressions :

1

) Tra D)2 dy {1+ o) ¢) 03 new

Find the quadratic equation whose roots are :

2
. € €0
a) 1+, 1 +m b Ihmzll—m
3 3o
2) {&1 ¥ :
143210 43511
If 22+2z+ 1 =0 then evaluate l+—;z"' fE:B
prove that : 5
[ L ]=_L L, Oire’-1_2
' 2ve0 2407 3 ) a3
2 2 5
c) 1——1+ﬁ} ]+{ﬂ—E =18 d_:] {l+ﬂ]I]3+(] +{|]}3=—2
W
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seometrical Representation of Complex Number ]

If E2or R? represents the orthogonal axes Euclidean plane. By corresponding cach complex number
1+ yi where x, v & R, at the point (x. ¥) in E%, we get a corresponding application from E to k2.
In this plane, we will geometrically represent some of the simple algebraic operation in addition

and subtraction on E, which grometrically correspond to operations in E? or R

In this section, we will address representation of some ¥
operations on geometrically complex numbers, whose i, 5)
shapes will be called Argand shapes (according to the - ]
scientist J. R. Argand, 1768-1822, the plane is named .g :
after the wellknow German scientist C. F. Gauss, E @ E
1777-18558 (Gauss plane) or for short, & complex plane. 0 Fucal axls : "
Figure (1-1)

The x-axis is called the real axis where it represents the real part of the complex number, as for
the y-axis, it is called the imaginary axis, which represents the imaginary part of the complex
number. Consequently, the complex number x + yi, is peometrically represented by (x, y), see fig.
fL=1)

If zj=x;+y,i . z;=1x, +y,i were two complex numbers represented by points P, . ¥

Pi(x; , ¥;), then : z, + 2, = (x; + x,} + (y; + ¥;i.

Also, z;+z, can be represented by Py(x; + x5 . ¥; + ¥,) using information related to the vectors as
in fig. (1-2)
ic. Op, + Op, = Op,

The complex number x + yi can be represented by ¥
vector EEJ, 50, the sum of two complex numbers is the sum i+
of two veciors. Pty o ;
-*;E,r-z,:
o LY
Figure 1-2

34



COMPLEX NUMBERS

Considering P, represent the complex number -z, then P, is the result of OF, rotation on 0 by
half-round this : 2, — 2, =2, + (-&;)

This is cuopled whit point Py whereby OF,P,P, is a similar to a parallelogram 0P, P,P, as in

fig. {1 -3)
w8 E_P¢=P_1P|=_P|‘_Fz
¥
.
I'-"j_l':-'I + 7z
?![ﬁﬁ “_‘____._--"_:J'
-'.-rI‘
I l:'lﬁll
! -
|"I.rl ‘_'I
Lhamamn] S A
Pot=zg)
Figure 1-3

Lzt k be a non-zero real number. # is a complex number, the point represented by kz can
be obtained by dilation at center 0 and k is constant coefficient.

Each complex number z, the paint iz can be abtaimed from anti-clockwise quadrant period.

Represent the following aperations geometrically using Argand shape :

al {3 +4i)+{5+2i) b} (6-—2i)~ (2 - 5i)

Solution

8 (3+4D+(5+20)=8+6i " P,(8.6

P ®ys
z =3 +4i =Py | I 1455
22 - :‘_ i E_i — PIEE E ]:I I:I l-f-}:l e :.' l__.-..r..__..-:
-'.- i .'!-.
caz i . -'..-. ..'--r ---"-"'-.F_-If:','
Note that : 0P, = 0P, = 0P, is similar to sum of vectors e : i

- 0
and OFPyP, is a parallelogram with diagonal. 0P,
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(6 —2i)—(2-5i)=(6-2i)+(-2+3i)=4+3i
z2,=6-2 = Pyz))= F!i_ﬁ,-i]
Z,==2+5i = Pylz;) =Py-2,5)

Pylzy) = P2, 5)

_____

Ty, BEISEG)

h‘ -
Pz, =P, -]

) Figure (1 - 5)
2, =4+ 31 = Pylz;) = Py, 3)

Write the additive inverse for the following numbers then represent these numbers
and their addivite inverse as Argand shape.

2 =243 , =-1+3 , =l-i, z=i

Write the conjugate number for each of the following then represent them along with

conjugate as Argand shape :

T =5+ , :-tlﬂ—3+21' . z3=l—i o B

If z=4+2i then, explain the following in the form of Argand shape.

z'|-z1 —Z

If z,=4-2i,z,=1+12i then, explain the following in the form of Argand shape each
of :
-32,, 22, 2; - 2%;.2; T I,
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| -8 Polar form of Complex Number J

In the previous sections, we studied the complex number in algebraic form z = x + ¥yl and
Cartesian form z = (x, v), in this section; we will study another form of the complex number, which

is called polar form and transform one w another.

[f we have the complex number z = x + yi represented by Pix, v), as in fig. (1 — 6), then (1, 8)
are the polar coordinates of the point P, where 0 represents pole and EE represents the initial

side, this means:
B=m&(x0p) and r= || E;:H

The measure of 8 from 0x to ﬂl-p 15 anti clockwise il the measure was positive and clockwise
if the measure was negative, thus :
Riz) = x = rcosd ...... (1)
{z) =y = rsind ... (2]

Where R{z) 15 the real part of the complex number 2 ¥
while Kz) is the imaginary part of the complex number
r is called {Modulus of complex number). z.

It i5 2 non-negative real number and read as “mod 27 or

Imaginary axis
-

z Modulusis |[z]| whereby; 0 |

=z = yxt+y? .

=

X

Figure {1-&)

From both relations (1) and (2), we get :

X X
cosp= — = ——

ro |zl
sing = 2.4 = i

r =zl

A for @, 1ts measure 15 called (argument of complex number), written 8 = arg(z) for short.
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| 8 can have infinite number of values, which differ from each other for an integer of rounds.

If 8 is argument of a complex number, then both # + 2am, where n is an integer which becomes

an argument too for the same complex number.

Asfor 8 e |0, 2r) signal of complex number argument, it is called the principle value of the

complex number,

Example 23

If z=1+ 'UE'E . then find the Modulus and the principle value of 7 argument.

Solution

mod z = |jz]| = '|||Il+:p’2 =1+3 =2

o SN ]
S T
oo ¥ o8 .
sinfl = H s We conclude that 8 in the first quadrant
n
. arg{z) = 3

Example 24

If z=-| —1, then find the Modulus and the principle value of 2 argument.

Solution

mud3=|ir_||=q"m=~.l"i
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X =1

=]

" b y :
ginfl = ——= We conclude that 8 in the third guadrant
Izl - V2 9

. Argument of complex number z = 0 is unknown because the zero vector has no direction,

!,_;.

Modulus and the principle value of the complex number argument can be used to write the
complex number z=x + yi in another form called the polar form, as follows :

x = r.cosf , ¥ = r.sinf

» z=r.cos8 + 1 rsmb = ricos0 + 1 5ind)

or z = ||z||{cos{argz) + 1 sin{argz))

Where r=mod z = ||z[ . 8 = arg(z) 15 the argument for complex number z.

Example 25

Express each of the following numbers in polar form :
a) -2+2i bl 24J3-2i

a) z==2+1+2

mod z = ||z]| = JI+4 =22

-2 -1

]

cosd =
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: 2: b =
sinfl = 2 2 B in the second quadrant

% Ix
a o s s i
ig(z)== 7 3

The polar form of the complex number 7 is :
z = r{cosB + 1 sinf)

3 3
= zﬁ{ms{+ I sinTﬂ}

b} z=233 =2

modz=J12+4=16 = 4

-2 -]
sinfl = S B in the fourth quadrant

T 1lix
- =1 et Lt e s T
arg(z) R 6 6

The polar form of the complex number :

z=4[msﬁ +isan]
b b

_Example 26

Express each of the following numbers in polar form :

a) 1 b) i | d} —1
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SHution

o &
i) )
|
i (0. 1
(L& i
(Y § i 0 "
P{:|1=[1,I};|——14-ﬂ't ; Hzﬂ:.l}_”:ﬂ-&i
mod 2, = | : ol =
arg z; =0 : - e
| P
o 8y Dt + | sleo) : ' z,-::u{u%HﬁIu%}
i: ..................................... ...-T.. ...................................................... H
K j ¥
!
i} : )
1-l.mfr\\ i .\\
il = 5 - =
Pizy) = (=1, By =1 1 ik ! l‘\‘ Pz =i ~1h =0~ i
mind 2y = 1 | 0.1} i iy = I
arg 7 = % : I
”Et.u'?

- 2= loosx + i sinm}

4]

i g Hmaz-:—-i i:iﬁ?]
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Using the previous example, we conclude :
| = {cos) + 1 sinl)
—1 = (cosm + i 8inw)

. Wl . kwm
i = (cos— +15'“E}

2
- 3_14_":;_1:..
iy {msz |31nz}

Applying the previous conclusion, we can compute ;
3 =3%1=3cos0 + i sind)

-2 =2 x(-1)=2(cosm + i sinmx)

T .
Si=3x1=5(cos— +i5|n?]|

2
Ti=T = T "H;w-ﬂ
=Ti=Tx [== Ticos 5 i gin 2}

1 -9 De Moivre’s Theorem

., 2, can be written as z; = cos8 + i sinf, z, = cost + i sind
MNow we will find z,.z, in polar form
Z, x 2, = (cosb + 1 sinb){cosd + i sind)
= cosB.cos + icosB sind + i sinfl.cos® + i* sinflsind
= [cosB.cos® — sinf.sin®] + 1 [cost.sind + sinb.cosd]
= gos(H + @) =i sin(B + )

If (#=8), then the relation (cos@ + i sinB)* = cos28 + i sin20

It ean be proved as follows :
LHS = {cosf + i sinfB)* = (cos?@ + 2i sinficosd - sin?6)
= {cos — sin?0) + i 2sind.cosh)

=520 4+ 1 528 = RHS
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De Moivre generalized this relation and called De Moivre's Theorem

De Maoivre's Theorem

Forevery e B |, n & N, then

(cos@ + i sin@)® = cos n@ + i sin nO

Proof (for information only)
We will proof this theorem by method of mathematical induction, as follows :
1. Let n=1, then the relation is :
{cost + i sinf)! = cos 18 + i sin 18 which is a true statement.
2. Suppose k=1 and assume the relation is true for each n=k
i.e. (cosB +isinB)k = cos kB + i sin kB is hypothetically correct.
1 We must prove that the relation is troe when n=k +1
- (cosB + i sind)**) = (cosB + i sinB)! (cosh + i sind)F
= (cost -+ i gsin)icos kKO + i sin ki)
= gos (B + kB)+ 1 sin(@ + k)
=coslk + 1)8 + isinfk + 18
Thus, if the relation is true at n, thatis : n=K, k2 1, itis also true at n =Kk + 1. This theorem

15 considered true for all m values by using mathematical induction method.

- Example 27

3 B
Compute : {cnsE x+1 smE JIJ"

Solution

i - s B . .
l:t:crl.-:----j'ri-1sm~u1'|:]|“=|::||:|5=?'—‘ll +|s1n—ﬂ=ﬂ+1[—1}=u|
8 8 2 rk

Show that for cach ne N, 8 e B , then :
{costl — i sint)" = cos nb — i sin nd

43



COMPLEX NUMBERS

LHS = {cosf — 1 sinB}" = [cosh + (- sinB)]"
= [cost) + i sin{-8)]"
= [eos{-B) + 1 sin{-8]]"
Bv making, #=- 6 the relation hecomes :
= [eos® + i sind]"
= cos md £ i sin nd
= cos{—nd) + i sin(-n@)
= gosndl — i sin nB RHS

corollary

Corollary of De Moivre's Theorem :
Forevery 8 B ,n& £, then

1
nfz =rn [msa"hknganﬂ”l“k-l k=0,1,2,.,0~1
n n

Example 29

Compute by using De Moivre’s Theorem :
(1 +i)!

z= | +i
dz=+2 oo = = ,sind=— :
Mol £ = ya , 06 = u"E  BINE = 2 = ., Arg Z

&= A

&= \E{cns% *isin%}
el g o e T e W
{1+l =(y2) {cns4+tsm4}|
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11 I

1
pan ”E}=Ei{¢ns%+isinT}

=21 (cos— +1 sin—
{ 4 4

| 1
= ) O T N L '
I] 242 .—1+| .—2] 2=l + 1)} =32{-1 +1)

(cosB + i sinB)~! = [cos(—0) + i sin(—0)] = (cosB — i sin@)

This relation can be generalized as follows :

{cosB + 1 5in@)™ = cos nB — 1 sin nB

Example 30

Solve the equation x'+1=0, x&C

¥}+1=0 = x}=-]
x* = cosm + i sinm

1
. % = (cosm + i sinm)

n+2krn . . m+2kn
+ 1 8in 3

S X =008

Where k=10, 1,2 because it is a cubic root.

Putting L'.:ﬂpllzﬂ'ﬂ?-g'l'igin% = x = —+
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Putting k=1, x, =cosn + isinn = x,=-1+i(0)=-]
Putting k =2 113-—::13551-1— +i5ina5—“~ = X7 l—ﬁi
3 3 2 2

Thus, equation solution set is :

{l+£i -1 ﬁ}

|
R R T

Example 31

Find the polar form for :

2
(W3 +0)¢

Then find fire roots for it .

Let z=+3 +i,zis put in the polar form :
l|zf| = ¥3+1 =2
sl el
cnsﬂaT ..iunlii—2
m X
0= — ,arp(z) = —
g g

r=2cos— +isins} = z2=2%cos> +isinm)
B 6 5 6
4 T i a1
ZEw Yoos— + 15—
3 3

I L, Th LLINE,

|
[1115=45[Em§+isin§]§= 34 cos 3 +1sin -
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Whereby k=10,1, 2,3, 4 because it is a fifth root.
, R |
k=0,z =44 — 4 -
Z {n::vl:lnsE5 1 5in 15}

[ in
=14 2,= 44| cos— +isin—
k=132 1S 15

B3z , . 13
33: :ju'q I'.'EIEl—:'I'IEI!II—:

k=3,z-= i nns%E+isinEE:|

k=4, z, = Qﬁl: :ns%ﬂsinﬁ] = ﬁ[ﬂﬂﬁ%ﬁ-iﬂiﬂ%]

15
Exercises
I.  Evaluate the following :
a1 | cos 5 T4 i 5in -.?.-11; n) Eﬂgﬂ_?_g'[ k1 sjn_..?..ﬁ &
24 24 12 12
I, Evaluate by using De Moivre's Theorem :
a) (1-1)7 hi [u'rf_r+ 1y

it

Simplify the following :
oy (eos20+i sinlﬂ]i

(c0s30 £ § sin30)° q) (eosO + 1 sinf)% cosll — i sin@)?
s + 1 5m

4. Find the square roots the complex number -] + uri i wusing corollary of

De Moivre's Theorem, then the method deseribed in section | — 4
5. Using corollary of De Moivre's Theorem, find the cubic roots for the number 27i.
6. Find the four roots for the number(-16) using corollary of De Moivre's Theorem.

7. Find the six roots for the namber( —-64i ) using corollary of De Moivre’s Theorem.
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Chapter 2: Conic Section

2

e

Conic Section

Parabola

Translation of the Axes for parabola
Ellipse

Translation of the Axes for Ellipse
Hyperbola

Translation of the Axes for | Iyperbola

Term Symbol or Mathematical Relation
Focus before Translation F
Focus after Translation F
Eccentricity e=
Constant number 2a
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E - ) Condc Sections

In this section we give peometric definitions of parabolas, elfipses, and hyperbals and derive their
standard equations. They are called conic sections. because its consist from intersecting a right circu

Lar cone, with a plane as shown in Figure 2 - 1

Ellipse parabola

Figure 2 -1

Hyvperbol
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Parabola

Definition : A parabolais the set of points M(x, y) i a plane that are equidistant from a given
(fixed) point Fip, ) und Fxed line D in the plane.
The fixed point is called the focus of the parabola and the fixed line is called the directrix.

Gienerally, the focus is shown by the letter “p” such that p =,

In the given figure (2 -2) ¥

MF = M) wevivomes {from definition) i
Qi ¥ 4o

The point “0" is called vertes of the parabols and the

line which pass through the focus and perpendicular to

the directrix pass through it is called axis of parabola.

¥
MF direetris

MO {Figre 2 - 2

Ini the coordinate plane, by using definition of parabola

we can find the eguation of parabola as follow; b
Let F(p, ) be focus of the parabola and the line E; is Lk S o
the directriz of the parabola, Qi—p, ¥) is a point on the
directrix such that E}'_H and the point Mix, ¥) is %
any point on the parabola whose vertex is at origin.
L} ﬂ1-tl

{Fgume 23 A |
{xame Figane 24 A}
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According to figure 2 -3 A from the definition of parabola.
MF = MQ

Jx=pP +(y -0 = Jix+p) +(y-yF

n.lrxz-zpu-rpa-r}rz ==‘J|':'::~|-2m::|+|:nz .......... (squaring both sides)

x* - 2px + |:tI + ].r2 =x" + 2+ p?' .......... {simplifying})

!r'l - 4[,:,; L ¥p = i }_ the muaticm af pambcrla-

X==p J the equation of directrix.

I'I'Iw formulas above belong to the parabola whose focus is on the positive x—axis,

4\7&7 | chicisk Yourselt ]

Try to find equation of parabola whose focus is on the o "
negative x-axis by using definition of parabola in the 1
figure 2 - 3R. Mt:.y]f 3 ip. vl
¥
/
.:'; -
Fl-p. i} [0
x=p
{Figure 2 - 3) B
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Example |

Find the focus and equation of directrix of parabola v = —8x .

comparing two equations.
y =—4px
=>-4p=-8 = 4p=8 = p=2>0
S0, p=2
F{-p, 0) = F{-2, 0} ...... focus of parabola,

x=p , x=2..... cquation of directrix.

Find the equation of parabola knowing that,
a)  Its Tocus (3, 0) and vertex at the origin.
by The equation of directrix 2x -6 =0 and vertex is at the origin.

Solution

8 Sinee{p,M=(3,0) = p=1}
v2=4px ............. (Since focus is on the positive x—axis)
=y={{) (Nx=12
=Y = I i {equation of parabola)

by from the equation of direcirix
Ix—b6=0 = Ja=06 = x=13

p=3
¥ = —4pX oo, (Why?)
y*=(—4)(3) x = y? =-12x ... (equation of parabola)
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Find the focus and equation of dircetrix of parabola v! = 45 then skeich it.

Solution

}I'z = 4':[!{ . )
comparng wo ﬂ]llﬂllﬂﬂﬂ.

vy =dx

=dp=4 = p=1

Focus F(p, 0)=F(l, 0), x=-1 ...... equation of directrix
yimdx =y =:2/x

In order to sketch the graph of parabola we can substitute

few points.

et

+ N
[
4
- =X
0 F(1,
I, =2
=]
{Figure 2 - 5}



y* =dpx, ¥ p>0.... equation of parabola
X ==p... equation of directrix

if the focus is on the positive x — axis
Fip. 0)

y’ =—4px . ¥ p>0....equation of parabola

+

if the focus is on the negative x —axis
X = ... equation of directrix
F{- |:'+ ﬂ.}

Example 4

By using definition of parabola find the equation of parabola whose focus is F(+/3, 0) and
vertex is at the origin.

Since F(+/3. 0) = F(p, 0)
p=-.|"i and equation of directrix is x=-p = X =—3
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Let Mix, v) be any point on the parabola and Q{uﬁ, ¥ is a point on the directrix {E'i such that
MQ LD

From the definition of parabola

MF = MQ

V=30 +{y— 00 = (5 + 43P +(y—¥)* ......... (squaring both sides)
=3P £yt =(x14/3)

X -1ix+3eyi=x* +2Bx+3 ... (simplifying)

¥ =dyIx . equation of parabola,

1:—1.5
{Figurz X — i)

I—.'-l--.'-! The equation of parabola whose focus is on the y-axis and vertex at the origin

In the coordinate plane, by using definition of parabola we can form the cquation of parabola as
follow:;

Let F(0, p) be focus of the parabola and the line D is the directrix of the parabola, Qix, -p) is a
point on the directrix such that MG LD and the point M(x. v} is any point on the parabola whose

vertex is at origin, [n the figure 2 -7 - A

According to figure 2 - 7— A from the definition of parabola.
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MF = MQ

JO=0F 4 (y - p = J(x—xP +(y +p)
x4+ (y-p) =(y+p)

||||||||||

x* +f —Ip:|.r+|:r1 =31 +2|:|_1,:+;:||1

(squaring both sides)

rrrrrrrrrr

(simplifying)

[ x* = dpy , Yp=0 l the equation of parabola.

[ ¥=—p ] the equation of directrix.

[A) ¥

\ Hlmxl}l

i
e _ l - y=
L O, —ph

(Figare2-7 - A}

Check Yoursell

=

Try to form equation of parabola whose focus is on the negative y—axis by using definition of

parabola in the figure 2 -7 - B.

%% =dpy, ¥ p>0.... equation of parabola

¥ =—pP .... equation of directrix

(B d
o LHx, pi
I 4 ¥=p
X - X
i}
//JE":‘“‘—” \
5
- "h‘
.
.
" P, )
(Figure 2-7 - R}

if the focus is on the positive y - axis

F(0, p)
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x> =—4py ., ¥ p >0 .... equation of parabola
¥ =p ... equation of directrix

if the focus is on the negative v —axis
F';u r—P}

o | B0 | ap | ame e

Find focus and the equation of directrix of parabola 3x? - 24v =10

32— 24y =0 ............. dividing both sides by 3.
= xi-Hy=0
=y’ = ay

COMpAaring 1wo equations
x? = 4py

dp=8 = p=2=0
F(0. p) = F{0. 2)

¥y ==p = v==2......the equation of directrix,
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Example 6

Find the equation of parabola knowing that,
al  the focus F(0, 5) and vertex is at the origin
b} the equation of directrix v = 7 and vertex s at the origin.

solution

a) KD, p)=FQO,35)
=5 p=5
X =dpy ......(Since focus is on the positive y-axis)
X = (@45 y
x* =20y ......[the equation of parabola)

bl Since y=7 _....... the equation of directrix.
3 =T
a2 =—dpy .......[Since focus is on the negative y-axis)
a2 =Ty
xt =2y .....(the equation of parabola)

Example 7

Find the equation of parabola which passes through the points (2. 4) and (2, —4) and vertex
is at the origin.

Solution

Since the points (2, 4) , (2, —4) are symmetric with respect 1o x-axis. 5o, the equation 18
¥ =4px, ¥p>0
We substitute ome of the given points which satisfies the equation of parabola y* = 4px
for the point (2, 4)
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4 =(4)p(2)
l6=8p = p=12
We substitute p=2 in standard equation y* = 4px
v =(4)(2)x
o Y2 =8X ... the equation of parabola.

Example 8

Find the equation of parabola whose vertex is at the erigin and the directrix of parabola
passes through the point (3, -5).

Solution

There are two possible cases for the parabola.

" case (focus belongs to x-oxis) I ¢nse (focus belongs to y-axis)
x=3 ... the equation of directrix. y=-5 ... the equation of directrix.
p=3 p=3
y* = ~4px x* = 4py
= (4) () . = (D6
y? = —12x ‘ x? = 20y

0 i i

§ = =4 (1™ pags)

L
=3 (1" cxse)
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2-31 Translation of the axes for Parabola

[ -3—1 General Equation of The Parabola Whose vertex is at Point (h,k)

In the previous section, we defined two equation of parabola which are
y? =dpx ...... (1)
x2=4py o (2)

. 1s the equation parabola whose focus is on the x-axis and vertex is at the origin. (0, ()

. Is the equation parabola whose focus 15 on the y-axis and vertex is at the origin. (0, @)

If the vertex is at point ﬁ{h. k) then the standard general equations of parabola will be

. Is the equation of parabola whose vertex is at the point E{h. k) and its axis is parallel to

x-axis in the Figure 2 — &

|

1A i ¥ @ i

o (1]

i '

i |

] i

i i

i {

Before : ! After

| g0, 0y R0 | (h.k) L
} 0 X ! 0 x
i |

i | | .

] !I1 T - N
| i

i {

i f

' '

A=
m +h
(Figume 2 —£] e
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We can conclude the changes of parabola afier it is translated.

Focus Fip, 0)—F(h + p, k)

Equation of axis of parabola  y=k

In the equations (3) and (4) p is the distance between the vertex O and focus F which is equal to the
distance between vertex and equation of directrix such that p=|Q - h|.

If the focus of parabola is on the negative x-axis, as in figure 2 - 9 the equations will be as follows,

x=p+h ... equation of directrix
y=k ......cquation of axis of parabola

= |
ey e TG
S

Fi, kb

F
=
y

|

[ E—

(Figuse 2 -9

In the section 2 — 3 (Translation axes) we are going to finding focus and vertex of parabola and

equation of directrix, equation of axis of parabola.
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Example 9

In the given parabola (v + 1F¥ = 4{x - 2) find the vertex, focus, equation of axis and

direetrix of parabola,

(y-ky =dp(x—h)

(y+1P =4{x-2)

= h=2,k=-1
the vertex (h, k) = (2, -1}

} comparing two equations

Since dp=4 = p=1
Fip+h K =F( +2,-1)=F3,-1) ....... focus

y=k

¥ = =1 ...cocreeen, the equation of axis.

x=-pth = x=-1+2

% ] i the equation of directrix.

. is the equation of parabola whose vertex is (h, k) and i1s axiz is paralle! 1o v-axis in the
Figure 2-10.

the equation of parabola (b k) "

Al o o e

| (x=h7 =dply k) | - S

(Frgare 2 11k
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If the focus of parabola is on the negative y-axis, the equations will be as follow,

|

Example 10

Discuss the parabola v = x% + 4x

Solution

We add 4 1o both sides to make rght side complete (perfect)

square
ytd=xl+dx +4=(x+2)

(x+2¥ =y+4
comparing two equations

{x —h)* =dply k)
= h=-2 ,k=-4

1
the vertex 18 (h, k} = (-2, -4} = 4p=1]1 = p -E

~ s 1 i
=¥ Fih.p + k) = F(-2. 3 {-4)) =F(-2, -3 %'; ... focus

L
LE]
ﬁ L e e L e e uk.|.|-|
b, k) .
]
* Fih. k —pi
{Figure 2 - 11)
¥
:
§=—d
'y =],
]
y[=L 4} T
- : - ¥ o
: 4
1
[Figure 2 - 12]

1 1 . p
= y=k-p ==-3.I=—4-I = }'=—4E ...... equation of directrix.
= x=h
= x==2 ... equation of axis of parabola,
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1) Find the equation of parabola in each of the following , then sketch the graph of each of them:
) Focus (5,0) and vertex is at onigin .
41 Focus (0,-4) and vertex 15 at origin .
¢y Focus {0, 42 ) and vertex is at origin,
A Equation of directrix of the parabola is 4y-3=0 and vertex is at origin
21 In the followimngs , find focus, vertex equation of axes directrix of parabola:
a) x=dy oy =—4(x-2)} el ¥ +4y+2x =—6
b) 2x+16y' =0 dj (x—1 F =8(y—1) [ & +6x—y=0

) Find equation of parabola which passes through the ponts ( 2, -5 ), (-2 -5 ), and vertex 15 at ongin .

1) If directrix of parabola passes through the point (-3 4) and vertex is at origin , then find its
equation when its focus belongs to one of the axes.

51 A parabola whose equation Ax*+8y=0 passes through the point (1 ,2) , find value of A then find focus,
directrix and draw the parabola.

@} By using the definition. Find the equation of parabola in each of the followings:
i) Focus (7.0) and vertex 1s at ongin
b) Equation of directrix y=+/3 and vertex is at origin.
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2—-4 ELLIPSE

241

An ellipse is the set of pomnts in a plane such that the sum of the distances from two fixed

points (1.e. two foci) in the plane is a constant number , 2a.

2-4-2 An Ellipse Whose Foci are on x-axis and Center is at The Origin

L]

The foci of ellipse are  Fic,0), F,(-c, 0) and the ¥

constant number is 2a,a>0,c> 0,
The midpoint of the segment between the foci is called

center of ellipse and the line which passes through the foci

15 called foeal axis. the points where this line ntersects

the ellipse are called vertices of cllipse. The axis which

contains the foci of cllipse 15 called major axis and its
length is 2a such that also its equal to the sum of the

distance between any poimt of ellipse Pix, ¥} and foc1 -

(Figsne X— 173}

of ellipse is

| PF,+PF,=2a

The other {small segment ) axis is called minor axis and its length is 2b such that b > 0 and

the end points of minor axis is called “co-vertex™ of ellipse.

S VAR
T -\..-h.- T . |
B0 Fyle, 0) ) veren
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(

2-4-3 The Equation of Ellipse Whose Foci are on x-axis and Center at the origin

From Figure 2 - 14
PF, + PF,=2a ... definition of ellipse

= J[:—f.}z r{}l-ﬂ]z +~.Jr[x+n:}z-r[}r—ﬂ-)z =2a

= Jx-of +y? +ylx+e) +y° =2

= \J(x-cP +y® =2a-\(x+c +y ...... squaring boch sides
= (x-c¥ +y =42’ —4ﬂm+[:: o) +y°

= Iz—zm+ﬂ=+}f!=4E=—4ﬂ\|'m+xz+M+n:+}rz
= 4a‘|'m=qa= +dex - dividing both sides by 4
— aj(x+ef <y =aliex - squaring both sides

al[xl + 2ex + ¢ + yI] =a* + 2afex + ¢x?
a’x® + Jafox + a%¢? + afy? =gt + Jafex + o3P - simplilying

alx? - c2x? + alyd = ad — 322

[ x*(a? — ¢?) + o?y? = a¥(p? — o%) ] sea(1
¥opmy - Jhiets, g
and [ =g ]iﬂ main formula for ellipse by 5uhsﬂmtig| PR =g ] (2)im (1)
xib? + aly? =alb? .. by dividing both sides by a’b?
S NTE & A [ SO
2ht alhl — alh? at B | e standard equation of ellipse.

The value e= = is called eccentricity of ellipse and its always less than 1, ¢ ¥ |
a a
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( 2—4—4 The Equation of Ellipse Whose Foci are on y—axis and Center at the origin

In the Figure 2 - 15
By using same steps of the equation of ellipse whose
feci are on x-axis and center 15 at the ongin and by

using definition of ellipse we get the cguation,

_.|.!'"_2=] such that; foci are on y-axis and

center is at the ongin.

W (I, )

b i, )

1=t {1 th,

""I]':'nll _"'
(Fipme 2-15}
|  Summary |
An cllipse whose faci ure on x-axis An cllipse whose foch are on v-axis
and ¢enter 15 at the ongm and eenter 15 at the ongm
2 2 2 P

X ¥ ] Xy i
[} —tteel g the equation) —+—=1 ...(the equation
b Fyle, 0y, Fyl—, D) ... (foci) Fil, cb, Follh, =) ... (foci)
3 Ve 0y, V-0, 0) ... (vertices) V0, a), V40, -a) ... (vertices)
) bl4ct=g

5) a>caxb

i) the length of major axis is 2a

71 the length of minor axis is 2b

%) the distance between two foel is 2e

9y Aresofellipse A=abx

2 1
b 22
|11y Perimeter of ellipse F"=1'l1|||ﬂ ; RS

11} Eccentricity of elhipse ==£,n{] . o=
i




Example 11

For each of the followings, find the length of both axes, foci, vertices and eccentricity.

1

II b

—_—— =

35 16

Solution

1) 43‘.1-.-3}'2:%

1}

= a'=25 = a=5 = 2a=2(5) =10 umits __

= =16 = b=4 = 2b=2(4)=8 units

F) F)

X ¥

25 16

i

Pl o e B
R
a b

a=b"+c?

comparing two equations
| such thata=b

length of major axis.
..... the length of minor axis.

. main formula

= #=+¢ S ?=B-16 = ¢=9=¢=3
Fy(3. 00, F5i=3. 00 ... foci of cllipsc

V(5. 0), Vi=510) ... vertices of ellipse

c
E=—=
a

L | il

) I eceentricity of ellipse

2 2 1

XT +}T=I

39 b comparing two equations

2 2
-"f-_!+!r_z=l such that a> b

b* a )

4 ; , ;
= Zda= 3 units ... the length of major axis.

1 I 2 .
h3=5 = h=3 = 2b=:r':f units . the length of minor axis.

68




4 | 1
E—lcl = 2 1
9 9 EH

| 1 v
Fi0, 32 Faf0, ) o foxi

:
Vi(0. 3). vy, -%} . VErtiES

=l .. eccentricity

Find the equation of ellipse whose foci are F (3, 0), F;(-3, 0) and the vertices are V (5, 0), V,(-5, 0)

and center is at the origin.

Solution

Since foci and vertices are on x-axis and center is at the origin,

:—j+;—==]
= Fy(3,0) Fy-3,0) = ¢=3
= V3. 0) Vi-5,0) = a=3
at=bi+e? main formula

S=p+¥ = b=16 = b=4

2 3 | |
2o = XY . the equation of ellipse

at b 25 16

Example 13

Find the equation of ellipse whose center is at the origin and its coordinate are on the two

coordinates axes, which intersects x-axis by 8 units and y-axis by 12 units. Then find the
distance between two foci and the area of the ellipse’s region. (and perimeter)
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db=8 = b=4,/2a=12 = a=6

= —+ial... the equation of ellipse

=i+t = =42+ ¢d

= ¢2=20 = ¢= 25

the distance between two foci = 2c = 445 units.

i Fi :
Ares of ellipse = A= abn {Flgure 2.17}

= A=(6){4)n = A=24r unit squarc 1 ;l:=1T1

v e
Perimeter of ellipse = P=l:-||a ;h
= P-E:EFE';IG =2!E=EJEH umnits

Example 14

Let kx* + 4y’ = 36 be the egquation of ellipse whose center is at the origin and one of its foci
is {Ji, () then find the value of k £ R.

kx? + 4y = 36 ... (+36)

I
X

2

S

36+g |
k

From the focus |[-..E . 0y

— cm.fi = ¢im3

70



- COMpanng (wo equations

= at==— b'=0, ¢'=3 .01

h}rsuhniluﬁngﬂ}in{l}i—ﬁ=9+3 = %:11 = k=3

Find the equation of ellipse whose center is at the origin, foci are on the x-axis, and distance

between two foci is 6 units, and difference between the length of the axes is 2 units.

Solution

Since 26=6 = ¢=3, 2a=-2b=2 3 a-b=1 = a=b+1.... (1)
al=b?+ ¢ ... by substituting (1) in main formula
b+1P=02+c2 = P2+2b+1=b+c = b+1=3 = b=4....(2)

by substituting (2)in (1) ,a=b+1 = a=4+1 = a=35

¥ r g
Ty x ¥ : ;
—+—==1 = —+—=]| ... the equation of ellipse
52 4 25 16 A

Example 16

Find the equation of ellipse whose center is at the origin, one of its foci is focuns of parabola
y* = 12x = 0 and the length of minor axis Is 10 units,
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¥y =12x=0

}r1=11x ) )
comparing Iwo equations,

¥ =dpx

== llx=dpx = dp=12 = p=1

Fii3. 0. Fii-3. 0 ... . foci of cllipse.

Since ¢=3 = ¢*=9

2b=10 ... the length of minor axis.

= b=5 = k=25

=bi+e’ .. main formula

= al=25+9 = a’t=-34

R

X
—_
34 25

Example 17

By wsing the definition of ellipse, find the equation of ellipse whose foci are F, (2, 0) and

F,(-2, 0) and constant number is 6

Let F(x. ¥) be any point on the ellipse.
PF, + PF,=12a ....... definibion of ellipse

= J{x—2}2+y1 +-,|Irf_:lt+=}1-'-}'z =f

i’ -.,Il[x—l)l 1—3.f2 =6—f n+l]2+y! cevee Squaring both sides

..... the equation of ellipse

= (-2 +y* =36-12J(x+ 2 +y* +(x+2f +y?

= x° -4114133=36- 12+ 22 4 y? e x v A e d eyt
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=] 3--,||||::-:+2]|1+1|.I1 =9+ 2x ... squaring both sides

= Gx T +Ax+4+y )=8]+36x+ 45"
= Ox°H 36X +36+9y7 =81+ 36x + 4

= Sxt+ 9:(2 =45

I+ Plot the vertices V' {a, 0) . V,(-a, 0) on coordinate plane.
2} Plot the co-vertices M (0, b) , M.(0, -b)

i1 Draw the curve which passes through the poinis ¥V | M, VM, respectively.

4} Plot the foci F (e, 0) . Fa{-c, 0)
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When the ellipse is translated from center (0, 0), h units on the x-axis and k units on the y-axis

the equation of ellipse will be

(-0 -k _

I
a’ b’

¥ ¥
)]

ih bk)
e
o =
...-"
== .-'llr--q — =
Vet k) Fylcth k) Flesh kb W lavh k) _
- " o - * -

[Fegume 2 — | W)

In the figure 2 — 19 the major axis 15 parallel to x-axis and its length 15 22 and its equation y = k.

The minor axis is parallel to the y-axis its length is 2b and its equation x = h.

But after translated the ellipse the foci will be F (c+h, k), B (—c+h, k) and the vertices are
Vi{a+h, k) , Vy(-a+h, k)

1-5-1 The Equation of EHipse Whose Major Axis is Parallel to the y-axis and Center is (b, k) )

When the elfipse 15 translated from center (0, 0), h units on the x-axis and kK units on the y-axis

the equation of ellipse will be

i ¥
(—h)  Gr-k)

hz az
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{Figane 2 - 210

Foci of ellipse are F (h, c+k) , Fa(h, —c+k) and vertices of ellipse are Vy(h, a+k} , V(h, -a+k)
The major axis 15 parallel to y-axis, its length 15 2a and its equation 1s x =h.

The minor axis 1s parallel to x-axis, ws length 15 2b and 1ts equation 15 y =k

In the Seetion 2 — 5 (Tramslating Ellipse) we are going to focus on only finding center, foci,

vertices, (Poles) co-vertices, length of axes and equation of axes of the ellipse.

Find foci, vertices, co-vertices, length of axes and equation of axes of ellipse then find the

valoe of e.

-2 -1
9 43

75



Solution

(-2 (-0’ _,
9 25

(x-h?¥  (y-k)
b? i B -

> comparing two equation

h=2,k=1 = (hk)=(2, 1) .....center of ellipse

=25 = a=5 = 2a=10units ... the length of major axis.
b’=9 = b=3 = 2b=6units ... the length of minor axis.
B2=b+c? = 25=9+c? = ?=16 = c=4
Rth,c+k)=F(2,4+D=F(25)

foci of ellipse
Fy(h, —c+k)=Fy(2, 4+ 1) =F(2, - 3)

Vi(h, a+k)=Vi(2, 5+1)=V(2, 6)
vertices of ellipse
Vy(h, -a+k)=Vy(2, =5+ 1)=V,(2, - 4)
(-b+h, k)=(=342,)=(-1, 1)
co — vertices of ellipse
(b+h,k)=(3+2,D)=(5,1)

x=2 ... equation of major axis.

y=1 . equation of minor axis.

E=£=§-{] ..... eccentricity of ellipse
]
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|} Find foci, vertices, poles{co- vertices), and center, then find the length and equation for both axes and 25 and

eccentricity for the ellipses whose equations below:

(x4 | (y+F

..1]?'-2+1;.'2=l W] ] = T =] | 95t + 16V - T2H - 96V + 14 =0
) 953y =117 . 0 S L R ht b

2} Find standard equation for ellipse whose center is at ongin point for each of the following:
i) Foi are the points (5, 0and (-5.0) Jength of major axis is 12 unils,
b) Foci are (0,£2) and intersects x-axisats =14 |

¢} One of two foci is far away from the ends of the major axis 1 and 5 units, respectively.
) The eccentricity = ]E and lenpth of minor axis is 12 units.
) Distance between foci is (¥) units, half of minor axis is (3 ) units.
31 Using the definition find quation of ellipse if:
i} Foci are the points {0,£2) , vertices are points (0,£3) and center is at origin,

b Distance between two foci is (6) units, constant number is (10), foei are on the x-axis and center 18 at

origin,
41 Find the equation of ellipse whose center is at origin, one of two foci is the focus of the parabola whose

equation is y*-+8x=0, if the ellipse passes through the point (23,43 ).

5) Find ellipse equation whose center is at origin, foci are on x-axis, and passes through the points (34) . (6,2)
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&) Find equation of ellipse whose center is at ongin, foci are at intercept point of curve x° + y - 3x=16with

y-axis, and it is tangent to the divectrix of pardbola 1 = 12x.

7) Find equation of ellipse whase foci belong to x<xis, center at origin point, length of major axis is bwice the length of
minor axis, and intersects the parabola 3 +8x= 0 al the point whose x-coordinate is -2,

81 An ellipse with equation foe’ + Ky’ =36, center is at ongin point and sum of squares of the length of its axes is 60 ,

one of its foci s the focus of parabola whase equation ¥ =443 what is the valuz of hk e R?

%) Find equation of ellipse whose center at origin point and one of its foci is the focus of parabola x* =24y, sum of
lenzths both axes is 36 umits.

14/} Find equation of ellipse whose foci £ (4,0), £ (~4,0) and the point € belongs to ellipse, such that the perimeter

of the triangle OFF, is 24 units,
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( 2-6 HYPERBOLA ]

‘ The hyperbola is the set of points in a plane whose such that the absolule value of the diﬂ'-en:ncel

of the distance from two fixed points {foci) in the plane have a constant number.

In the figure 2 -22
Fiie. ). Fy(—c, ) and foci of hyperbola V,(a, 0), V,(—a, 0) are vertices of hyperhola and the point
Pix, y) is any point on the hyperbola and from the definition

[ {PF, — PF,| = 2a ]

such that 2a is a constant number which represents the length of real axis of hyperbola containing
the foci and vertices. The segments PF, and PF, are called * focal radius™ drown from the point P.
The distance between two foci F|,F, 18 equal to 2c.

The length of imaginary axis is 2b.

From the Figure 2 = 22 and defimtion of hyperbola,
|PF, = PF,| = 2a
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= PR -PF, =42

= Jx-ct +y? —Jix+ef +y? =422
— -.,||[:a:—1:}|1 +}'1 =ﬂn+-.,l|'(x+::}1 +]|.rl

By squaring and simplifying both sides as we did in the equation of ellipse whose foci are on

x-axis and its center is at the origin, we get the equation

From Figure2=22 c¢=>a,a>0,¢c>0,c2=a2>0
Assuming bf =¢® — a? and by substituting a* — ¢ =— b? in the equation above, we find that.

oyl
%3

2 b =1 | .. .. standard equation of hyperbola.
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(Figrre 233
The eccentricity of hyperbola is always greater than 1. p=— > |
I 2 I

[ 6 —4 Graph The Hyperbola ]

The following steps show how to sketch gragh of hyperbola.
2l

Let| —- b_1 =] | be the equation of hyperbola whose foci are on x-axis and center is at the
a

OTigin.
[y Plot the points (a, 0) and (-a, ) on the cosrdinate plane.

2y Plot the points (0, b) and (0, =b) on the coordinate plane.
30 From the centeral rectangle which passes through these points as shown in the figure 2-24

*, F
= {1, b -~
H'\__\\\ r .-*"f/‘
Val-a, 0] : ,-’héxx Vil ™ -
__.-"' . 9
; 6, ~h)
* .
{Frggure 2 - 34

81



We draw the asymptotes through the diagonals of the central rectangle as shown the

4)

Figure 2 -24

5] Plot the foci F (c, 00, F5(—c, 0) then draw the branches of the hyperbola ag shown in

Figure 2 - 25

{Figure 2 - 23}

Example 19
3.2

Find the foci, vertices, length of axes of hyperbola -:—‘{ - %!:E =1 and sketch it.

- comparing two equations

=64 = a=8 = 2a=16units ..... the length of real axis.

b2=36 = b=6 = 2b=12units .....the length of imaginary axis,

cl=al+bh = =64 +36 = =100 = c=10
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Fle. 0 =K(10. 00 |
foci of hyperbola
F(-¢ 0)=FK(-10,0)
Vila, 0)= V(8 ()
vertices of hyperbola
"h": [-a'q n} - 5’1{-3. ﬂ}
(0. b) = {0, &) }
(0, ~b)=(0, - 6)
- 1|"]|.—H.m
Fyl- 10, 1) /
W
/ (0, =

[Figme ¥ 24 )

Example 20

Find the equation of hyperbola whose center is at the origin, the length of real axis is & units

and ifs eccentricity is 2 and foci are om x-axis.

Ja=6 = a=3 = =10

Ezi — 2=E == =6
a 3
c=al+b = 6=9+b = W¥=27
¥ .
CEET) =] i standard equation of hyperbola.
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Find the equation of hyperbola whose eenter is at the origin, the length of imaginary axis is

4 units and its foci are F (0, V8 ), F,(0, —/8 ).

solution

Since the foci are on y-axis the standard equation is

?h=4 = h=2 = b'=4

E=\|IE.

c=al+bt = E=f+d = ai=d

1 K— the equation of hyperbola.

In this example, the length of real axis is equel to the length of the coniugate axis (i.e a’ = b'),
tike this kind of hyperbola it is called hyperboliod right angled, because the fore points are

formed square shape. The value of the eccentricity equal to 2
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[ 2-7 Translation of the axes for Hyperbola J

2-7-1 The equation of hyperbola Whose center is (h, k) and its real axis is paralle] to X -axis.

| (x-h”  (v-K' }

o b
) ) . |
As shown in the Figure 2 - 28 \
Foci of hyperbola are F (c+h, k), Fs(~c+h, k) |
Vertices of hyperbola are 1Ill_"|fa.+ll. ky. "l-_"j—aﬂu, k) Fah oy \.:n _ *'--"#-‘ Futlruhs
} B a—
/ \
, \
! b1

(Figure 2.7§)

Second : When the hyperbola is translated h units on the x-axis and k units on the y-axis and real axis is

parallel to the y-axis then the equation will be, 7

¥, hyavk)
{B kb iz

[ -k (x-b)" _,
a’ b

Ag shivwn in the Figure 2 - 29 [
ol —atk)

Foci of hyperbola are Fy (h, c+k) , Fa(h, —c+k) //_"\
Ty h, -c+k)

Vertices of hyperbola are 1'a_"||:l:|, atk), ﬂl‘,h, —atk)

(Figare 2 -29)

In the section 2-7 we are going to focus on only finding center of hyperbola, foci, vertices and

the length of real and imaginary axes.
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Example 22

Find the coordinates center, foci, vertices, the length of axes and eccentricity of hyperbola

whose equation is

(x+2f (y-1y° »
N

Solution

(b -k
- =]
a’ b*
- comparing two equations.
x+2 v-0'_,
9 4 J
=9 = a=3 = 2a=6units ... the length of real axis.

b=4 = b=2 = 2b=4units ... (he length of imaginary axis,

= h=-2 , k=1 center (hk)=(-2.1)
c=a4+b =2c=9+4 = ¢c= 3

o Rlesh K)=F(13 -2, 1)

o foct of hyperbola
Fl-c+h k) =E(13-2, 1)

s Viash k=34 (-2, h=V,(L, 1)
B o o vertices of hyperbola
Val-a+h, k)= Vo (-3+(-2), )= Va(-5,1)

e=5=$}1 _____ eccentricity of hyperbola.
a
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11 Find foci, vertices, length of both axes. and (eccentricity) for following hyperbolas:
a) 1227 -4y =48 eh 2Ap+ 1) -dix- 17 =8
hl 16x"-9) =44 di - léa® + 16dx - 9y + 18y = 185

21 Write equation of hyperbola in following cases, then graph the hyperbola

4 Foci are points( £50 ), intercepts with X- axis at x =+3, center at origin.
b Lemgth of real axis 12 units, length of conjugate axis 10 units, both axes congruent on coordinale

axcs, center at origin,
) Center at origin , foci at v—axis, length of conjugate axis is 2 /2 units | ecoentricity 154{3).
1 Find using the defimtion of hyperbola cquation whose center at onmn foct are
{ME, EI} .l:_Eu'E,D} Jts axes congruent on coordinate axes, and absolute value of difference berween
distances of any point from the foci is (4) units.
41 A hyperbola with real axis (6) units, one of Toct is focus of parabola whose vertex is at origin and
passes through the points [JEJﬁ } (L 2.5 } Find the equation of parabola whose vertex at origin
and hyperbola whose center at ongin,
51 A hyperbola with the center at origin . its equation /x = & =90 | length of real axis 6»4'5 umits,

foci congruent on foci of ellipse whose equation is 9 +16)° = 576. Find value of h.k which belongs 1o
set of real numbers.

) Write equation of hyperbola whose center at origin if one of its vertices is away from foci by 1 .9

units respectively |, its axes congruent on coordinate axes,

7)Find ellipse equation whose foci are foci of hyperbola whose equation is x*— 3,/ = |2, ratio between

lengths of axes is % and center at origin.

%) The point £(6, L) belongs to hyperbola whose center at the origin and its equation ¥~ 3" =12,
find each:

4} L walue.

b} Focal radius of hyperbola drawn in the nght side of point P,
1 4
41 Find hyperbola equation whose foct are ellipse foei %p;—ﬁ =|,1t tangents directrix of parabola

whose equation " 1 2y=1()
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Chater 3 : Application Of Differentiation

I Related Rates

[t

Rolle’s and Mean Value Theorems

i

The first derivative test for increasing and decreasing for a function
l Local Maximum and local Minimum

5 Concavily of curves and inflection poini

6 The secand derivatire test Local Maximum and Local Minimum
Graphing function

by {'Ilptimir:llil.lu [(Maximum, Minimum) |‘|E"I'I'I}IL’EI'I"E

Termindglogs

Team ; Symbaol or Mathematical Relation
The approximate Change Rate at a )
' hffa) ,h=h-a
[ APPLICATION OF DIFFERENTATION J

Prephase: You had smdied in fifth class when the function will be differentiable and you had known the

rules to find the derivatives of algebraic and circalar functions and phsical disriptions.

Im this chapter we shall take some concepts and some uses of applications o caleulate differentiation .
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APPLICATION OF DIFFERENTIATION

3-1 - Related Rates

Let y=git) ,x=1{it}

Where the two variables x |,y are depends on variable t

We can find the change rate of cach of them as following :

d_!"' =§([] Change rate of y with respect to (t)
dl
d—£=‘f{!] Change rate of x with respect ta (1)
dt

For examiple : The equation

X+ y-4y+ 06X =0 weeanfind the change rate x , v with respect w (1)

'I:l i 2 d.
— (X4 y-dy+6x) = — (0
d[[?i.‘f y+6x) m”

2x 9% 4 2y gi'*' 48y LgdX _,

dl dl dt
Then: Change rate of v with respect 1o (1) is i
di
; ; dx
Change rate of x with respect to {t) is
dt
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APPLICATION OF DIFFERENTIATION

In order o solve related rate problems follow the steps the Strategy

(1} Draw a cutlin¢ and name the variables and constants, use "t" for the time assume that all variables are

chiferentiable function of (1) |
{2} Write down any numerical information.
(3) Write down the relation ship that related the variables,
(4} Differentiate hoth sides of equation with respect to L (time )

(5} Substituting known values in the equation in stap (4)

Example |

Water 15 dropping from parallelepiped tank whose base is square with sides 2 meter at

arslcof 04 m¥h.

Find rate of change of decreasing water level with respect to time.

Solution

Let the volume of water in parallelepiped be  v(t) at ime (1), :l =~ 1. 4.... (Since water is decreasing,
i

the sign will be negative)

Let the hight of water level in polyhedron be h and we want to find rate of change of height

of water level E
dt

v=Ah (A s the area of the base)
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APPLICATION OF DIFFERENTIATION

v={(2).(2).h

= vy=dh...... differentiate both sides with respect to 1

v _ 8
dt dt
dh dh
=Dd=4 —=—==0.1 m/
d|=|:|.t s

0.1 m's is the rate of change of decreasing water level.

Example2

A metal has a shape a rectangle with an arca 96 ¢m?. I its length inereases at a rate of 2 cm's

such that its arca will be constant, find the rate of change of decreasing in its width when the width is 8 cm.

Solution

Let x be the length of reciangle and y be the width of rectangle.
rate of change of length is 3—: =2em's

dy

rate of change of width is s =T when y=4.
A=y

SR =Xy

coy=R=h=x (R)=x=12

96 = xy .... {differentiate both sides) with respect to t

dos) _ dy e

dt dr T dt
dy . dx
IR AT .S
TR Y
0=122 152
L8,
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APPLICATION OF DIFFERENTIATION : ! P

L s | I

dt 12 3

4 cm/'s 15 the rate of change of decreasing of the wadth
3

Example 3

A solid cube with aedge & cm is covered by a layer of ice. If the ice melts at a rate of 6 om? /' 5
and it keeps its shape then find the rate of change of decreasing of ice thickness when thickness is 1 cn

Solution

Let x be the thickness of ice. We want to find %xr when x =1,
{Volume of 1ce) = (Volume of cube with ice) - (Volume of cube)
Bm_ . v=(8+2xP -8 ......... differentiate both sides with respect to (1) .

_.:'." . ' £=3[34—2ﬂ2.1£—ﬂ

-------------- : dt dt
. ; dx
G=3(R+2.M073 (Y —
{ (h=(2) &

i e
&

= 0,01 em/s is rate of change of decreasing of thickness,
Example 4

A ladder with 10 m length leans vertical a wall. The foot (base) of the ladder is pulled away at a
rate of 2 mfs when the foot of the ladder is 8m away from the wall, find.

|. How fast the top of the ladder shides (move) down.
2. Rate of change of angle between the ground and the ladder.
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APPLICATION OF DIFFERENTIATION

(13 Let x be the distance between foot of the ladder and wall.
Let y be the distance between top of the ladder and ground.

Let 8 be the angle between ladder and ground ( rad ).

9% 9 find S

di dt
By using pythagorean theorem, x2 + y2 = 100 with respect 10 {1) .

when x=§

ifx=8=8+y=10F=>¢=3=y=06

Differentiate both sides of = x% + y2 = 10

dx dy
- *——1:]-: —
[1+H (10) Edl+}rdt

By substituting known values in the equation above.

dy _ ay _ 8 .
(2) {8002} +(2).(6). i 0= o =—7 mis

% m/s is rate of change of sliding top of the ladder,

. d . . d|y dé 1 dy
(2} ginl == - (sin @ =_(_..) st i, -
Tt T et T

X % d- 1.
By substituting cosfl = — = — . — = —,—
¥ & 1010 dt 10 dt

dy

E b
By substitluting x =8 and — =—— we vet
¥ - it 3 g

i.ﬂ= L. —i]d .‘.ﬂ=—L rad's 15 rate of change of angle.,
10 de 10 3
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APPLICATION OF DIFFERENTIATION : ! P

Example s

A conical filter whose its base is horizontal and 1ts vertex{ head) is downward. Its height is 24
em, and diameter of its base is 16 cm. if the liquid is poured at a rate of Sem? /s, while it leaks
liquid at a rate of 1 em¥s. Find rate of change of liquid depth when the depth of liquid is

12em.

Solution
We assume that the dimensions of the liquid at any moment be h (height) and riradius).

I6 o~
I

| J—

Let the volume of liquid at any moment be v(t).

In the figure at the nearby when we use tanf) or similanty of two
triangles, we get
X | 2‘1
anf=—=—wr=—h
h 24 3
1 .4 . 1
V=N | N— (substitute r = Eh] T

i
1
-

9
&

12
\'=lﬂ[lh) .]:I=i1l1:|'l3
3713 27

by ditferentiate both sides with respect to t

dv | 3 dh dv 1 _;dh
= e phf e o = —phds
dt 27 dr ki dt 9 k dt

rate of change of volume of liquid = rate of change of pouring liquid - rate of change of leaks liquid

dv 1 1 3 dh
So—=F5-1=4 / §=—m(l2)"—
d cmels = 9rl:{ | m
dh |
= e— |"5
dt 47
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APPLICATION OF DIFFERENTIATION

Let M be a point moving on the parabola curve ¥* = 4x such that rate of change of the point
M getting away from the point (7,0) 18 0.2 unit's . Find the rate of change of x-coordinate
for M when x=4.

Let Mix, y} be the pomt and N{7, 0}

Let the distance between M and N be 5.

s =4 x-7 2+ (y-0)°

5= x2=lax+ 49+ 72

By substituting :,': = dx then,

8= ‘lerz— 145 + 49 + 4x

S =4 x2- I0x+ 49

[¥ifferentiate both sides with respect to (f)

ds_ J-10 d
L TS IR

==

§-10  d
10 dt

= E=—l wnit's
di
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APPLICATION OF DIFFERENTIATION

1) A ladder leans against a wall, The foot of the ladder 15 pulled away from the wall at a rate of 2m/s.
How fast 1s the top of the ladder moving down when the angle between the foot of the ladder and

ground 15 &/3 7

1) A pole of length 7.2 m has a light on its top. A man of height 1.8 m is moving away from the pole
al a rate of 30 m/min . Find the rate of change in length of man's shadow.

i) Let M be 2 moving point on the parabola xL—y .Find the coordinates of M when the rate of change of
M getting away from the point (0, 3/2) is two-third of the rate of change in y-coordinate of point M.,

4) Find a points which lies on the circle x*+y“+dx-8y=108 at which the rate of change of x equals the
rate of change of v with respect to time *'t ™.

5) polyhedron its dimensions change so that it's base keeps its squared shape, the length of side of
the base increases at a rate of 0.3 em's and its height decreases at a rate of 0.5 cm/s .Find the

rate of change in the volume when the length of side of the base is 4 ¢m and the height 3 em,

3 -2 Rolle's and Mean Value Theorems

Before beginning to this section.

Definition 3-2-1

It f function 15 defined on the closed interval [a, b]. then.
Iy fhas maximum value at ¢ such that ¢ € [a, b] if and only if fic) 2 f(x) ., ¥xe [4, b].

23 f has minimum value at ¢ such that ¢  [a, b] if and only if fc) 2 F(x) , ¥xe [a b].
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APPLICATION OF DIFFERENTIATION

If f function is defined on the closed interval [a. b} and { has maximum or minimam value at ¢ such that

¢ e (o, by and T (o) exits then Tich=0

We will explane this theorem geometrically as shown in the figure below.

Let fix} =[x, F[-1, 1] = IR

As we see in the figure below the function [ has maximum value at each of x = [ and x = - 1.

And it has minimum valoe at ¥ = [
f is not differentiable at x=10

F(0) doesn’t exist.

[ doesn'l have 0 sausly ﬁc} =1,
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APPLICATION OF DIFFERENTIATION

Definition 3-2-3

Lzt f be defined at ¢. The number ¢ 15 called entical number [t"f'fi;“,l =0} or £ 15 not differentiable at ¢

The poant (¢, fle)) s called crtical point,

In the previous example fix) = |x], I:[-1, 1] = IR, Notice that is defined at x = 0. l]ut’f'{ﬂ} doesn't exist,

The number () is said o be critical number for the function £ the point (0, {0)) is critical point.

Rolle's Theorem

The French scientist M. Rolle made a simple theorem to find the points that represent critical points for

the function on the given interval and its named with his name afier him.

i -
If f is afunction is a a ¢ b

|t contimeous on the ¢losed interval [a, b
21 differentiable on the open interval (a, b)
31 Ra)= f{b)

then there exists at least one value of ¢ which belongs 1o (a, b) and satisfies (¢} = 0.
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‘:E APPLICATION OF DIFFERENTIATION

Show that the following functions satisfy Rolle’s Thearem for each of the given intervals
and find the value of ¢ if exists.

a) fix)=(2-x*€[0,4]
bl fix)=9 =3 -x3, xe [-1, 1]

x1+1, xe[-1,2)

L =1, xE[E4=1)

dy fx)=k ,xe[ab]

I the power of the function is natural numbers it is called polynomial function like Txi+6x3+7

Solution

) R =(2-x02 x e [0, 4)

1* condition :  is continuous on the interval [0, 4] Because 1 is polynomial function.
1™ condition fis differentiable on the interval (0, 4). Because it is polynomial function.
1™ condition: fi0)=(2-0F =4  fi4)=(2-4) =4 = §i0) = {4)

f satisfies Rolle's Theorem on the given interval.

E{z}=-2[2-:1 = fe)=-22-¢)
foi=l0 = 2(2-A)=0 = c=22(0.4)

by fix)=9x+3x2-xd xe[-1,1]
15t condition : f is continuous on the interval [-1. 1], Because fis polynomial function.
1% condition : [ is differentiable on the interval (-1, 1). Becanse fis polynomial function.
™ condition : fi-1)=-9+3+1=-5  fih=9+3-1=11
Fi=1}=F{1}

t docsn't satisfy Rolle's Theorem on the given mierval,
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APPLICATION OF DIFFERENTIATION

x4 1, xe[-L2]

DTN Sed -

The domain = [-4, 2]

lm (x4 1}=2al,
R

lims I:—IJ=—|=I..3
X—=1"

I¥ condition :

Ly # Ly fisnot continuous on the interval [, 2
f doesn't satisfy Rolle's Theorem on the given interval.
dl fix)=k, x=[ab]
I condition : {is continuous on the imterval [a, b] Because [ is constant function.
1™ condition : f 15 differentiable on the interval (a, b) Because [is constanl function,
1™ condition : fla) = k. fib) = k
s Bla)=fib) =k
5 Psanisfies Rolle's Theorem on the given interval (a, b)

And ¢ value can be any value on (2, b)

3-2-5 The Mean Value Theorem

If { 15 continuous on the closed interval [a, b] and differentiable on the open imterval {a, b) then

fb)—fla)

there exists at least one value ¢ which belongs to (&, b) and satishes ?[:] = 5
-a

b)) =F(c) . (b -)|
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‘:E APPLICATION OF DIFFERENTIATION

The following Agure explains the Mean Value Theorem geometrically.,

Bib, fib)) The tangent is purallel to chord AB. Slope of

tangent 15 cqual l-::"f'{::‘].

The slope of chord passig through A B

Ly _ f(b)—fi(a)
Aln, ah) Ax - b-a

The slope of tangent to the curve at ¢ = first derivative of fat ¢,

_ fib) - fia)
h-a

Therefore. Pic)

The Rolle's Theorem is a special case of the Mean Value Theorem and in Rolle’s Theorem nd

condition 1141 = 05 must be satsfed.

is : If the chord and tangent parallel to x-axis then ﬁ’c} =}

Prove that the following functions satisfy the conditions of the mean value theorem and find the

value of ¢

a) Ax)=x-6x+4, xel[-1,7

bl fix)=425-x2, =xe[4.0]

Solution

w) Rx)=xi-6x+4, xe[-1,7

I* condition : f is continuous on the interval [-1, 7] Because fis polynomial function.
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b}

APPLICATION OF DIFFERENTIATION :!?

1™ condition : f is differentiable on the interval (-1, 7) Because fis polynomial function.

The slope of the tangent F{x} =Ix-b ::rﬁ,’c] =2c—b

flb)—fla) _ f(M-f-1)  11-11 _
h-a == &

0

The slope of chord 15

Since slope of the tangent is equal to slope of chord.

So—-6=0 =c=3e(-1,T)

fx)=¥25-x2, x &[4, 0]

It condition (comtinuity) : Va & [4, 0] = fla) = ¥ 25-aZ = IR.

lim f{x) = lim ‘hS—xl = ’\'[25— 16 =3 = f{—4) exists.

X=4 x=4*

limfx)= limY¥25-x2=425-0 =5 = ()

X =) X={)

limfix)=Ha) = 15 continuous at a.

X—28

Since 4 is any element of domain < f is contmuous of [-4, 0],

" condition (differentiability): The domain of first derivative of f is
(-3, 3). = fis differentiable ¥x (4. 0)
111" condition: Slope of tangent: F(x) = ———— 2 Ple) = ——s

25-x* 25—¢t

f(b)-fla) _ F(O)-f(-4) _ =3 L
b-a 0—{(—4) 4 2

Slope of chord:

Slope of tangent = slope of chord
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APPLICATION

c=45E(-4.0)

=5 & (=4,0)

Example 4

OF DIFFERENTIATION

Squaring both sides

S
&

(-5,01-4 C

» X
(3.0}

If fix)=x"—4x%, £:[0, b] — IR and f satisfies the mean value theorem af c = % then find

the value of b.

Solution

"'f'{a-:] = 3%~ BX oo (3lope of tangent)

=:-f[c]| =32~ Re

AR 3]

3

b-a b-0
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APPLICATION OF DIFFERENTIATION :! E’

P
5 % = p? - 4b {Slope of Chord)

slope of chord = slope of tangent

Cbi-db=4 = ploghtd4=p = (-2P=0 =h=2

3-2-6 Corollary of The Mean Value Theorem J

If fis contimuous on [a. b] and differentiable om {a, b) and if we consider h = b —a such that h = 0,
h = IR then by the mean value theorem we get

?Ic} = n:bh}_ fa) ciasseennee Dy substituting b =a + h.
-2
== fla+h)—fla)
b-a

== fra+ hi=ffay+h.f ')

When (k) approached to {a) . the (h) value 15 small and the chord becomes very small, so the tangent
at {c) will be tangent at =i
So:fla+h) = fa)+hfia)

Where: hT{a) is the approximate chu.nee of the function .
Approximation by using comllary of the mean value Theomem

Using corollary of mean value theorem 1o find {26 npprosimutely,

solution

Let fix) = A% he the function on the interval [25, 26]

b= 26
fx1=vx. wx =[25,26]

e ——
flay= va, fi25) =425 < 3
{a)= va. (25 R
# L - | 1
f(x)= f(25) = = = Q.1

e 2425 L0

fib) = fia) + (b-a) Fea)
fla+hi=fla)+ h'ha}

J26 =125+ D)= F(25) + (1) T(25)
Adl2e = 5 #1001 =51
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APPLICATION OF DIFFERENTIATION

Example 6

If fix) = x¥ + 3x% + 4x + 5. Find f{1.001) approximately using M.V.T

f{l)=1+3+4+5 =13

b= 1.001
[ix)=3x2+6x+4 a=1
f{1)=3+6+4=13 h=b—a=0.001

fia+ h) = fia) + h fa)
HLOOTY = Fi1) + (0.001) . £Y1)
=13+ (0.001). 13

=13.013

Example 7

I edge of a cube is 9 98 cm then find the volume of the cube approximately, Using MV.T

Let v be the volume of cube
h=99%
a= 1l

h=b-a=-0.02

X

vixi=x} | x&[9.98 10]

w10y = 10° = 1 000

105



APPLICATION OF DIFFERENTIATION ’ ! P

Vi) =3 = vim=3 (10 =300

v(9.98) = 1000 + (—0.02) (300) = 994 cm?

Examplc 8

3rs
Let fix)= x2 If x changes from ¥ to %.06 then what the amount of approximate change?”

3
fix)= ¥x2 . f:[8806) = IR b = 8.06
& a= R
fix)=

3

3Vx h=b-a=006
- - 2 1
@) =P(®)= ===

1Yz 3

hT (a) = (0.06) ( I? y= 0,02 Approximate change

Example 9

A cube with edge 10 cm is painted with 0,15 em from each edge , find the quantity of paini
approximately by using M.V, T

vix) = % b=103
vix) = 3x a=10
via) = v{10)= (3) (10)2 =300 h=b-a=03

hv'i 107 = (0.3 (300) = 90 cm®  volume of the paint approrimately .
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APPLICATION

Example 10

OF DIFFERENTIATION

By using M.V.T find the values of the followings approximately nearest thousand (in decimal

part there must be at least 3—dit)

1) %"qu_qg}h (0.98)% + 3 78
4;r*i'rI':F'+J".|r1_T dﬂ"ﬂ.ll

5
a) Assume that f{x)= X° + 3;“.|_ 3 The function

x|

Jfr’{r.] = 1::'3 +-=1-xEI
5

2 4
Ry =R =1F+1143=5
Ta) =1 = %.lfﬂ. (1) =46
fla+h) = fia) + h T(a)
f0.98) = [ 1) -+ (-0.02) . {4.6)
= 54 (=0.02) . (4.6)

=5 -10.092 = 4.908

V0,98 +(0.98)* + 3 = 4,008

by W78

Assume that fix) = j':":

?'{x]= I

3 :-:2
fa) = f(8) = ¥§ =2

!"'hi] oy i'{E] = —=L—ﬂ.ﬂ33

W2 12

Ma+hi=Ma)~h f'n_a}

Differential both sides

By substituting a = |

b=0.0%
a=1

h=b-a=-002
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APPLICATION OF DIFFERENTIATION ’ ! P

7. &) = [{8) + (—0.2) (%)

=2 - (0.2) (0.083)

=2 = (L0166
= 1.9834
V7.8~ 10834
N7+ 417 b=17
| | a=16
Assume that fix) = x2 + x*¢ bat e
-~ 1 ! |
B 2 i 4
f'i{x} Ex +4a:

1 1
f16)=2hT+2HhT=a+2<6
Tao=loy Teloy =L+ Lo H-o0s 'l)1+ 0 zs(lj
2 ] 2 4 ‘ {2, ' .2)
= (0.5) (0.5) + (0.25) (0.5)
= {0.5) (0.25) + (0.25) (0.125) = 0,125 + 0,031 = 0.156

f{a+h) ~ f{a) + h T(a)

f17) = f(16) + (D T(16)

=0+ (1) (0]156)
17+ Y17 ~ 6.156
d} 'LIH.H
E=0120

a=1{.125
h=bh—-a=-0005

1
=
k]

Assume that f{x)=x

- | =
fix)=—x 1
(x) 3
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‘:E APPLICATION OF DIFFERENTIATION

¥
f0.1259 - ((0.5°) =05

- -3
’ | 1T 11 I .2 4
F(0.125) = 0.5 =—|—] ==y =—=1.333
( }3[{1]_3{2) 3=
fla+h) ~fia) + hFa)
f(0.12) = f{0.125) + {-0.005) . {1.333)
= 1.5 — 0006665

~ 0493333

5|.|'{J, 12 = 0,493335

| | Find € value defined by Rolle’s Theorem in each of the following

1]} f{x} 213 —Ox -~ E["3,3]

by (%) =2x +E X E[%,I}

o f(x) ={:~:1—3}2 X E[—I,I]

2} Find an approximation for each of the following , using mean value theorem ;

) V63 + Y63 ) (1.04Y +3(1.04) i
P
L'[IL &l l
101 3

1) A sphere of & cm radius, pamnted with 0.1 cm pamnt.Find quantity of paint approximately

using mean value theorem.

4) A sphere its volume is 84 ¢ ¢cm? find its radius approximately using mean value theorem .
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APPLICATION OF DIFFERENTIATION ’!?

51 A nght circular cone, its height equals base diameter, 1T heght 15 2.98cm | then Oind volume

approximately using mean value theorem,

1) Show that each of the following functions satisfy Rolle’s Theorem on the given imterval for

cach , then find ¢ value

1) F()=(x=1 , [-1.3]
'|1}h{_;r;}= xj—x, [—1.,1]
o) p(x= - 3x, [-1.4]

difix)=cos2x+2cosx , [{},2?1;]

7} Test whether the mean value theorem can be applied on the following functions on the given intervals

and mention reasons for that. IT the theoreimn is satislied, then find possible ¢ values.

a) F(ny=x"=x-1, [—1,21

by hix) =x* —4x +5, [-1.5]
4

= t -1.2

c) g{x) %D [ I

d) blx) = Y(x+1)7, [-2.7)
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APPLICATION OF DIFFERENTIATION

[ =3 The First derivative test for increasing and decreasing for a function

3-3-1 Corollary:
One of the important conclusion of the Mean Value Theorem 15 following corollary |

Let f be continous onthe interval [a, b] and differentiable on the interval {a, b) and if
Iy F'ix} >0, Vx e (4, b)= 5 increasing function.
) fix) =<0, ¥x e (&, b) = [ is decreasing function.

In this section we will not inierest the other case ('{x)=0)

~ Example 1

Lety=1{x)= x", Find the intervals ol increasing and deacreasing.

Solution

y=fix)=xl= y=2

y=0 = y=lx=0=2 =x=0

y'=1x
1] ! ”.
- Al -t ox  The sign of fix)
\/ _---'_F-—r
—
—I—-'_'_ﬂ_-
—
* . -
Flx}<0, ¥x<l 1% L K 7w (]
[xx <0 :
1
decreasing CICaSHLE
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APPLICATION OF DIFFERENTIATION

Example 2

Find the intervals of increasing and decreasing for the following functions :

bl Hx) =W

) f{x)=9x+ 3x? - x*

a) fx)=0x+3x2 xd = Fix)=09+6x— 3
0=9+6x—Ix?
0=-3 (x* - 2x - 3)
O={x=-3(x+1) =>x=3, x=-1

We examine the sign?{n} by substituting the values around these numbers on the number line,

Ix:x <=1}, ix: x > 3} decreasing function

on the open interval (—1, 3) increasing function.

b} ﬁl,‘:m;lu=3‘-.|".wr._I = f'{x)= 2
INx

f'(x) is undefined at x = (0 thus x = 0 is critical number.

jn i x <1}

decreasing function  increasing function
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APPLICATION

OF DIFFERENTIATION

[

3 -4 Local maximum and local minimum (Local extremum)

)

In the figure below the funchion v = fix) is inereasing on the interval (a, ¢) since ?{?;‘,I =10, it 15 decreasing

on the mterval (¢, d) since JF{!:H (. And it is increasing on (d. b)

’JF'{:;}= ateach of x =Ccand x =4d.

The point {c. fic)) is called the focal muesimum point and f{c) is local maximum valwe of T

The point {d, fid)} is called the local minmmum poimt and f{d} is local minimum vahse of f.

=

= Tix)

T

¥ i ¥
" LRETE
F'-:xb?f?\ﬁ:}*ﬂ
;'r. -| l;.l \ R | Lt

the loeal maxinmnom peint the bocal mizinwum point

Definition 3-4-1

Let | be continuous on the interval [a, b) and differentiable at x = ¢ which belongs to the mberval (a, b) if.

a '.;:““a____h d

—h

- ---.
-

=

there deeen't exist boca] aximuen oF minirmim.

1) i< b I R
| T <0vae (6B ¥ = - Fix
-\-H-\---\-
f'{x) = 0. %xe (2, o) % T
fnerTeasimg decreasing
fiic)=1 then fi¢) is the local maximum value
i : o 4+ 4 ¥ h -~
21 Fixp= Ve (¢ b) - khm = = Tix)
flixh < 0:vxe (a, ¢) decrensing - 7 IKIEBSIOE

then fchis the local minimum valas

f'e) = 0
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In order to determing the local maximum and local minimum of the function £ using the first derivative

test follow the steps,

-

Find the critical number by solving the equation  £'(x) = 0,

L&t ¢ be a eritica] number of function .

£:3

IT sign of '{x) changes from positive 1o nezative at ¢ then fix) has local maximum value at c.

-

If sign of {x) changes from negative to positive at ¢ then f1x) has local mimium value at ¢.

-

If sign of T{x) dees not change at ¢ then fx) has no local maximuem or bocal minimum valoe at e

Example 3

Find the local maximum or minimum point of the following funcrion f,
Al {xp= 1+ (x=2F
b fix) =1 —(x—2)
¢ iy = xt = 9x2 + 24x

ng

&

\ L e B

a) iixy=1 +{I—E‘F

= F=200-2) 2.1y .

Py =D=2x-2)=0=x=2

fi2y=1+(2-212=1

e TR B
- . « the sign of fiixy
Hﬁh“"""‘-\-..,_ '----Pd---r
N
{27 %= 2} [®ox=>d]
fis decreasing 13 Increasing

the point (2, 62)) = {2, 1) represents the local minimum paoint -
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APPLICATION OF DIFFERENTIATION

b fix) =1 - (x - 2§
&
fix)=—2(x—2)
-~
fiix)=0=x-N=0=2x=2

fi2y=1=-(2-2F=1

|I"‘I
- — = the sign of f(x)

%+ %

fis increasing ['is decreasing

The point (2, 1 2)) = (2, 1) represents the local maximum,

¢} fixy=x"- oxZ + 24x
=P(x) = 3x2 - 18x + 24
fix) =0
= 1@ - 18x+-24=0
U —fx+ By =10
Hx=4)(x=-2)=0 = x=4 ,x=1

fi4)=16 + £f(2)=20

-~
+4+E+4d e mmmm—— . S o S B :
R Feeaseest FERVEE . AR TR
_.-'r-\-""l-\_ o
.-"-.-- -\-\-\-‘-\""- _.-"'-
- -\-\-\"'-\-\_ L
T .. = ol T g &
IBCTEASINE dmm_ﬂ. ncreasing

ix:x<1), {xix>4} [ is increasing
on the open interval (2, 4) Fis decreasing,

(2, 20} is local maximum point.

(4, 16} is local minimum point.
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/ ,

0 =k 0 =X
Concave down Concave up
T<o P(x) >0
(Figure B) (Figure A)

Definition 3-5-1

If fis differentiable oo (a, b) and if is said o be Tis concove divw, Jf? is decrasing on the given interval and

- 'J [} . . . -
it 15 concave up if £ 1s incrasing on the given interval.

The curve is over the tangent lines on (a, b) <= The curve is concave up

The curve 18 under the tangent lines on (3, b <= The curve 18 cancave down as shown in the figure A, B
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@ APPLICATION OF DIFFERENTIATION
(Theorem 352

ITf &5 difined on [a, b] and Fis wice differentiable on {8, b) then fis coneave up if

| vaen Tw>0 | (\_/)

[k ] L AL I_.|l

ad [ s cancave down on (2, b) iF satisfies

vie @b, Too<0 | (/N

CONICave oW

Examine the concavity of the following functions,
a) T [x) = x* B fx) = x3

=
-

al fix)=x* ¥ '-’:1

‘1"[.'-;}=2x

F
T

)
fa)=2 S Pix) =0, ¥xe IR > X

I is concave up on 1R

-

) fix} =y
"i"l:q:]--* 3x?

ﬁ'[}l}=ﬁx e %
':';‘::}=u=:a fx=10

]

1=10

fill)=0

y=x’
. . f
oo - the signof 1 (x)

spncave down PO U
[, ] Xom
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APPLICATION OF DIFFERENTIATION I! P

Definition 3-5-3

The point where T changes from concave up o concave down, or (concans down (o corcove uph its celled

inflection poinl .

Y Yy Yy f= =0

SR

X

X

1|"_:.:_

L
[

Example 2

Examine fix) = 2x% - 3x2 — 12x + | for concavity and find inflection point.

?{x]=2x1 e

x) = %% — fx - 12

;E.H

0

(x1=102x -6

< | |
f)=0= [2x-6=0= RS l‘(i}- =

concave dinsm CONCTVE i

5= % is 4 passible inflection point.

. |
[is concave up on |1:1 > E]

[ isconcave down on | b E |

Then the point (%,—%) i inflection point,
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@ APPLICATION OF DIFFERENTIATION

Example 3

Find ihe imervals of concavity and inflection poinis of following functions.
b fx) = dxd -4

b} Ax)=x+ % xz(

¢l hix}=4-{x+2)

d fixy=3-2x-x2

e} fixp=xt+xE-3

a} fix)= 4y _ gt
Tin) = 1263 - 4

& -
Fix)=24x — 12x*

%

(Xj=0=HMx - 12 =0= 122 -x)}=0 = x=0x=2
ROp=0 f2)=16
(0, 0y (2, 16}

inflaztion inflecton
o pini
i + ]
g 3 the sign of I'ix]
. N N
coeava diown il up comave down
i e o, 2 ¥ 8=

(0, 0} and {2, 18) are inflection points.
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APPLICATION OF DIFFERENTIATION

1
b) Hx)= 1*'?:- x#0

- | 0y 4 b . P
l"{.vr.:=|——2 - = the sign of ' (x)
X J
, 2 "l/-"\" llll"._.-"'-l
Tix)= —
% L] i iIiFl.".II COMcaye Up
- X x< [ x -t )
f' (0} 15 undefined

The inflection point does not exist since 0 ¢ domain of the function.

¢) hix)=4-(x+20
Tuxj= — 4 (x +2)
#
hix)=-12 (x + 2)*
&
hix)=0= —12{x +2}* > x=-2h(-2)=4

{(-2.4)
_____________ = . o
- . = the sign of h(x)
CcOnCAYe down concave down
[x:x<-Z} X 1 x> -2

Since the concavity does not change around x =—2 then the inflection point there does not exist.

d) fix)=3-2x-x2
Py=-2-2x
o]
P(x)=-2 <D

f'is concave down on IR
Then the inflection point does not exist

¢) flx)=x*+3x2-3
Jf'{:-:] = 4x5 6%

f T
= T(x] = [2x:+6=0 xe IR

fis concave up on IR
Then the inflection ]'mint dose not exist
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APPLICATION OF DIFFERENTIATION

3 -6 The second derivative test for local maximum and local minimum J

I our previous lessons we have seen that the first derivative test tells us whether crincal point is

a local extreme or not,

Mow we instead of firsts dervative test we can sometimes use the second derivative test o

determine the kind of local extreme.

Let ¢ be a critical point of [ then;

P

I iff{c: = {Jand f{t] < ) then f has a local maximum at x = ¢ so, (¢, f{¢)) 15 local maximum point.
o

2) 'Lfﬁn::l = and ' (c) > 0 then f has a local mimimum at x =c so0. (c. fic)) 5 local minimum point.

-~ P
1) 'Lfﬂc_] ={ nrf"[c} 15 undefined then this test fails. (we use the first derivative test instead.)

By using sccond derivative test find the local extreme of following functions,
1) [Ix]=ﬁ-:;—3x3—1
bi fl{:l:",|=:ls—i+ xz0
EZ
el flx)= x -3 % — Uy

d) fix)=4-(x+ 0

a) fx)=6x - Ixd - |
fix}=1H-6x
fix)=0

l=fh=6x =x=]
s
fily=—0=0

2

?!I]=D&nd?i]]{ﬂthm { has a local maximum at x = 1

(1, i1y =(1.2) s local maximum point .
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APPLICATION OF DIFFERENTIATION ’ ! P

b ﬁ,’}:}=1—i x#0
41
?‘[x‘,l: |+i3
P X
f{x)=0
ﬂl=]+i=x3+3=ﬂ=x=u2
o3
fiix) = I+i
:Il]
-24
{i'(x}= T second derivative
b |
& 24
fl-D=—<0
(—2) T

fﬂ“—I} =1 andﬁ;‘{—i} < {1 then there exists a local maxium at point x = -2

(=2, fi=2}) = (-2, =3} is local maximum point

¢) fix)= x¥ —3x2 9y
T =32-6x-9
Tea=0
0=3(x-2x-3=0=3(x-3)(x+1)
=5X =23 R=-—]
'jrm= 6x — f
x=3=T(3)=18-6=12>0
f3)=27-27-27=-27
(3, -27) i5 a local minimum point
= 1 =P-1)=-6-6=-12<0
{-1)=35
(—1, 5) is a local maximum point
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APPLICATION OF DIFFERENTIATION

d) Rx)=4-(x+ 1)
-
() =—4 (x + 1)}
?{5]=1}
D=—d(x+ 1P =x=-1

.-;:-
fiix)=—12 (x + 1}

&

fi-1)=10

This test fails , we use the first derivative test instead

§ i 3 R S AL . o
. = sign of Fx)
. T
- e
— -\-\-H-\""i..
IMereEsImg decreasing
%1 [ (% 1x>—1)

fi-ly=4-(-1+ ]f=4 . (=1, 4) 15 local maximum point

Example 2

Let frtx}=.1‘1+% ., x#0 acR

Find the value of {a) knowing that f has an inflection point at x = |, then prove that fhas not local

Mmaximum point.

l"‘l
=t e fig e - =24 2
= x° X
> L
T()=2+"—==0
{1}

=2+la=l=a=-1I
‘.'I'|[1'1}=JII—L

X
i

—_-a"'f"{x}—v I+ —
12

123



APPLICATION OF DIFFERENTIATION

='-?t:-1}= l]'==h+—|j= 0

X
e R (e s
2
A
= == E
o F] s
?{1}=2—l} Tix) = z—il Fx)= 650, vxe IR
X i
2

,oat X =- 3JIHI -é—, f has local minimum, f has not local maximum.

Find the values of a and b so that the curve y = ' + ax? + bx has local maximum at x=1 and

local minimum at x = 2 then find the inflection point if it exisis.

Solution

y=x +ax’ + bx

==d—}r=3x3+ﬂax+b
dx

since [ has local maximum at x = -1 then

dy
==
dx
0=3-1P+2a.(-11+b =3-2a+b="0 ... (1)

since 1 has local miminun at x = 2 then

dy
===
dx
0w 32 +2a.(2)+b = 12+da4+bm=0 ... (2

by solving (1) and (2) together
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‘:E APPLICATION OF DIFFERENTIATION

2 2
=!£:3I:—3I—-ﬁ ﬂ-d—yl—:ﬁx-l-d—'?:ﬂ =hx—-3=0 = ]:=l
dx dy” dx” 2
1
——————— ir + 4+ F + + =
concave down COnCHVE un
:.'-i:-‘-.*"-"_'ll": Rl —I
i]=‘_—2ﬁ='——|3 1 B} isinflection point.
2 b 4 2 4 |

Example 4

If the function of curve is fix) = ax® + hx? + ¢ is concave upon {x:x <1} and concave down
{x 2% > 1) and it is tangent (o the line y + 9x = 28 at point (3, 1) then find the values of real
numbers a, b and ¢.

Solution

Since f 18 continuous because it is polynomial function and it is concave up on X : x < 1} and

concave down on {x : x = 1} then it has an inflection point on x = 1.

= P = Jax + 2bx

P
?‘Il} =0 =b6a+2b=10 ... dividing by 2
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APPLICATION OF DIFFERENTIATION

Ja+b=0=sb=-3a....(1]

4y ,odx _d(28) by differentiating both sides of v + 9x = 28
dx  dx  dx :
LV

dx

1"[3} 15 slope at x = 3,
(3)=27a + 6b

-0 =27a+ 6b
—3=9a+2b.....{2) dividing by 3
the point (3. 1) satisfies the equation y = ax® + bx® + ¢,

L 2Ta+ % te=1......{3
by solving (1) and {2)

-3=% +2(-Ja) =a= -1 =b=-3(-1)=13

from(3) =27.(-1) +9.(3)+¢c=] =¢=1

If fix) = ax? + 3x2 + ¢ has a local maximum equal to 8, and inflection point at x = | then find

a.c =R

Solution
At x = 1 there exists inflection point.
(h=0a

?‘{n} = Jax® + 6x
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‘:E APPLICATION OF DIFFERENTIATION

P=6ax+6  since  T(1)=0
S ld=ba+b=a=-1

fix)= R L

Pix) = -3x2 + bx

H’F:x}=ﬂ;:»

i ex=0

=3x (x=2)=0 = x=10, x= 2 critical points

s e ey e ~5ing-:rfﬁx]-

~. [has local maximum at x = 2

- (2. 8) is local maximum point and satisfies the equation of curve.
fix)=—=x" +3x +¢

LB=84+124¢

=c=4
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APPLICATION OF DIFFERENTIATION I!b

1) Let f(x)=ax’—6x+bwhereby a e {—4,3},11 eR find (a) value if:
#) The function f is concave down. I) The Function fis concave up.

2) If {2,6) is & eritical point for funetion curve f(x)=a—(x- h)‘ then find a,beR and show type
of critical paint,

N If g{x}= 1-12x, f(x)= ax’ +bx’+ex are touching intersect cach other at inflection point
and the function { has inflection point (1,-11) . then find the values of constants 8, b,ceR .

4) If 6 represents a local minimum of function curve  £(x)=3x"—=x"+c¢ then find
C€R and find equation of tangent at inflection point.

SHIF f(x)=ax"+bx*+ex and fis concave upat WX > 1 and concave down at WX <1, and the
function has local maximum point at (-1 ,5), then find values of constants a.b,ceR .

6) Let fix)=x" —% .aeR. x=0, prove that the function has no local maximum point.

7) The line 3x-y=T is tangent to the curve y=ax*+hx+c at (2,-1) and it has a local end at

1
X = Eﬁlh-:n find value of a,b,c € R, what type of the local end point 3
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APPLICATION OF DIFFERENTIATION

[ 3 -7 Graphing function

In order o sketch the graph of a function use the fallowing steps.

1. (the set o [ all possible values of x.)

Pl
[

I fi-x) = [ix) then [is called even function and it is symmetric with respect o v - axis,
I fi-x) = —{{x) then {is called odd function and it is symmetric with respect to origin.
¥

fior x = 0 we find y - inlerceplt.

for v = 0 we find % — intercepl.

When plotting the graph of a function, we need to know the behavior of the function at infinity and the
behavior near points where the function is not defined. To describe these situations we define the term

“asympiote.”

If y= IEEH‘: put  hix) =0 x = a(vertical Asymptote )
X
; niy) -
it x= —— , putmiy)=0 y=b{Horizonte] Asymptote )
miy)
Pty 3
Find fi{x),

f" (x) and intervals of increasing, and decreasing local maximum, minimum and inflaction point.

Find sdditional ponts (which we use them to sketch the graph.)
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APPLICATION OF DIFFERENTIATION %

Example 1

Sketch the graph the function fix) = x° using differentiation.

Solution

Since fis polynomial function the Domain = IR.
The point (0, () x—and y — intercepts.
vxelR, 3 (=x)e IR = f—=x) = (=)’ = -x* = fi-x) = -fx) fis odd function.
It Is symmetric with respect to origin
f has no asymptotes. Because the function is not rational function
Tix) = 5 X =0x=0 = (0,0)

LT o ML signufﬁ[x}
e

(x:x<0}, {x:x>0} increasmg [.

the pomnt (0, ) 1s critical point,
&

P(x) = 20%*

3

fix})=0=x=0

Lyogl 4 4 &
- Y - aigiof P&
i /
£y -
concave down CONCAVE L the Pﬂiﬂt (0, 0y inflection puint.
I\;‘\r‘l]_\. . Ty ||:
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APPLICATION OF DIFFERENTIATION

(1)

e -y
0.4
1'l|_.|.'/ { ]

I
I|
Example 2

Sketch the graph of the function y = -3t +4 using differentiation.

1} Since y is polynomial function, domain of v is 1R.
2) :-;=ﬂ::r]r=fl3—3[ﬂ1j—-1:r}-=4 (0, 4} is vy — intercept.
3 wxelR, 3 (—xje IR = f—x)={-=xF -3{=xF+4
-3 32 + 4w fx)

g fl—x)=—Mx), Mx)=f0—x) the function is neither even nor odd, and Tis not symmetnc,
4) fhas no asymptotes Because  fx) is not rational function.
S) fixp= o0 - 32+ 4 =F(x) = 3% - 6x

=0 =3xP-6x=0 = Ialx-2=0

—$ L Lo
f0y=4 =(0,4)

A2)=0 =2,

j\\\: - sign of fix)

fis increasing onfx:x <0}, {x:x>12|

fis decreasing on open interval (0, 2)
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APPLICATION OF DIFFERENTIATION %

the point (0, 4) is local maximum, (2 ,0) is local minimum point
i) =bx—6=F(x)=0=0=6x—6=x=1

- SRR A A '~ﬁignﬂfﬂl"[x]

concave down concave up
x:x<1] [X:x> 1}

f{1y=2 =(1, 2} 15 inflection point. ¥
{0, 4)

_ l-x-

(-1,0) (2,0)

)

Sketch the graph of the function [{x)= EH—III by using differentiation,
X

1} denominator can not be 0. Let: x+1=0=x=~]
Domain = [R - [-1}
21 Since | belongs to domain of f but (-] ) doesn't belong to domain of I, then the curve is not

symmetric to y—axis and not symetnc to origin
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‘:E APPLICATION OF DIFFERENTIATION

L x=0=y=-1 =(0.-1) = y-intercepl.
y=0=x= =~(%,D} = X - Intercept.

4. x+1=0 =>x=-1 (vertical asymptote)

f{x]:yzh—_ll:t}x+y=31—1=:~}'x—-31=—| -y=xy-3=-l-y
X+
=5 J::_I_:'Ir
y-13

y-3=0=y=13 (horizontal asympiote)

Short way:  (Not always correct)

= (R
P =111 T = 3 horizontal asymptote

(x+1D).3)-0Gx-1).(1) _3x+3-3x+1__ 4

5 f{x)=
(x+1)° x4+ 1 x+1)?
vxelR - -1}, fix) =0 . s signnffix}
_i___.---"" =1 e el
ix : x <—1} increasing f . g E e
[HTEAs1 Y NCFCAsIng
{x : x >-1} increasing f e (X3 2
o 1 ":.:' _1 _E
f () =4x+ 17 =f (X)=-B{x+ 1) ()=
(x+1)°
PPITCIa &
- 2 - sign of ' (x)
-_'-."-'.-.!-'-".' L concaEve down
' ! {xtx -1}
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APPLICATION OF DIFFERENTIATION

function has no inflection point because (1) doesn't belong to domain of f.

=

:
E
PR - | e
T L R R LR TN AR R TR LI
H
5
L]

Example 4

Sketch the graph of the function f{x) =:'—-- by using differentiation .
o+

Solution

[} Domain of £= IR

Un=0=y=0 (0 0)isx-y- intercepts.

vxelR, 3(-x)elRk

2 2
i = =

= fix)
X1 &0+

= Fis even lunction = [ is symmetric with respects to v — axis.

4 xf =1 50, then fhas not vertical asymptote

) 2

fix)=y= .,:,.11_3,|=;

A+ P
n.‘.lll}'—]]:—:.l
:_ =¥

= x“=-——7-=y;| milsym=]
j]_
then f has (honzontal asymptote)
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APPLICATION OF

(x4 1)(2x) = X (2%)
PR

.,J'
5 flx)=

_2:-.'

(24 1)

=0 =X=0+«y=0={0.0

-
e ' - gign of T{x)
e, o
:ﬁﬁxu o “ e CHETR (1
o B 1 ol R M,

deris

(0,0} 15 lcal minimum point.

x4 17 (20 = 2x(2)ix + 1) 2x _ 2ogx’

&
f(x)=
ey

112+ ¥

comcave dowm

N

conzive dawn CECHVE TE]

A

zﬁq’; Eii

DIFFERENTIATION

sign of i)
i

[ I
fix) concave downon { X € —— EX>—
{ {3 } 3 ]
y | |
f{x) concave up on open interval (__)
{3 1
¥i
v=]
— I_d___
F
-1
ff :I:—J‘I,I_ | = %:- fL %H I—I %1 are nflection points.
1 3 3
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APPLICATION OF DIFFERENTIATION 4 b

By using the differentiation sketch the graph of the following functions{ curves)

1} fix)=10-3x-x2
2) fix)=xi+dx+3

31 Ax=( 1-x)P+1

4} f[x'FIanx?'

5) f{x}=l
X

-1
L

71 iR x-1Y

§ Eﬁi-l
) (E} i +1

9 ﬂ:-;]=17¢3-::'1'

| b
10 r{!l—m
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APPLICATION OF DIFFERENTIATION

3 - 8 Optimization (Maximum, Minimum) Problems ]

By using differential calculus we can solve many problems that call for minimization or maximization a

problems to get maximum area, minimum velogity, .., etc.

strategy for : solving Max- Min problems:

1} Diraw a picture and name the variables and constants,

2} Write an equation that relates the variables.

3} Differentiate with respect o the vardable to test the eritical points and end points,

Example |

Find the number when it 15 added to 18 square the resull 18 the as small as possible.

Solution

Let the number be x, and its square be X fix)=x + 22

=
Tixy=1+ 2. Fixj=2>0

Px)=0  142x=0x=

&l |
f ——}=2 > ()
[ 2
o i
the local minimum at x =—1

*, the number 18 --.!-
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APPLICATION OF DIFFERENTIATION :!b

A squere sheet of copper 12 ¢m on a side 15 10 be used o make an open top box by cutting a small
squarc of copper from each comer and bending (turming) up the sides. What is the greatest volume of

this box ?

Ll .l
* _ ESWEEEY L
12-2x 3
'y f5 1 -2%
_.l'I il o
F i
A B m————
12-2x

Assume that the length of the side of square cut is x cm.

After it is bent up (turned) the dimensions of bax are

% 12 =20 12 =2x

Volume of box = the product of three dimensions.
v={12-=2x) (12-2%)x
v =f{x} = x(144 - 48x + 4x%)
v =fix) = l4dx — 48x% + dx
Y fw-19amrinis g
dx dx
= {I'=I2{12—31+x21:~]E[ﬁ—n}[2—11=ﬂ

=5 x=6,%x=2 areeritical numbers.

Note that 6 is neglected because it is impossible to be x = 6 the volume is maximum at x = 2 and

the volume is
v=fi)=2(12-4F =128 em?®
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APPLICATION OF DIFFERENTIATION

Example 3

Find the dimensions of the largest isosceles triangle which is inscribed in a circle of

L}

rathus |2 em. Then prove that the ratio of area of friangle to the area of circle 15 :

4n

Let's assume that height of triangle is h. the length of its base i3
b=2x to get the relation between the variables by pythagorean theorem.

w2+ (b= 12§ = (129

x* +h?-24h + 144 = 144

w2 =24h - ht
x=N24h-h*

A =%{h},h =%{Ix},h “hx = A=fh)=hV24n - =\ h2ah-1d)

= A= f(h)="2an>-1*

=Ty =———" . (by differentiating both sides.)

"Ir 1
Pihi=0 =T72h -4 =0 = 4h2(18-h)=0 =h=18cm

height of triangle is h = 18 cm
x=N24h-h% = x =24 (18} - 18% = x =642 cm

", the base of triangle is b=2x = {1}[ﬁﬁj= 1243 em

the area of circle = A, = ar’ = a(12)7 = 1447 cm?

the area of triangle = A1=ébh= é (2x)h= Ei.iz}{ﬁﬁmsz=|usﬁm1

e &
arcaof circle A. 144:

i A
area of triangle 10843 _ 3:'.? (ED)
ik T
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APPLICATION OF DIFFERENTIATION I!P

Find the dimensions of the largest rectangle which can be inscribed inatmangle whose length

of its base1s 24 cm and the height is 18 cm. such that two of the vertices are on the base and the others

on the legs,

1]
1
Let the dimensions of the rectangle are : 18 v EE Ny
length be x. X
- ; s
width be y. ¥

the refation between variables -

triangle { btr) and (beq)are simular tnangles smee the correspordmg angles are equal. 5o the correspording

sides their are proportional.
|bal=18-x

1=E=:l= m—_:=~}f= %{EE-E}:&}W%“E-E]

cq bp 24 18
; 4 dx 4 2
area of rectiagle A = xy = x . 3 (18 = x) fix)=A= ?-{13--11=E{]Ex-u b

Pix) = % (18 =2x)

Tixi=0=>x=9
& B

Fix) = ——

(x) 3

&=
{9 = 4.?:. < )
3
- [ has maximum value at x = 9 cm
y:-:-{lﬂ-'-'!}: 12 em

S y=12em
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APPLICATION OF DIFFERENTIATION

The sum of perimeter of a circle and a square 1s 60 cm. If the sum of their areas 15 minimum then

prove that the diameter of acircle 15 the length of the side of square.

Solution

Let the radius of circle is r em, the length of side of square is xom,

Perimeter of square + circumferenc (perimeter) of circle = 60 cm.

Sodx + 2o =60 cm

= = Ll[,'!l]-- 2x)
14

the function = area of sguare + area of circle.

A=x?+ar

™

L i30- m[
"

A=1ix)= x?+l{9m- 120x + 4x2)
T

A=xt+a

£ =Tix) = 2x+ - (=120 + Bx)
T
R |
A=TX)=0 = 0=2X+=(=120+8x) = O=nx +4x-60
T

= 60 =mx +4dx

Ax+4)=00 = x= em
T+4
' 30
-'-Izl i0- 120 ):.— cm = X = 2r = diameter
n T+4 m+d
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APPLICATION OF DIFFERENTIATION i!?

&

f'{x) = 2+l{3].;. 0
n

The function { has local minimom |

(Q.E.DD)
Example 6

Find a point or points which belogn to the hyperbola y* - £ = 3 that arc nearest closest to the point. {0.4)

Solution

Let's assume that the pomnt Px, v) belongs to the hyperbola j|."2 — %% =3 and satisfies the

equation.
o RSy =i (1
3= ‘l,lr{x +0) +|[3.r—-4:|2 ciremmnnernses diStANCE between P(x, v) and (0, 4)

28 =Xy By 16 o (2)

8 =fiy) = »,I';.F-] +9° =By + 16 e, substituting (1) in (2)

T(y) =

Tly)=0 = dy-8=0= y=1

xlmyto3

x=xl . the points (1, 2) and (—1, 2) are the nearest dosest possible to the point (0.4) .

142



APPLICATION OF DIFFERENTIATION

Exercises

|} Find two positive numbers whose sum is 75 and the product of one of them square
of second one is largest possible

2| Find the height of larpest right circular eylinder which can be inscribed in a sphere whose
radius is'4¥3 cm.

1) Find the dimensions of largest rectangle which is inscribed into a semicircle whose radius 15
442 cm.

4] Find the largest possible arca of an 1sosceles triangle whose one side 1s 842 em.

5) Find the largest possible perimeter of rectangle whose area is 16 cm’ -

6 Find the lest possible volume of right circular cone that can be inscribed in a sphere

whose radius 15 3 cm.

7| Find the cquation of a line which passes through the point (6,8) and makces a smallest

triangle with two coordinate axes in first quadrant.

%) Find the dimensions of largest possible rectangle which has its base on the x-axis and its

upper two vertices on the parabola  fix}=12-x". Then find its perimeter

4] Find the dimensions of largest nght circular eylinder which s insenibed in a right circular
cone whose height is 8 cm,and the length of diameter of its base is 12 cm,

|11} Find the largest possible volume of right circular cone which is formed by revolving

the vertex of right triangle around the one of its right sides whose hypotenuse is 63 cm.

|1} An open top cylinderical container whose volume is 125z cn® Find dimensions of the

container so that the area of metal used is least possible .

121 A parallelpiped tank whose length of base is twice of its width If the area of used metal to
make it is 108 m® .find the dimensions of the tank so that the volume is largest possible

knowing that the tank is covered compeletely.
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INTEGRATION ’ :!: ’

Chapter (4) : Integration

4-1 Regions Bounded by Curves

4 -2 The Lower and Upper Rectongles

4 -3 Definition of Integration

4 -4 The Fundomental Theorem of Integral
4 -5 Properties of Definite Integral

4 -6 Indelinite Integral

4 -7 The Natural Logarithm

4 -8 PFPlane Area by Definite Integral

4 -9 VYolume of Revolution

Terminologs

Term Svmbaol or Mathematical Relation
Parttion of inter o =i £ R i
Lower Rectangles Lo, D
Upper Rectangles Ulo, )

Sigma G
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INTEGRATION

( 4-1 Regions Bounded by Curves J

In previous classes, you have studied calculating the area of the regular shapes shown in the figure 4 — 1.

(Figure 4 -1}

In the figures above A is rectangular region, A, is tnangular region, A, is trapezoid region and A, is
circular region and of course you know how to calculate area of these shapes.

But the region of A in the Figure 4 — 2 i called polygonal region and
s area cun be calculated by dividiog i in W (riaogular regions
A Ay Ag Ay

Isareais A=A + Ay + A5 +HA

{Figure 4 -2) By the same way we can calculate the area of regular polygons by
dividing it in to region of triangle, square, rectangle... efc.
But the region of A which 15 shown in the figure 4 - 3 15 called region under the curve fand it is the set
of points bounded by the curve, x — axis and the lines x =a, x = b,
i In the figure it 15 not possible to divide it o regular shapes

(triangle, square, rectangle, ...)

How can we calculate this arca?

—4a

(Figure 4 -3}
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INTEGRATION

X

Ay is largest rectangular Ais the region under the curve.
region in region A.

A 18 the smallest rectangular
region out side region A.

(Frgure 4 -4)

I} Area of region of any shape 1s a non-negative real number.

2} Inthe figure 4 - 5 if A' = A then the area of region A' < area of region A.

(Figure 4-5)

146



INTEGRATION

( 4-1-1 Finding the Approximate Area of any Region

Example |

In the fipure 4-6 . A is region under the cantinuous curve f, find the approximarte value of area

regon such that
A={x¥}:12<x<5,y=4x-1}

¥
We draw the largest rectangle (abod) In the reglon A whose

hase is from x = 2 10 x = 5 such that A< A and this area
i5A) =ab. ad ={5-2}. 1 =3 unil square.

d’ c(5.2) By the same procedure, we draw the smallest rectangle

dF A (abe’d pwhich contains the region ewtside the curve and iis

C
20 gﬁ_ h-aneisfrum:L:ltnx:EIEt]lhtA'Jm:hﬁmtthl let it be A
I =N

f = o and this area is A"=ab _ad = (3 -2) .2 = 6 unit square.

(Flgure 3-4)  ACACA/

. Aren uf'ﬁ.l < area of A < area ::I'A‘I
3 £areaof region A £ 6
Thercfore, the arca region A 15 average of these two arcas.

A+ A . . . .
PP i P, ST P square is approxinete value of area of the region A.

¥

In the Examplel. A is area of rectangular region whose height is{ad) which is minimum value of
function on [2, 5] and we will symbolize it by(m}-A") is area of rectangular region whose height is
(adywhich
is maximum value of function on [2, 5] and we will symbalize it byim}

As you leamed is Chapter-3 m{the minimum value of continuous function on [a. b]) and also
My the maximum vafue of the continwous function on [a, b} can be found by one of the end points

of [a, b] or the critical point.
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Find the approximate value of arca of region A if

A=fxy) il y=x2+1)

A the largest rectangular region in A its base is fram

x=11ox=2and height is m = 2. A"
A| =2(2-1) =2 unit?
(1,2
A

(2, 5)

"’*1L the samallest rectangular region outside A its base is from
x=11ox=2and helght heightis M =5

0 12 }
AT=5(2-1)=5unit (Figure 4-7)
Since Ay CACA
So, the area of A = arca of A £ area of A
JEALS
And approximate value of area of A is
A+AS -
PO R N S L Y.
2 2
Lower and uppper bownded ans the sum of sectangulas arca in (A and the sum of rectangualar axes outside (A .
The figures (4 B}, (4 90, {4 - 10 explain that
i- ..... S s ;h;lh ........................... .}
i f i
E Aj :
E _,_';l._..., -y n; - —u'i-l ! !
E A | rectangolar region A rectangular region in A, A s pegion under corve £
: outside A. .
(Figure 4-f)
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L ¥y y
| f

-——'-"".‘.I -Iq-‘l E
I -l"l.l| i
0 8 8 Tk B o e
: Ayl AjUA -
© Rectongular regions contains A. A region under Curve Rectangular regions in A,

I. llllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllll

[ Figure 4-4)

In the Figure 4-10, base [1, 3] 15 divided into four subintervals.

N N I S AN AN N RN NN RS I E RN ESE SN EEEEEEENE NN R

. y R
| ( A
E A :
] Ay 1Az Agl Ay :
o 1 2345 912345 912345 i

' Rectangular regions contains A, Region A under curve [

Rectangubr regicas in A |

(Figure 4- 100

In the figure 4 - 9 the meerval [1, 5] 15 drvided into two sabintervals [1, 3], [3, 5] in this example
the subintervals are called partition for the interval [1, 5]. And symbolize by a = (1, 3. 5). sigma notafion

In general, if we want to divide the interval [a, b] inio (n) partition (equal) then the length of each
h-a

interval willbe h =

n

In the figures (4 -10) (4 -11) ;{4 -12} the interval [1,5] is divided into four sabintervals [1 -2 ,
[2-3], 13 4], [4 -5} and shown by
5=11,2,3,4,5). 50 the approximate value of area of A Is more accurate,
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e R e e e R e e R e

o e e R ey

= Al Ay | A

{Figure 4-12}
Example 3

Find the approximate area of following region

A=1(x,¥):25x55, y=x+ 1} using the partitions

al o= (2,3, 5) bl oy = (2,3, 4.5) (5, 26)

o : A'y
Solution

a) o= (2.3, 5 (3,10

Since the partition is @ = (2,3, 5) then the interval (2,3

[2. 5] will be divided into subintervals [2. 3]. [3.5] 1 9 3 5
Ay + A= 1(5)+2{10)= 25 unit®

{Figure 4=13}
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INTEGRATION

A'y+ A =1(10)+2(26) =62 unit®
Since sum of the area of rectengular regions inside A< sum of the area of rectangular regions which

outside A,

v 2SLALRI = A= 25 ;'ﬂ = 43.-;- unit® is  approximate value of area of A

bl oy=(2,3,4,5

Since the partition is 05 = (2, 3, 4, 5) then the interval
[2, 5] will be divided into subintervals [2, 3], [3, 4], [4, 5]

A+ +A=105)+1010)+1(17)
= 32 unit?
A+ A A= L0+ LOT M 1 26)

= 53 unit?

de= 20t = ..ﬂl urlilz

2 2 (Figure 4-14)

As we see in the figures above as the number of portitions increase then the difference berween

the sum of area of rectangular regions in A and the sum of arca of rectangular regions contaming

A decreases regularly.

In the previous example when partitions were (2, 3, 5) the difference was 62 — 25 = 37,

when partitions were (2, 3, 4. 5) the difference was 33 - 32 =21,

[ -2 The Lower and Upper Rectangles )

In the previous section you learmed finding the sum of area of rectangular regions in A and sum of area of

rectanfgular regions which contain A (curve)
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In this section we are going to introduce the function £, f - [a, b] = IR which is continious and we are going
to find sum of the area of rectangular regions in A (Lower Rectangles) and the sum of the area of rectongles
containing A (Upper Rectangles ) such that A is region under the curve f In the figure 4 - 15 ;

19 Assume that fix) = 0, ¥xe[a, b] such that g = {Xpw %0 %5, X, X4} and the area of rectangular region
Ay whose base 15 bounded on [x. x;] and its height is (m;) then

Ay =my . (%) - x;) where my(the minimum value of function on [x,, x;])

By the same way A; = m, . (x; - ;) where its base is bounded on [x, x,] and height is (m5).
Therefore, the sum of area of rectangular regions in A which is shown by Lia, ) is

Lig, ) = my (x) = xgh + mglng = %y} + mglxg = X3} + mylxg - x3)
4 Motice that,

[ Lio, f) < area of A ]

akg X] %3 X3 Keb "

{Figure 4=[ 3}

{Figume 4-16}
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By the same way in the figure 4-16

The area of region A", whose base is bounded on [x,, %] is M, . (%, — Xp)such that M is the
maximum value of function on [x; X, ].

The area of region A'y on [x, 7] is

Ala= My . (X, =%} .. €le,

The sum of area of rectangular regions containing A which is shown by Lig, f)

Ve =M L= Xg) My (X =X+ My (g = Xp) + My (- Xy)

Notice that,

Ufe, ) = Lio, )

Lig, ) <area of A <U( g, f)

. the approximated arca of A under partition o is

4. Lo, f}-;-U{urfl

- S——

2. If we don't obligate being fx) 20, ¥xe[a. b] as shown in the figure 4-17 then it is possible

that m(the local minimum value of function) can be either negative or positive or zero.

However Lo, [) can be either negative or positive or zero and U(o, f) can be cither negative or

positive or zero.

Since the arca can not be negative, we call

o
Lic, f) lower rectangles

Ao, f) upper rectangles

(Figure 4 - 17)
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o

Exampled

Letfix)= 5+ 2x, £ [1, 4] = IR Find L{e, ) and wie, f) using 3 partitions.

Solution

We divide the interval [1, 4] into 3 subintervals.

]j: =ﬂ=1

n

=a=(1,234)
The intervals are [1,2], [2. 3. [3, 4], fix) =5+ 2 =Tx)=2>0

- there 15 no critical point and function is increasing in its domain. We can find the value of

Liz, f), Wi, §) using the following table where m; is the smallest values, M; is the greatest

o Lhymi =Lia, H=27, ZhM,=u(a, =33

154

o "‘T“ m M by my by M,
[1.2] I m=5+2=7 | My =5+4=9 " 9
[2,3] 1 my=5+4=9 HI=5+E=H 9 1l
[3,4] 1 my=5+6=11 My=5+8=13 11 13




Example 5

If fix)= 3x-x* £ [0,4] - IR, find each of Li{c.f) and w{o, f) by using 4 equal
partitions.

Solution

=05=(0,1,2,3,4)
[0, 11, [1, 2], [2, 3}, [3. 4]
fix) = 3x — x? ;ﬁx}= 3~

ff{x‘] =0 :irx=§-E[l.2}.Eucriﬁmlpnimiam interval [, 2]

L
4

Ehlm1=Liﬂ. ﬂ=—2, Eh;MI=U{E. ﬂ= 6

note that @ Lig, ) < wiag, )
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Find U {a,f), L{o,f} for the following
Wf:[21]2R, flx)=3-x
) a=(=20,1)
b} The interval [-2, 1] is divided into three regular sub-intervals
2if [:[0.4] 5 R, £x)=dx—x* if 0=(0,1,2,3,4)
3) fr]La] R, Fix)=3x"+2x
aro={1,2.4)

b1} Use three regular partitions.

Definition of Integration

If £:[a b] = IR is continuous on [4, bl and Lig. ) < i £) then there is a certain "k" where

Lia, f) <k £{a, ) for each partitlon o to the interval [a, b]
We call the number k the definite imtegral for the function £ on [a, b] and show by

| f f(x) dx

and read as integral of f from ato b and a, b are called limits of integral.

|y If £ is continuous on [a, b] then Lis, ) < f[{x}dx < o, f) so, the approximate value of the
integral is -

—

fﬁ.ﬁ}ﬂ = I.{ﬂ'_,ﬂ +""I lu*ﬂ

b

2

a
K
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b
1) If ¥xe [a, b], fix) = 0 then f f(x)dx gives the area of the region A. under the curve fwhic

nonnegative number. i
Here dx means (indicates) that the values of a, b are the values of the variable x.

Ya

(Frgure 4=14]

3) 1 f{x)<0,9xe [a, b] then

f fx)ds <0

And this doesn't mean the area,but the area of the region

A shown in Figure 4-20 is

b b
- f fix)dx = f fix)dx
i )
vl
a h
U
{Figure 4- X))
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4) The value of f f(x)dx depends on the interval [a, b] and the function f{x).

- Example 1

3
Let fix)=x2, £ [1,3] — IR then find the approximate vaule of I x>dx if the interval
I

[1, 3] is divided into two sub intervals.

Solution

fix)=x2, f is continuous on [1, 3] since it is polynomial function.

?‘i_‘x} = ix.?{x}l =0 = 0=2x = x =015 critical number but 0 ¢ [1, 3]

- h-a - 3= 21y
[a,b] (subintervals) | b-a=(h) | hm | M
1.2 | | 4
2, 3] 1 4 9

. The local maximum and local minimum of each mtervals will be on the end points
of each interval  [1.2], (2, 3]

Lig, fj=1(1)*+ 1 (4 =1+4=35

Ula, )= L{#= 1(N=4+9=13

2 fﬁldﬁ = 5;” =9  approximatelly
I
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w INTEGRATION

If f:[2. 5] — IR, fix) = 2x - 3 then find fl‘{x].dx

Notice that fix) = 0, ¥xe(2, 5]
3

*. the integral ff(x}.dh will be area of A. and it is

3

-

(3, 7)

fflx-il}dx: ”;? =%= 12 unit?

2
159

trapezoid region,
. the area of region A is
BEREE S
A =~é— {sum of two parallel bases) x height (Figure 4-21)
2 A =% 14T ()= % (8) (3) = 12 unit?
5
ff[?.}dx =12
It can be also found by the previous way as follow,
| lengthof
Subiteevals | intervals o e
bl | W=b-a| M m; By M Bym;
[2.3] i 3 1
[3.5] 2 7 14 5




If fix)=3, £ [I,5] = IR then find ff{r.}dx

In the figure 4-22 notice that the region of A is rectangular region whose base 15 3-1 = 4units and

width is 3 units

v A=4(3) =12 unit?

b3
fﬂl}dﬁ = 12 unit*
1

the second way

L{a.ﬂnEhimi-u, a.{-:,ﬂnEhiMi-u

_ 12412 _
2

¥

{1, 3} (3. 3)
A
1 :2 3 &4 5
{Figure 4-22)

2—:~=11 unit?
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13
| Find approximate value for integration I ;dﬂ using partition 0 = (1,2,3 ).

2) Let f{ﬂ.} =3x-3, f.‘[h"] —+ R . Find value of integration J'l Fix)dx
using the partition, 7 = I:I, llﬁ'l]lnm:l then satisfy geometnically by calculating arca region under the curve f,

%) Find approximate value of infegration HEH’ ~3)dX using the panition &= (2,3.4)

4p Find value of integration I__tf[z}dx such that fix)= -4

g
=y Find approximate value of integroton Ix'l dx using four regular partitions.
[

4-4 The Fundomental Theorem of Integration J

We leammed in the previous section finding the value of ml;eg;m[ffm}d:ﬂ such that [ is continuous on
[a. b] by using the area.

The following theorem helps us to finding the definite mtegral.

If fis continuous on [a, b] then there exist a continuous function F on [a, b] which is called "Anti-

derrvative” of the function T such that

-

b
ff{x]d}: = F{b)- F.{a} where TF'{::‘,I = f{x), ¥x& (a, b)

161




INTEGRATION w

If flx) = 2x, £:[1,2] = IR then F(x) =x%, F[1,2] = IR

For examle,

‘i—:{?"ﬂ}= 2x=fix).¥xe (1.2) .anduponit

2
fﬂﬂdm: F(2)-Fi(1)

1
=4-] =3

F(2) - F(1} is written in the form |F{:r.]| ]:‘

Example |

If f{x) is a continuous function on [1, 5] such that F(x) = 3x2 is antiderivative of f then find

F[l, 5] IR '/)f{}'-}dx

1
Salution
3

ff(x}ﬂx =FS)-F =353 (1)2=75-3=72
1

and we can write that as following
§

fﬂx:lda=| Fix) ]:= Isﬁ]?: 75_3=T2

Example 2

If fis a continuous function on IIIIT;—
i § lf;
F:lu,ﬂamﬂqm find ff{!;ldx-

i

and the antiderivative of f is F(x) = sin x,
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Solution

"

fffa:]dx = [F(x) ]‘f: F[

r | 2

]-Fiﬂ]:sﬁn%-sin{l:l——ﬂ:l

I |

Example 3

Prove that F - [1, 3] = IR, F(x) =x* + 2 is an antiderivative of the function fix) = 3x°

Solution

Fix) = x* + 2 is a continuous and differentiable on IR since it is polvnamial function,

F is continuous on[1, 3] and differentiable on (1, 3)
.
oo Fix)=3x"=f{x), ¥x= (1, 3)

F is antidenivative of fon [1, 3]

Prove that F; F{x)= 13 sin2x is an antiderivative of the function f: R R | fix)=cos2x
7

then find l cos 2x.dx,

L

i

fix) = coslx, f: R = [-1,1] 15 a continuous and differentiable on IR since it is trigonometric

fumetion defined on its domain |

Fix)= % sin2x 18 a continuous and differentiable on IR
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"F{x}-%mzmm-mh.fm vxe IR
F is antiderivative of f function

ff{I}ﬂl-th}"F{ﬂ} (Theorem 4 - 2)
a
|

The following table shows the function { and its antiderivative F.

%mzu I:j- %mh[aﬂ—%mn(a} (u |

1..x 1. 1 1
-Eﬂlﬂﬂi Emﬂiz{ﬂ ﬂaz

In the table antiderivative of f is F+c where ¢ is constant real number,
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Example 5
HY
Y
Find fsl:tzxdx
0

14
? i
fsmﬂxdz-lmnxl‘* =tan——-tan0=1-0=1
| 4
0

Example 6

¥
Find fml:axd:
:

o
2

f cse2x dx =[-|:=-m.'-'.]

r

Example 7

.;.
Find f&ﬂcu tanx dx
0

=— ot =+ cot—=0+1 =1
7

| H o pa| =
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Solution

| I

m
T

fsenx tanx d:-lau:x]:sac%-mi-iﬂ
D

a

Find f x dx
1
3
xd-

3
fﬂ%{: Ll
3

RN

31 )
4 4 4 4
k|

4

[ -5 Properties of Definite Integral

Firstly,

1. fis continuous on [a. b] and if

fix=0, ¥xe [a. b] = f fix)dx =0

d
For example,

2
a) .
fﬂm.zu sinee fix) = x2 2 0, ¥xe [-1, 2)
-1
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W INTEGRATION

3
b) dex‘ﬂ"ﬂ since fix)=3>0, vxe [-2,3]
-2

3
L) f{x+1]ﬂx}ﬂ since f{x)=(x+ 1)>=0, ¥xe [2, 3]
2

b
2. [is continuous on [a, b] and il ¥xe [a, b], fix) =0 then fr{n}ﬂx =0

For example

a) f{-.’-!}d:-;'iﬂ since fix) <0, ¥xe [l, 2]
[

b} fxd:-'. <0 since fix) £ 0, ¥xe [-2, -1]

Secondly,

f is continuous on [, b].c is a constant real number then

b h '
'/1.: fix)dx = fﬁ{x}dﬁ
— & B -

Example 9

i |
If j [{x}dx = B then find 'I Sh{x)dx

Solution

% 3

fﬁf{l}dx = 5ff{l'i}d.‘i. =5(8)=40

1 2

167
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If fI{x}, f,{x) are two continuous functions on [a, b] then

Thirdly,

b b b

f{i}{xﬁf!{x]]dxz ff,{xidﬁ-ffz{x}dx

a a i

We can apply this property for sum of many functions which are continuous on [a, b].

Example 10

3 3
% f fi(x)dx = 15, f fy)dx =17 then find each of the following :

I
3

3
f(fl{xH fy(x) Jx, f{ﬁ{x}-fz{x}]d:-:
1

3

3 3
f{l‘l{x}+ fE{x]l):ix=fflfx}dx+ffz[x]:ix=15+ 17T=32

1 I I
f{t‘l{u}wfg{m]]dx=ffl{x}dx-ffzmdx= 15-17=-2
1 l [

Example 11
2

If fix) = 3x% + 2x then find f fix)dx

|
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w INTEGRATION

Solution

2 2 3 2
ff{x]dx:f{}x2+ E:}dx:fh:dx-{uflxdx
| I

[l b2l (8-1)+ (4-1)= 743210

Fourthly,

If fix} 15 contmuous on [a, b] and ce {(a, b) then

f fix)dx = f Fix)dx + f f(x)dx

| C

| £

Example 12

b I 7

If f fix)ds=5 | f f{x)dx =8 then find f [{x)dx
I 3 |

Solution

7
ff[:f.}dx =ffl{x}dx+ff{x}dx= S+k=13

I I 3

Example 13

4
If f{x) = |x| then find frmd;-:

-3

Solution

If f(x) is continious on |3, 4] and the absolute vaule function as the rule,
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fx) = | % VX 20 .l f
-x¥x <0

i ) 4 o o
f Fx)dx = f (-x)dx+ f e[+ (5
3 ]

-[osglelig-o]- 3+ -

i
Example 14
5

S L vzl ﬁmij flx)dx
i

&
i
Bad [©

=3

Solution

f is continious on [0, 5]
N R)=X1)+1=3

L 1iml[21r.+ l]=3=LI

(i} lim fixy= )= e ¢

i, %) lim3=3=1, 17 k2
H—r

lim fix)=3=lim fix)= (1)
%—=1 x—1

And also Fis continuous on {x : x> 1}, {x:x <1} 50 it is continuous on [0, 5]

3 1 5 1 5
f Flx)dx = f Fix)dx + f Fx)dx J‘ f
0 0 I | 1
| 3 ; s n_S__ 13?
= f:-ldx+j (2% + 1)dx =[31]n+[;¢3+x]|
L[] |

= |3vu]+[15 1-5]—[1]=3+13 =31
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Fifthly,
i h i}
a) f flx)dx = 0 b) f fix)de = - f fix)dx
i a W
For example, 3 1 1 ]
o T T e B ) b axZac=— | 3%
2|, 2 2
i 3 3

using the rule, = lx:";:

mepﬂ =|27]+[8]=-19
=0

|} Calculate the following integrations

-
&

o [(3x-2) dx
_:‘
b {x"+h+l}ch:
3

c) '{x‘+4x}d1

d) -.Ix -l[dx

L]

o) [ {x+ cosx) dx

-

b
=

1.3
i) 2 Id.’-‘.
'3:1—1
3 3 L4
r 22" —dx" +
& Ix 1}: de
lI x
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INTEGRATION w

T
1) Prove that F(x)=sinx+x i3 anti-derivative of function f{x) whereby F r[{},g}—p R

&
f(x)=1+cosx Whereby f:[ﬂ%]—}lt then compute jf(x]dx
4]

i) Find the following integrations

) [VR (& 42 ) e

2x,Wx23 ;
1) If r{x]={; ;{3 then find [f(x)dx

S k1
5 1If f[sz{z" *"‘:E”D then find [ £(x)dx
X, Vi< ;
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4-1"- Indefinite Integral ]

L Fs[L 3 2R Fin=x+1

T

), Epi[L3] R F;I:.ﬂ=x3+%

1Fy[L3] s R Fyin =xd - 42

e

CF [ =R Fyx)=x2-35

Note That F F . F . F_ stisfy:
b} Continmons on [1,3] .

ii} Differentinble on (1. 3)
Pl R R
iti) ¥xe (1,3 F=F =F =F, =Ix andso

Fyx) - Faix) = (x> + D-(x2+ %ln % }

Fiix) - F4x)=(x2+ 1) -(x*-5)=6

So : In general fﬂ:ﬂ'dx e Fix] + C

where ¢ is arbitrary real constant

Example 1

Find ff[:r.:.dn if you know that
) fix)=3xd + 2+ 1

] ﬁn}-cnsxrx‘l

c) fix)=x+secxtanx

dl f{a)=sin(2x +4)
3.13 211 3 ;)

a) f{3x1+21+l}|:ln=—-§—+-ir+x+n=x FEEAAHC

=1

- . 3 . 1

b f{m5x+ :~:2}:L1 = ﬂmx+—]+ C=giNi-—+¢
-~ X
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s

€) f{x +secx.tanx)jdx = -x:-- +5eCXHE

d) fﬂiﬂ{h+ d)dx = _Tlms{21+4}+c

Example 2

Find each of the following integrals.

a) f{_x3+3}3[2xjdx c) fﬁiﬂ"xcmxd:

b) f (3 8x+5) (Bx+d)d d) f tan®x sec? xdx

al f (%2 + 3P (2x) dx

We assume that ﬂ1}=,11+ 3 then ?{1}= 2x
7 3
f{xl+ 3}3uxm;=f[r{1}] r{x}dx:—;[ﬂx} [+¢ = ;{12+3‘,|3+ ¢

2 f1
b f{]x+$x+5}.{3:¢+¢}dx

We assume that

Fa
fix)=3ni+8x+5  then f(x)=6x+8

b 1 2 b
f (3 8x+5). (Bt ddn=— f (3x+Bx+5).(6x+B)dx

i
2 019 » flx)
= ]E f[fm f{xlﬂx=-;r-l = ‘ +ﬂ=ﬁ{37¢3 +8x+5) T +e
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) fsin 4 xeos xdx

We assume that

fix) = sinx =:~'7E‘{x,‘| =

f sint g eos xdy = f [t r:f’{?i}dx=@ P =%m’n51 I

d) [tanﬁx sec xdx

-

We assume that

fix) = tanx ::r;"t:] = geet X

5
fmnﬁxseczxdx s flf{x}r.?‘{x]dx ! @I—+ = %tﬂ]:l?:( +C

4-6-1 [Integral of Square of the Trigonometric Fonctions

Here we can alse remaind these to stadents sin®g + Ensiﬂ= |

| + tan®h = sec2h

fs::cEH:lEl tan b+ ¢
2 fcsclﬂda- cotl +c
ftanEHdEI:f{seclﬂ-lldﬂsz:zﬂdﬂ-fdﬂztanﬂ-l:‘H-c
fmlzndl}: f{cmzﬂu]m{lzwmﬂhﬂw
fsinzﬂdﬂ=fl_?smdﬂ= %f&ﬂ—%fﬂﬂ&lﬁ{l]dﬂ

= lﬂ —lﬁinIE ¥c
2 4

fcnszﬁl df = I%d%%m %sinlﬂ%:

{FH

B

A
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[ Examples

Find each of the following integrales

f‘?sﬁ!xﬂx=3f35in3:tdx=w3ms]x +c
R o ) .3 Liiom
. X sinx d:{r; sInx” {3x2 ) {I.7:=—3|:u-51 +c

. f‘ql'l-slulxdx:fﬁ"sinzx-!sinxmshms:xdn: sinx - cosx) dx

P2

-t

=%+ {[5inx—ms::]dx=t{msx+ sinx)+ ¢

_ )
fs;'n"x d::=f“ mﬁh} fdx——flmslxdﬂ fms:'-'Zxdx
= d:'.—l El.‘uﬁlxd.u.+l d'.!'.+—l 4 posd xdx
4 4 & »n

—11 —-t SIN2xX + —I H+-I-5miix+|. —EE--]- 5IN2N 4 lsinn‘rxq-f:

=

{sinx - cos x)"
R

, f1+tan1 fun X e ]-'.d:{- x+n::= = +¢
-2 2 tan?x
3 .1 % g sinx
cos ndx = | cosx(l-sin“x)dx= | cosxdx-— | sin“xcosxdx =sinx- I

¥
A X tan~x
y d!-l:fmnxsaclxm: te
Cos E

i

f[sin:t—cncsx]-"[muﬂinx]dm: 4+

]

+C

=
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9. fs'tnﬁ:cnslhdx:f{isinhm}x}mﬁzlﬁcdx:lfcnsjhsini’-xdx

o 4
= Ijx ros 37"‘{-r:- 1:4::5*3:+:
3 4 i
AL . ;
10, cusﬂh‘: qx= | 8 2x 51In 21:1:-1: (cos 2x r-tnh}{ctlzﬂ:ﬁmnh}dﬁ
cos 2% —sin 2x cos 2 —sin2x cos 2% —sin 2x

=

=f{cn52:¢.+5in2}d}: = %ainh -—%G{ISE:IHE

1. fﬁ[n235d1=%m—$sinﬁx+c

12, fmtzfrxdx =—;Eﬂt5}t— X+0C

Calculate the following integrations.
2
(2x1-3)-9 (3-+/5x)
|, | ———dx 1 | ———xx
J x* j JTx
L |
o I Josc xoos s
l-sinx
e i 6. [ +10x+25 dn
(3x"+35)
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7. [Sin!':ir g, fLﬂ[x

9, V(3% +1Pdx I Y .
Jos 1 _—J—Eidr
11, j{1+m53:}=dx A

12. |sec’dxdx
13, Jese 2 ;

4. |tan"Bxdx

1.,|| I:ltl.r '
j : 1t | cos® 2xdx

1—:952: i
15 | cos' 3xdy

7, jm1&¢ [

[ -7 The Natural Logarithm

Definition 4-7-1

| &
lnl=ftldt=ﬂ- ff{x}.ﬂ:ﬂ
1 a

i 0<x <1

lm='fld¢=fld
L L
1 ]

T
st

By using chain Rule :

d dilnu) du
{1 pl du dx
d 1 du

.4 _ .
":Ixﬂ““} e d{Inu} udu.
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Example 1

If y = In (3x2 + 4) then find %",

Solution

dy 1 dox?+4)
dx gxlig dx

_ o bx
Wl +4

Example 2

g e
| +sinB

Solution

Assume that u=1 + sin@

ﬂ-:cmﬂ:du:m&ﬂdﬂ

d
Bdd du
- | +35inB u

=In|1 + sin@ | +¢
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4-7-2 The Natural Logaritmic Function

Let }'=1I'II “."’-.H:}"=1TILI:"{'}
x=Inly), y=>0, =xelR
x=e¥

Domain of In” (v) is the range of In (x)

Exponantial function e* (e base) is the inverse of natural logaritmic function it derives all of its

properties from this fact

—
=
‘f*
gle
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If y = % then find Y
dx

d[eu“} _ gt dl::tﬂ.l'!]{] " E}r'_= EunI_SEJ:II
dx dx dx

Example 4

Find f te® dx

x=u= Mudx=du

Definition 4-7-4

Ifaisa positive number then

gl = E:u.lmt
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u
P

dx (Q.E. D)

Find 9¥_for cach of the followings.
dx

a) y = 35 h;}r=2"‘: ¢) y = §oimx

Ty d]f' =
g — 3 ¥ }21 5 74 In3
1) ¥ o5 12}
= (2n3)34?

dy
b y=2%a — =2-%(2x)in2
jy=2 e 2% (-2x)
=(-2x M2 ) (27%)

() y= 5 d—di = 550% poex(InS)

= (In5).55" cosx
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Exercises

1) Find % for the following,

a) y=Inix

¢} y=1In(x)

5
[ | J‘z]_n{l]
X

[

4
gy

a) _:i‘L-rir

¢} j edx

Sy-4dxes

183

x
b} y=In| —
d (:]

d) y=(Inx)’
f) y=In{2-cosx)
h y=9":

hy=xe




INTEGRATION w

3

ki Ie"""sinnﬁ' I!-J._rf""ei:
i I

31 Prove thar

) i.rir“‘&'?‘lzz 0 [pr-Gr=30
I X 2

4) f(x) is a continuous function on interval [-2,6] |, if j'_n;r:}dx=f. and j[_f{x]+3]¢ir=31

l s

then find j fix)dx

-z

sep” xdr

ey e |

5)Find value of a e B if j[r+%}ﬁ=2
i

6y Let flx)=x"+2x+k ,whereby K €R | a function its min, is (-5}, then find If{.r}dx
|

TiIf the curve f{x)={x=3)"+1 has inflection point (a, b), then find the numerical value of :

& S

f{x}dx-i}" (x)dx

4-8 Plane Area by Definite Integral

( -8-1 The Area Between The x-axis and the Eun'e

Let v = fix)} is confinous on [a, b] and A is the area under curve and bounded by the lines x =a, x =b.

and x-ixis ¥
b

If fix) = (0 then area A is A—fi‘{x‘}d,x:

b
If fix) < 0 then area A is ﬁ=—ff[x_]dx:

il

(Figure 4-23)
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INTEGRATION

In order to calculate the area under the curve and bounded by x—axis and the lines x =a, x = b.

I. Find the points where [{x) =0

Froad

Ladi

We use the points which make f{x) = 0 and we determine the partitions. on [a . b

We calculate the each integral for the partitions.

. We add the absolute value of each integral found in (3)

Find the area of the region under the curve fix} = »* ~ 4x and bounded by x-axis on the interval [-2, 2]

Solution
First step :
fix) =0

L xI—dx=0
x(x* -4 =10
Mx-2)(x+2)=0

Lx=0x=2 x==2
Second step :

The intervals are [-2, 0], [0, 2]

Third step:
{

-3
rd

ﬁff{xj—ﬂx}iﬁ:

f
Fourth step:

A[=f:xl-4x; dx =

4
x 4
2 gyl
7 X

:—‘—232

2 A
=0-[4-8]=4
4
2
=[4-3]-n=-¢

We add the absolute value of the result

A=IAl+ 1Ayl = A= 141+ 4l = 4 + 4 = B unit?
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Find the area of the region under the curve v = x* and bounded by x-axis and linesx = |, x = 3.

¥

(Figure 4-24)

y=0=xi=0
x=0e][l. 3]

fixpz0.x e [1, 3]

Find the area of the region bounded by the curve. '_I.'=ﬁ.'-;]=r.3v3.=al+h and the x-axis

y=1 ] 2
:3_332+h=ﬂ=x{x—l}{x—2}-ﬂ f f
i | 1
x=0, x=1, x=2 | ' , |
0 "u"l 'qi 2
the intervals are [0, 1], [1, 2]
2 v '
A= | -3t e 2n)d = T~x3+x1 y
2
A *f:x3 4 2xydy = M
g = = =l —- P /
| ) ' ﬂ.f 1
§i /2
(Figure 4-25]
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1 | | |
Hl=(1—1+|]—{ﬂ}=1 A1=[:4—E+4]—(?—I+] =
A=|A+[A,|

ok 2] + .'_1‘=l+_l.=l unit
4 14| 4 4 2

Example 4
Find the area of the region bounded by the curve v = x* — | and the x—axis on the interval [-2, 3

x-intercepts, y=0=0=x-1=s=t1e[-23]

J the intervals are [-2, -11, [-1, 1], [1, 3]
- x==2 =3 fl j‘l j‘j
\ [ -2 o Lo ]
| ; R I
2 A A, A, 3
-1 -1
3 : -
A :f{xj—])ﬂl:_x._.__x = _._]..;.] - _S+1 =E+i=i
1 3 3 3 3 ¥ od
=1 -2
| 3 1
e [l Eox| [-iHe]2-2 4
X | 3 I3 3
]
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A=A+ 4]+ A

4 4] |20 |
Ry +‘——.+ £kl B 2
‘3‘ % il B 3 unit

Example 5

Find the area of the region bounded by the curve v = sin x and the x-axis on the interval

|

trsmx=0=x=0+nm,ncl

ka |

o= (e = ﬂE—n,TI

2
n:l:x = nTeE _EJE

r ]

T
n=2=x = 2NE —?,11:
n=—Il=x= -N¢& ﬂ,ﬂ

1 .
N=—2mx= -ME —%n

-, the mtervals are I—%.ﬂ] and lﬂ,ﬂ:]
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[ % 7
i ’ |
_% T

¥i

(Figure 4-27)
0
i T
A= fsinxdx=[—msx] =—m~;{l}}+cm(——)
n 2
m — 2
-
Ay=—140=-1

i
i3
A2=fsin:tdx=[—nm1] =—pos T+ cosl)
i
1]

A2=I+1=E

A=A+ | A,

SA=|-1+[2|= A=3 unit?
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Find the area of the region bounded by the curve v =cos x and the x-axis on the interval [-7 | 7]

Solution

y=0=cosx=0= x=§+nmne?_

(Figure 4-28)

n
i

J

=

A =5'-'m(—E )— si |~ | =-5in = +5in T =-1+0 = -|
I z 2

I
&
A= fmsxq:b::’sinx
—TT
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A, = fmﬁxdx = ’s.'mx_]

=
2

| SR -
= sin—-sin|l——|=1+1=2
2 [2)

val A ra|E

E bk
hjz fmsr.d::“l:inx} =sint-sin = =0-1=-]
I 2
n

&+ 2
Z

A=A ]

A=|=1|+|2]+|-1|=1+2+1=4 unit?

( -8 -2 Area Between Two Curves

In order to calculate the area of region between the curves fix) and g{x) which are confinuous on [a, b]
follow the steps.

]
| Iffix) > gix) on [a. b] ﬂ=f[f{r-’.}—g[x}]dx.

#
]

It fix) < g{x) on [a. b] A=—f[f[x}—gih}]dx

a

P

1 Iftwo curves are intersected between |a, b] we find the intersection points by solving f{x) = gix).
After we find the values of x which belongs to (a, b} and then we divide the interval
inte partitions and we calculate the integral of difference of two curves on each interval,
finally, we add the absolute values of each integral.
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Find the area of the region between (x)=1x  and pix) = x.

&y

&

%

Lt Tx =x

2

SE=xc=x=-11=0

e _-.x:u,x:l:-xe[ﬂ,l]

(Figure 4-29)

Example 2

Find the area of the region between curves y = x” and v = x.

Solution

¥i

i

(Figure 4-304
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1]
L&t 13=}l .’-1
Wox=0= xx-{x+1)=0 A g 1 -
: |
L |
x =, 5 =1 = [-1,0],[0,1] A 1

A=|A |+|h3|—‘ f{x = x)dx +

|___

‘+
-1

l‘r%L

|

= = unil

@FL+PL
‘_4'2. & 20 " Val| 8 2

Example 3

Find the area of the region between curves f{x) = cos x, g(x) = sin x on the interval

SMEX=cosx=>tan X = |

II:E]
22
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T

A
L

A= f(msu—sinx}dx.+ f{msx—sinx]m

x
2

B
| 4
X

=-[3im-: + msx] 4
2

+

I
[sinx + m:;.t] %
F

[sinlwusi)-l §in— 1" 4 CO§—2 )+ sinl+msl)-( siniwusl)
4 4 2 2 2 2 4 4

A=|Vzi|+1-42| =24 16421 =247 unis?

( =8-3 The Distance )

Let Vit) be the velocity of an object moving on the straight line the distance which is traveled

on the time interval [ty 15] is

L
4= f v
Ul

b
displacement= 5 = f v(1) dt 5 s displacment
o}

velocity = y(t) = f aft)dt {a is acceleration)
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Example 1

An object is moving on a straight line at a velocity
vit) = 2t - 4 m/s. Find
i) The distance traveled on |1, 3]
b Dusplasement on [1, 3]
¢} The distance traveled in fifth second.

i) Dislacement after 4 seconds from initial motion.

g) o 2-d=0=t=2¢ [1,3]=[|,2][2,3]

f{lt-f-‘r)dt

=|(4-8)-(1-4)|+|(9-12)~(4-8) =141 =2m

L]

f[!t--i}dt

2

d= - =|[IE-4IE|+“IE—¢HI;|

1

bl §= f{z:-4}m=[t3-4t]f= [9-12]-[1-4]=0

1
5

fl:lt—d}dl!zutl—d-lm: [25-20]-[16-16] = 5m

; |
4

Q) 5= f{z:-a:]m=[t3-4tE=[m-|ﬁ]-[u]=cr

f

¢y d=
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An object is moving on a straight line an acceleration of 18 /s, if its velocity

82 m/s after 4 seconds from initial motion, Find
al [hstance during the third second

b Its displacerment from initial motion point atter 3 seconds.

ajl V:fﬂ[t]dt:n‘l.r:flgﬂt

v=l8l+¢ v==82, t=4
B2=(18) (4)+c=c=10

v= 181+ 10

18t+10>0=v >0

3
d= f(lE'H1ﬂ}|:ll=[?t2+Iiktli=iﬂl+3t]l—[3&+lﬂl=55m
:
3
b s= f{lsnm}m:[mh|m|3=[31+3!}]-[u]=mm
]
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INTEGRATION

|} Find the area of region bounded by the curve ].lzx‘*-x x-axis and the lines x=-1, x=l

21 Find the area of region bounded by the function fixlEx*3:" -4 and x-axis on
the interval [-1.3]

) Find the area of region bounded by the function flx)= x*x2 and x - axis.

i
4) Find the area of region bounded by the curve y=sm3x and x-axis on the mterval [G'E]

X
5) Find the arca of region bounded by the curve y=2cos?x-1 and xaxis on the interval [{hi]

f) Find the area of region bounded by the two functions ¥ =|—Ixam:l:.' =% —l on theinterval | 2,5]
71 Find the area of region bounded by the two functions  ¥y=x",y=x*-12

%) Find the area of region bounded by the two functions fix)=sinx and g{x)=sinxcosx such that

r€[0,27]

; ; ; ; 3
4Y) Find the area of region bounded by the two functions  fix)=2sinx+1 gfx)=sinx such that re [IL ::rjl
1) Find the area of region bounded by the two functions  y=x"+4x"+3x and x-axis
|1) An object is moving on a straight line with the velocity u’:tp--ﬂl: -6t+3 m's calculate

#) Distance traveled during the interval [2.4]
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INTEGRATION

) Displacement during the interval [(,5]

| 1) An object is moving on a straight line with acceleration a(t)=41+12 m/sZ . If the velocity after

4 seconds from initial motion 18 90 m/s, then calcuolate
1) Veloeity at =2
by Distance raveled during the interval [1.2]
| The displacement after 10 seconds from initial motion .

| 1) A point is moving from stillness and after t seconds it’s velocity becomes |00t-6t2 m/s find the

required time to return it 10 it's imitial position. Then caleulate the acceleration at that time.,

4 -9 Volumes of Revolution ]

1. The volume a shape which is formed by rotating the region bounded by the continuous function

v=1Xx) from x=atox="hb about the x-axis,

v=r[f}'1.d1

2. The volume a shape which is formed by rotating the region bounded of by the continuous function
x=flylfromy=atoy="b about the y-axis.

v= thlx]zdy
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Example 1

Find the volume of a solid shape which is formed by rotating v = Vi on [0,4] about s-axis.

b

v:fﬂzdl

”
f:[ﬁfmflm ; @I -

2
|22

=ft—0="58rc unit?
1] (Figure 4-31}

Find the volume of  x syl after rotating on 1 <y <4 about the y-axis

¥

4 4
4
Ef=fr:xzdy=fn,-;~d}r=[nlny] = nIn4-0k= 2zln 2 unic
1
i |

Example 3

Find the volume of shape formed by rotating the region of parabola whose equation is y- = 8x
and the lines x =0, x =2 about the x-axis.
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INTEGRATION

Solution

b 2
I"n'r:'JIf }"Eﬂl:'!f ﬂ-xd..\'.:q-]'l:lxllizlﬁﬂ umit 2
a n

Find the volume of shape which is formed by rotafing the region of parabola whose cquation 15 v = 2x°

and the lines x =0, x =35 about the x-aus. Y
b - L
vesf v of atw o] TN
] [ "
= 4—? 3125=2500T unit’ (Figuze 4-32)

Find the volume of shape which Is formed by rotating the region of parabola whose equation

ia:,-':-'lxz and the lines v =0, vy = 16 . about the y-axis,

lh I6
V= rrf%d}rz —;—[}'IL - l;-llﬁ{lb)]= 327 unit?
]

Example 6

4 0

&
:

Find the volume of shaps which formed by rotating the region of the curve v =< and the lines

I €£v< 3 about the y-axis

200

X



INTEGRATION

y=1= x=3
y=3= x=I
b

\f=:f1€1d}'

k|
:-g-j![—l

= gr|—+|

|} Find the volume of the shape which is formed by mtating the parabola whose equation is

:.'=.i'.1 and the lines x=1 and x=2 about the x - axis.

71 Find the volume of the shape which is formed by rotating the curve y=x2+1 and the line
y=4 about the y - anis,

11 Find the volume of the shape which is formed by rotating the v~ +x=1 and the line x=0

aboul the v - axis,

41 Find the volume of the shape which is formed by motating the curve whose equabion 1s

}nl"‘}=:|:'1 and the lines x=0 and x=2 about the x-axis.
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5-1 Introduction
5 -2  Solution of an Ordisary Differential Equation
5-3 Special and General Solution of 0. D E

5-4 st order 15t Degree Ordinary Differential Equation

5-5 The Methods of solving Differential Equation

[ 5-1 Introduction J

Ordinary Differential Equations is a8 major subject i applied Mathematics, it has relevance to many

scientific disciplines and engineering. In this chapter, we will discuss the differential equations and ways
1o solve them.

Petinition 5-1-1

Drifferential equation is the equation, which containg one or more derivatives for unknown function (ie.

the dependant vanable in equation),

Ordinary Differential Equation 15 the relationship between independent varable, let it be (x) and its
unknown function {v) {Dependant Variable) and some (v} denvatives according to (x), it is symbolized
as 0.D.E. which stands for (Ordinary Differential Equation),
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For Example

dy

| —=—=3y-dx

dx

' .
2. 123? *Ex; =Xy =0

d:l dx

y—4

%

I

o=

Yty ta=y
= Ll 2
.{:.-']13+.T£:.r + % Inx= 5

oyt cosy +xZy ¥ =0

All of the above are Ordinary Differential Equations because vy variable depends only on

% variable.

Definition 5-1-2

Differential Equation.

For Example

Joued

r

(4]

dy
—+x-Ty=0
e

2
d—i =fn-3ny+7T
d?.'l

-~
Yy -y=0
}Ill_!_zml}; :D
4
» 2
R e )
11E]+ L L
dx dx? i

v & cosy + 2y § =0

0

Order: Order of Differential Equation is defined as order of highest derivative.
Degree: Degree of Differential Equation is defined as highest exponent of the highest derivative in

first order, first degree,
second order, first degree.

third order, third degree,

second order, first degres.

first order, fourth degree,

third order, second degree.

fourth order, first depree,
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Degree of differential equation with algebraic denvatives 1s the algebmic degree of the denvative with
highest order in the equation. For example, the differential equation: f}"'}l = m 15 the the second
order, because v is the highest denivative in this equation.

Whereby, roots and fractal exponents can be removed, we get: (v = 1 + (v Thus, the differential
equation is in the fourth Degree.

5-2 Solution of an Ordinary Differential Equation J

The aim of studying differential equation is o find solution for them, this is done by finding a relation
between the dependant variable Y and independent variable X, in such a way that the relation shipis free or
derivatives (without derivatives) and the differential equation is satisfied by substitution.

Definition 5-2-1

Solution of differential equation 1s the relatonship between its variables, in such a way that:
i, Dernivaties free (without denivatives).
. Defined on cenain interval

¢, Satisfy the differential equation

L.e solution of ordinary differential equation is any function of an (unknown) (dependent variable)
indicated by indepentent variable which sansfies the differential equation.
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Example 1

Show that the relation y = x% + 3x is a solution of differential equation xy' = 2+ ¥

Solution

y=x2 + 3x, we find ¥, thus:
y=x2 + 3 @:&- y=2+1 @

Substitute (1) and (Z) in the right hand-side and lefi hand-side of the differential equation, as

follows:

LHS = xy'
=x(2x+3=2l+%

RHS = %2 + y = x2 + %2 + 3x

= 22 + Iy = LHS

Therefore, the given relation is a solution of the differential equation above.

53 particular and General Solution of Ordinary Differential Equation ]

The solution of the ordinary differential equation 1s any relation between x,y and satisfies the equation.
However, the general solution of any differential equation is the one, which includes a number of arbitrary
constants equal to equation order. If the equation is in first order, its general solution must include one
arbitrary constant i.e. integral constani, which emerges in doing integral step for first order equation.
However, if the equation 15 second order, its solution must include two integral constants because we have
two integral steps when solving second order equation and soon...

For Example

dy
2 o Sv=l
i
It is a first order differential equation and satisfied by particular solution y = e, as it appears in
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substitution of differential equation, vet, the general solution must include one arbitrary constant

¢, thus: y =ca"
:
As for differential equation, d—g—+ y = it is second order and satisfied by general solutions:
dx

v=sinx, y=cosx, although the gencral solution must inclede two arbitrary integral constants, like

A, B, hence, the peneral solution s y =A sin x + B cos x.
Prove that ¥ = x In |x| — % 15 & solution equation H% =X+y, Xz 0..01)

Solution

The equation vy = x In [x| = x is without derivatives and defined on x > 0, to prove that it is one

solution of differential equation (1), we directly substitute in (1)
it L 2 1( et T x (1~ l)
dx X

:x.[I+In|x|-,f}= x nfx|

RHS=x+y=x+xnx| -x=x n|x|

Thus, the given relation is one of the special solutions of differential equation (1)

Example 3

Show that acR, In y1=1+ai53 solution for the equation 2y' -y =0

Solution

Inyl=x+a=2Inly=x+a ::-Ei{ﬂ-l
¥
=l =y=ly —y=0

o n ;.r: =X + 2 i8 a solution of the above aquation.
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lsy=x*+x-2 asolution of the differential equation d:; = x 7

3 dy 2 dy
Yy=X"+X=-2=2—~=3"4+]=2—==6x
dx dx?
&
Thus y=x3’+x—2 15 a sofution of the aquatiund—;;zﬁ:-:
dx

e
Prove that v = 3 cos2x + 2sin2x is a solution of the differential cquation’y + 4y =0,

Solution

y=3cosdx+2snlx @
=—f s5in 2x + 4cos 2x

=-12 cos 2% - 8sin. 2% ... @'

L b T

Substitute (1), (2) in left hand - side of differential equation, we get;

LHS = (-12 cos2x — 8 sin 2x) + 43 cos 2x + 2sin 2x) =

12008 2% — B sin 2% + 12,08 Tx + 8 sin 2x =0 Right hand - side

=RHS
Thus, v = 3 cos 2x + 2sin 2x 15 a solution of the above equation
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Isv2=3x + x% asolution of the equation yy" + (') - 3x =37

Solution

voyl=ixla Sy =+ Il

2y (V) +v{2) ¥ =64+6x
Divided by 2
yy'! + [}r'}i=]. by = LH$=}-_5H'+[}"]|2—31*—-3:5 Right hand - side # RHS

Thus, y2 = 3x2 + x* is not a solution of the above equation,

Show that y = ¢™ + 7% is a solution of the differential equation y" + y' — 6y = 0.

Solution
oop=plfipg i =0l Jprin d:} = g% + gg~ix
Substitute lefi-hand side of equation
LHS = y" +3' - by
= (42X + 0g~3%) + (2025 — 3~ ) — (2% + &%)

= 4ot 4 0p-3% 4 202% _ Yo 3% _ gpl% _ gan

= [} = Right hand-side

LHS= RHS
Thus, v = e* + ¢ is a solution of the above equation.
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Exercises

| Show order and degree of the following differential equations :
1_\2 dy
a) b x° -y |+ Ixy—=10
{ 4 ) }rdx

i
&Y <Y _sy=7

b) — = %=~

€ [?}3-2f+ﬂy=13+cmx

AN
| —=]| -2 +3y=10
‘ (dx:‘) ('i‘) !

Bl

Prove that y = sinx is a solution of the equationy +y =0
2

1. Prove that the relation s = 8 cos 3t + 6 sin 3t is a solution of the equation %+ 9s=0
4. Isy=x+2asolution of th:equaliﬂnff +3 +y=x?

5. lsy=tan:-;asuluti~unal‘&lm:quariﬂnf =2}r{l+y1}?

6. 1s2x2+y2=1 asolutian of the cquation y3y =29

7. Is yx = sin 3x is solution of the equation 1; + .'-!f+25:-,rx=ﬂ?

§. Show that y = ae™ is a solution of equation ¥ +y =0 wherea & R

9. Show that¢ € R, In|y| =x2 + ¢ is asolution of the equation § = 4xly + 2y

5-4 15 Order 1% Degree Ordinary Differential Equation

%,

|
Introduction ]
1

Solving differential equation 18 opposite to differentiation operation i.e. it depends on integral

operations. Usually, finding the opposile differentistion (direct Jol cach lunction is not possible,

We do not expect to have a general solution for cach differential equation depending on initial

common functions. Therefore, solvable differential equations can be divided into several types

according to ways of finding their general solution. In this chapter, we will discuss first order
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and first degree differential equations with two variables x.y. This type of equations is simple,

although finding a general solution for them 15 not possible, and there is no general way of solvin

them. Therefore, these equations will be divided according to way of solving them:

I, Separation of variables equations

2. Homogenous differential equations

3. Exact differential equations

4. Linear differential equation- Bernoulli

In this chapter, we will discuss (1) only .

For Example, First order first-degree differential - equation has following

two forms:
dy
1. —=F(x,
o (x, ¥)
2. Mix, vydx + Nix. y)dy =0

Whereby Nix, v} 20, M(x, y) =0

For Example

ﬂ_ Ixy

Xty

The differential equation
Can be rewrnitten as
(3xy)dx = (x = y)dy
(3xy)dx — (x + y)idy =0
Whereby M = 3xy, N= {x + ¥)

In the next section, we will study some ways of solving differential equation,
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5-5 The methods of Solving Differential Equation

Separation of Variables ]

In this type of equations, as it appears from the name, we can separate all the (terms’) which eontain x

only with dx on one side, and the terms which contain y only with dy on the other side, so we get:

fix) . dx = giv) dy... (1)

Then integrate sides of equation (1)

fgiﬂdr=ff[x]ldx+c

Whereby, cis arbitrary constant.

Example |
dy

Solve the equation T =2x+5.

;—‘1=21+54d1.r={2:.+5}d1

fdy:f[lx-i-j}d::y =x% 4 Sx+c
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Sn:nin..'r:l.]n:ﬂthm"ﬂ:||1|E =27 ] .
b §

Rewnite the equation in the form gy dy = fix) dx

e ydy = {x - 1)dx

Integrate both sides fyd}r = f{:— lidx

LT B S
e

1
Yexl-hitkoy =t{1i.2“21+2ﬂ}1

Where E|=1C is arbitrary constant

Solve the differential equation dy = sin x costy dx whereby ¥y 2{IZn+ 1) % cosy =0

solution

Rewrite the equation in the form gy) dy = f{x) dx
L&,

L+:l:.-'=si|;'nvn:1:r.
cos’y

seczyd:.r-s:in X dx
Considering intecpral nfseczyd3‘=fsiuxdx

tany=-cos x+¢  Wherchy ¢ is arbitrary constant
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Example 4

Find solution of differential equation y'~x yy = 0 where x=2,y=9

j"-}li}'—ﬂ:d—y—z:.r ﬂ-£=

}'Tdy—xduqf dy-fxdx:lﬁy-'-—x +c

Substitute x = 2, y = 9, we gel:

ot
I-'|—l

1ﬁ=%{2]1+c=ﬁ=1+c=c=4
. the solution is

. }r—lx‘?+4 v—{ll}:li-z g
2 o4

Solve the equation -31 = ™Y where y = 0 when x = 0
X

Solution

dy
dx

—f-:_]'{—l}d}r=%fe‘1“{2]dm

g o]
eV =_e¥ig

=™ oY = o Yy = ek

Substitute y= 0, x = (), we get:

- 1 1
s—e Vo —elsc m=lz—tgzm ==

2
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Thus, the solution is:

=g ¥= %:h —%:— 7= %{3—':1:}
L _ 3=pt®
a¥ 2
2
a¥ =
3l

Taking In for the two sides, we get:

¥=In
3™

Example 6

Find general solution for ditferential equation (x + | J% =2y

Solution

s
-

dx dy dx
= —_= i
x+1 ¥ 1+

Injy=lnix+12+c=> lnpy-lnx+1)P=c= y

(x+ 1)

In [yl = Inf(x + 1)* . %) =

v =e®{x + 1)
=56 (x+ 1P

Whereby ¢ = ¢° is arhitrary constant
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|. Solve the following differential equations by separation of variables:

4) ¥ cos® x =sin x b) %+x}'=3};, x=l¥=2
2 By .  SPRRPRR P 8

¢) dx-l{:-:+|]{y 1) difys tdy -1y =x"-2x13
<) yy' = (1 +y%) [ Je%dx - y'dy = 0

gl ¥ =2e%y, x =0, j.r=¥|

ted

Find general solution of the following differential equations:

:ijy%+y?-=l-y2 h13inxcns}':x—y+mnsin}r=ﬂ
¢) xcos® y dx +tan y dy =0 d) tany dy = sin®x dx
dy 2 2 dy COS X
€) —= = 05" X C08 f) —=—=
dx :'I d:':. s}rzq.e:r'
gl et ¥y =0
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SPACE GEOMETRY :

[ Chapter 6: Space Geometry ]

6=1 |ntroduction

6-2 Dihedral angle and perpendicular planes
-3 Orthogonal Projection on Plane

-4 Solids

We have already learned that both line and plane are infinite set of points. Every two points designate one and only
one line. Every three non - collinear (not on one line) designate one plane only, every four points non-strasght
desipnate a space. In brief, line has at least two poinis, plane has at least three points non- collincar, and
space has at least four points not coplanar,

Last year, we learned relations between lines and planes and proved theorems, which can be used in this chapter,
Planecs are grinmg new concepts and new theorems, all vou have to do s go back and read this subject from last veer,

( )

Definition 6-2-1

6 - 2) Dihedral Angle and Perpendicular Planes

Dihedral Angle: it is a umon oftwo  halves planes with common edge
The common edge is called (Edge of Dihadral), plane halves are called (face of dihedral) as in fig.(6-1)
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A

™

8
ZRN

Where A8 is edge of dihedral angle, (X) (Y} are faces of the dihedral angle
Dihedral angle is expressed a5 (x) - .ﬁi -y} . lvean also be expressed by edge of dibedral angle iF not common
with another angle. Example: Dihedral angle

" %
(x)- AB - (z) o~
(x)- J‘EB -1yl {: ;

+ ' et -
()= AB-@) G 2 -

& ;
N z - (Figure6-2)
H

Dihedral angle cannot be written A8 in this example because the edge A8
15 common with another dibedral angle

When four points are not coplanar (not in one planc), we write the A - BC-D or dibedral angle between
planes (ABC), (DBC)  (Figure 6 - 3)

A\ 4“
7

bt o7

.""-.'" "a.\\‘\ ,-""'ff/

Y, X "x.\\v/ .-__,-'// i
"._hl‘l : .l_,.-r
‘u_" J.."'
\-. J,-'
M‘un f,—” (Figure f - 3)
G
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Dihedral angle is measured as follows

Designate a point (D) on the common edge A8 . and then draw a perpendicular line DC in {x) from [} and

perpendicular line DE in (Y) on the edge AB The measurement of dihedral angle between the two
planes is measurement of angle COE _ it iz called COE angle, which belongs to dihedral angle, as in fig. (6-4)

(Figure 6 - 4)

In other words, we have the dibedral angle (X) — A8—{Y) an

DC = (X), DE = (Y)
DCL AR DE | AB
£ CDE is the angle which belongs dibedral angle AB ot (X)— AB—(Y)

Half-open plane | Let (M) be a plane and let L — (M), the line L divides the plane (M} into three separate sets.

(M) and (M) is called a half-open plane, while (My) " Land (M;) W' L each of them is called a half-plane,
The common line L between two half planes is called the edge.

Dihedral Angle : If (M) is a half plane and (N) is a half plane, then they meet in a common line (ah).
S0 (M) (N} is called a dihedral angle and ab is called its edge.

Faces of Dihedral Angle : A dihedral angle is a figure formed by two half planes meeting in a commaon line. The
common line is called the edge and half planes are called the faces of dihedral angle.

Faces of Dihedral Angle : A dihedral angle is a figure formed by two half planes meeting in 2 common line. The
common line is called the edge and half planes are called the faces of dihedral angle.
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From the definition of both plane angle and dihedral angle, we may conclude:
[} Measurement of plane angle i5 constant for a dihedral angle.
2} Measurement of dihedral angle cquals measurement of plane angle and vice versa.

6-2-3 Definition

I If dihedral angle is right angle, then, the plancs are perpendicular and vice versa,

“ :
¢ X L= X)-AB-(Y)= o°

/Y

/

/
/ A X
/ /
f y /
j" F r,ff (Figure 6 - 5)
/ / /

g

(heorem? ]

“If two planes are perpendicular to each other and if a line which is drawn in eme of these planes is
perpendicular to the intersection lme of two planes, then it is perpendicular te the other plane.”

=3 =¥ = > —p
In other words ¢ (X) L0Y), (X)) (Y}=AB,CDc (YLCD LAB mD=CD L(X)

Ceiven ;

(X)L (¥), /M

b
(X) M {Y)= AB

FEY
CD c [Y), J

> ) /
CDL AB at point D. ff

- /
Required Prove that CD L (X) / / /
A B
Proof : In{X )draw DEL AB
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{ There s ame and only one line perpendicukar ts a given line in the same plane ... i)

> o o
CDcz (Y),CD L AB (given}

o

= Z(CDEisa plane angle of dihedral angle X-AB-Y. (definition of planel angle)

(X} LY} (gwven)
A

= Measure of the dihedral angle ab ap =90°

{ If two planes are perpendicular to each other, then the measurement of the dihedral angle = o0 )

= m< CDE = %"

{ A measure of a dibedral angle is equal to measure of its plane angle and vice versa,
& £

= CD 1 DE

(1f a measure of a dihedral angle between two intersecting planes is 99, then the lines are perpendicular and

vice versa )

¥

=D LX)

{ The line that is perpendicular to two intersecting lines at a point is perpendicalar to their plane...... ]

[Cortar o heorem 7

[f two planes are perpendicular to each other. and if a line is drawn from any point in one of these

(Q.E.D)

planes perpendicular to the other plane, this line must lie in the first plane.”
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This means: { &
[ Nl
T‘i_k
/ %
! .I.;I
."‘ﬂ
|I | A
I,}_
/ e
-.._I

CO 1 (XLCEF)LIY) LIX)=CDC I¥)

(s ]

["Ifa line 1s perpendicular to a plane, then any plane contaming that line 13 perpendicular to the given plane, ™ I

In other words : Let AB LX)

— }:"W]‘ 1 (X) Y
AR C(T) A

Given: /1 = G ‘/(
.. ; / /
ABL(X) at the point B, B f
. / / E /
ABc (Y) AX / /

D

Required: Prove that (Y) L (X)
Proof: Let (X)) (Y) = Eﬁ (1If two planes intersect each other, their intersection is a straigh} lin

B=CD {The intersection plane contains the common paints)

- wmeow

In(X) letus draw BELCD.
(At a given point in a given plane one and only one line can be drawn perpendicular to a given line in the pla

Since Iﬁ L (X) {given)
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= 3
S0 ABLCD BE (1T a line is perpendicular to a plane, then the line is perpendicular to all lines
in the planc and pass through its trace.)

=

Since AB = (Y) {given)

¥
S50 ZABE s plane angle of dikedral angle CD (Definition of plane angle).
— i

m ZABE=00"  { Because AB L BE)
i
= Measure of the dihadral angle (Y)-CD -(X)=90"

iMeasure of the dihedral angle is equal to measure of its plane angle and vice versa).

= (¥) LX)
(1T the measurement of the dihedral angle = 00", then two planes are perpendicular te each

other and vice versa) (Q.E.D)

(Dheoremd |

Through a given external line not perpendicular to a given plane there is one and only one plane

perpendicular to the given plang,

—»
This means A5 isnot perpendicular on (X)

—
There is only one plane contains A8 and perpendicular on (X)
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(riven ;
;B 15 not perpendicular on (X)

Required: Fmd a unique plane that contains AB and perpendicalar on (X)

Proof : Atthe point (A) draw AC L (X) [ there is onunigue line perpendicular on a given plane , from a point not
belonging to that plane).

;l:!il', .-{1:' are [ntersect

"+ There is one unique plane like {Y') containing them (for each intersact lines, there is one plane containing them).
< (X)) L (X) (Theorem 8)

To prove Uniquiness:

Let (Z) another plane contains A8 and perpendicular on (X)
r{H{'J_ (X) {by proof)
Y ACe (Z} (Corollary of theorem T)

[ - (- i ¥ B i
oo (Y)=(2Z) (For every two imersect lines, there is one plane contain them)

[ Corollary of Theorem 9 J

“If two intersecting planes are each perpendicular to a third plane, then their line of infersection

perpendicular to the third plane,”
Given :(X) r [Y) = AB

Q.ED

.J'E"\-\.
(X3, (Y) L (Z) - N
Required : AB 1 (Z)
Proof: If AR is not perpendicular on £ then no more than one ;'" L _.“'I
plane contains on (£) (Theorem 9) ,"' Tgh e Ja"f
So, AB L(Z) (Q.ED) &

223



SPACE GEOMETRY

Example | >
TT' M f_" -.-...___...-.-. .-':__ F -
BD L( ABC)
me A=30

AB=10em, BD =5em

Find measurement of dibedral angle D - AC - #

Civen ¢

BD 1 (4BC)
md=30"
AB=10cm, Bi}=35cm

Reguired:

Find measurement of dihedral angle 0= AC-B
Proof :

In plane (ABC) draw BE | AC at (E) point { In a plane, there is anly one line perpendicular
on another line at a given point)

"' BD L[ ABC) (Given)

+'s DE 1 AC (Three perpendicular lines thearem}

Z DEB (Belongs to dibedral angle) AC ( by definition of plane angle of dihedral angle)
DB | BE (A line that is perpendicular on a plane is perpendicular on all lines contained in that
plane and passing through its trace
ADRE right angle at B

In ABEAright angle at E

Sy o D5 o, BF S
BA 2 10
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In ADEEwhich is nght angle in B

tiﬂ‘![ﬂﬂ}: ;:l

Measure of m £ BED = 45
Measure of dibedral angle D - AC -8 = Jﬁﬂibﬁ:nusc measure of dibedral angle equals measure of it’s

plane angle and vice versa).

(QED) e

."'I.n
i

Example 2

Let ABC a triangle, and let \ S -

AF L ABC) 8

Prove that:

BE L [CAF)
ED | CF

Given :

AF L(ABC), BE LCA ,BD LCF

Required:

DE L CF , BE L{CAF)

Proof :

" AF L{ABC) (Given)

«'» [CAF ) L{ABC) (Theorem & : two planes ave arthogonal if one plane has a line perpendicular on the other)

\" BE LCA (Given)
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< BEL \CAF) (Theorem 7 Let two planes are orthogonal, the line drawn on one plane and

perpendicular om intercept line will be perpendicnlor on the other plune foo),

W BD LCF (Given)

5 E L E (Three perpendicular lines theorem) Q.ED

(Y], (X} two orthogonal plancs

AB = (X)

ﬁi,ﬁh are perpendicular on AR
And intersect (Y) at C.D respectively

Prove that:

ChL(X)

Given:

.E;!;:".EEJ, ABc {X]), (X] L{Y)are perpendicular on AB and intessect (Y)at C,D, respectively.

Required: ChL (X)

Prool: Let (Z) a plane of intersect lines Hf.fﬂ} (for each two intersect lines, there is one unigue

plane too contain them)

Since -ﬁ' i B? EB {given)

S EBL (Z) fu perpendicular line on two intersect line at intersect pofut is perpendicular on thetr planc)

Y ABC(X)  (Given)
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o (X)L | Twe planes dre perpendicular if one plane contains a line perpendicular on the other plaire).
LX) L(Y) (Given)
Since [z]..--. (¥ }|= EB {hecmise it (3 contained in hoth)

<o D LX) If each two intersect planes are perpendicular on a thivd plane, then, intersect line is
perpendicular an the third plane. Q.E.D

1. Prove that plane of planar angle which belongs o dibedral angle is perpendiculur on its edge.
2. Prove that if a line is parallel to a plane and it is perpendicular to other plane, then these rwo

planes are perpendicular io each other.

3. Prove that if the plane is perpendicular to one of two parallel planes it 15 perpendicular to the other, oo,

4 Four points A,B,C and D are not ai the same plane where  AR=AC . E€BC . W< AED s plane

angle ofthe dihedral angle A-BC-D . Prove that CD=BD

5 Ifrwo intersecting lings are parallel to a given plane and they are each perpendicular o two intersecting
planes, then the line of intersection of the two intersecting planes is perpendicular to the given plane.

f. A circle with diameter A8 . AC perpendicular on its plane, D is a point in the circle; prove that (CDA) is
perpendicular on {CDRB),

{E - 3) The Orthogonal Projection on a Plane ]

1- Prajection of a point on a plane: it is the trace of the column drawn at that peint in the plane.

2= Prajection of a set of points on 2 plane: Let L | a set of points in space, its projection is the sct of
traces of coluimns drawn o1 these points on the plane,

3 Projection of 2 non-perpendicular segment on & given plane: it 15 the segment defined by traces
of two columns drawn at ends of the grven plane.

Let .?Enm-perpmd:icu]ar on (X} and let
AC L {X) projection of A on (X) is C

BD L (%) projection of B on (X)is D

227



SPACE GEOMETRY 06 I
'« Projection of 48 en (X)is CD B
Notbe: &
A
If AB/(X)
Then A8=CD |
. ' ¢ D .-';
';[

4= Inclined Ling on & plane: it is the non-perpendicular line on a plane bisects it

5= Angle of Inclination: it is the angle bounded by the inclinad and itz projection on a plane,
[

Let AB inclined on (X) 3t B
Let AC L(X) inC

<« Cis A projection on (X) where 4 &(X) . G
Also, B is itself projection where 8 (X) x

= BC Projection of AR on (X)

Le. 1 -:H{Qﬂ"

“gefn,9)

6 Length of Project
Lengrth of project of a sepment on a plane = length of inclined ® cos of angle of inclination

When A8 is inclined on (X} and angle of Inclination © and ]:ln:lf,il:-m;E~ :I:u.:nk(' = AR -cost! I

T= Project of Inclined Plane om X
Angle of Inclination of a plane on a given plane s measurement of planar angle belongng to dibedral angle

between them,
Area of project of inclined region on a given plane = area of inclined region » cos. of angle of inclination

#~
Let A& area of inclined region, A area of project, 8 measurement of angle of an inclimtion
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Example 4

ABC i triangle, BC < (X AN
Dihedral angle between triangle 2

Plane ABC and plans X,

m,.

it s measurement is 60° . if AB=AC=13cm, BC=10 cm
Find projection of triangle {ABC) on (X) BN, T )
Then find project arca A4BC on (X) z

Given:

AMBC, BC(X)
(ABC)- BC-(X)=60"
AB=AC=13, BC=10

Required:
Find project of A4BC on (X) and find project area A48 on (X)

Proof:

Draw EJ.H'HHD {a column can be drawn on a plane at a given point}
D is project of AC [projection of 4 segment on a given plane 15 the

s - seement bounded by traces of columns drawn
8D is project of AB on plane at ends of segment)

BC is project of itself on (X)
<+ ABCD is project of A4BC on (X)
In (ABC) we draw E . ,E in E {In one plane, a perpendicular line can be drawn on another ling from a given point)
Since AC=AB {given)
"+ EC=BE=5cm {The perpendicular column from vertex of isosceles at the base, divides the base into half).
o ED L BT (Pastulate of three columns theorem)
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o £DEA belongs to dibedral BC {by definition of belonging angle).
However, measurement of dibedral angle is BC = ix [given)

In AAES rightin E
AE=169-25 =144 = 12em

In AAED right in D

o ED 1 ED i
s Em—= == =13
AE 2 12

Arca of riangle BCD = ,-f (10} (6)=em’ Q.ED

IFarca of project 15 requi red, it can be found as follows

Area of BCD = area of ABC * cos 60"

1 oY .
E'[““““”E‘ ]_mmf

1.

L)

Prove that length of segment parallel to known plane equals length of its projection on known plane and
parallel to it

« Prove that If vwo parallel planes cut by a line, then its slope on one of them equals to its slope on the other.

If parallel lines intersect a plane they are equally inclined the plane. Prove that.

If two different inclined lines are drawn from a point, which does not belong to a given plang , then

taller one has a slope angle on the plane smaller than the other angle on it.
If twor inclined lines are drawn from any point 1o a plane, then one with smaller slope has longer length.
Prove that angle of inclination between line and its projection on a plane is smaller than the angle bounded by

line itself and any other ling drawn from its position within that plane.
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