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Chapter 1

LOGARITHM
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Consider the relation a* = N, [magine that we are asked to find one of the three numbers a,
% or N given the other two numbers, Three examples of this are shown below.

Case  Soludon — Method

2imp 32 raise 2 to the Sth power
pF =127 ) take: the 3rd root of 27
=5 7 1

We can see that we cannot sobve the last example with the algebra we have studied so far, We
need to introduce a new concept: a logarithm.

A. BASIC CONCEPT

Solution

The logarithm of a number N to a hase @ is the power to which o must be raised in order to
abtain N. We write this as log, N. In other wonds,

@ ¥= N where a* = N and x = log, V.

This equation is called the fundamental identity of logarithms. In this equation, the base of
the logarithm (o) is always positive and different from 1, and the number whose logarithm is
taken (V) ks positive. In other words, negative numbers and zero do net have logarithms.

logarithm, argument, base, exponential form, logarithmic form
Fora=0,a#=1 and x >0, the real number y which is defined by

y=lgrer=x
is called the logarithm of x to the base a. In this notation. 1 is called the argument of the log-
arithm.
We say that the equation 2" = x is in exponential form and log,, x = y is the same equation
in logarithmic form.

Write the equalities in logarithmic form,

g P=f b=l LTA:J@

By the definition of a logarithm, a* = x = y = logg 1. Therefore,

12 =Bed=lpgh b5 =1e0=logg .
S e O T

c3 gnﬂ Iuguq.



m ! Write the equalities in exponential form,

a logjpl0=2 b luh;—?-—ﬂ c logg1=0

Solution Again we use the definition log, x =y < x = o',
1 1

a. logjp 100 = 2 100 = 1(° b log, oo =-3e> oo =3
¢ bggl=0el=F
m ! Solve each equation for x.
A log, 27 =3 b. IDE,,;':% c logglb=x
]
a log 27=3ex" =27 x=] b. Ing,,:=lt:$4ii=:l:ﬁr=2
Solution :
c g li=rof =it =4For=2
& Calculate the logarithms,
A logg 4 b, lug,!i c. loggilogy )

Solution a Letloggd=1y.
Thenlogpd =y =4oW=Toy=1smlgd =2

E E e E E b Similarly, Iugu!iny-t}.'!’=%¢3'=31uy=—l

| Remember-
gt ==y ¢. Letlogg 9=m. Then3* =0 ¢ 3% = 3 com = 2. 5o we need to caleulate logo 2. Starting

by the byective propeny i i _ : . » S
of exponenttal Rinctions, with logg 2 = n, we get 2* = 2 which gives us n = 1. Thus, logg{logz 9) = 1.

m s Caleulate the logarthms.

o log, 3 b log, {81 o logfava . loggllogyllogg 81)

4. By the definition of a legarithm, we can write Ingul=y-¢::-3’=;'—c#3' =3 oy=-1.
Solution 3 3

1
S0 |I]g;| §= -I-

| 1 |
b lng, YBl=y e q%:! =B =3 =(3 Va3 = ay= ‘%
3 L
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Solution

L

| ml]l = Lal:ll =g

¢ logYalz=yoa ={de_]';' o a' ={¢.:{LJ% ﬂﬂ'=[ﬂél'% ' =al ey,

[ =]

]
3
d. Starting from the innermost logarithm, we have

So log, Java =

lgn 8l =x =¥ =8l =Forx=1
So we have to caleulate logg (logy 2), andlogg 2=y =2y =1,
S0 the given expression becomes logy 1, which is equal to zero:

logyl =2 ¥ =1521=10. Inconclusion, logy(logs(log, 81)) = 0.

Notice that in these examples we were able to find the desired logarithm by writing the angument
as g rational power of the base. This is not always possihle, however: many logarithms (for ex-
ample: logg 3 and logy 5) are irrattonal, and cannot be caleulated in this way.

Evaluate the expressions.

g, Qb b, a3 . qaleg,2

d. By the fundamental identity of logarithms, ™% * =N and so 2*%* will be equal to 8. However,
let us try to evaluate the expression in a different way:

Let logs B = & Then we have t calculate 2,
By definition we have logy 8 =1 =2 =8 So2=f = §,

b. Let logg 3 = t. Then we have to calculate 25. By definition, log5 3 = t & 5 = 3. So
2= (5 = (= (3P =l ie2Pm'=],

¢, Ina similar way, let lng 2 = t and let us calculate 3. By definition, logg 2 = [ 3 = 2,
le. 3 =(¥y=2"=8.502 "mi=8§

Check Yourself
1, Write the equalities in logarithmic form.

1 2
a2=16 b10'=1000 c3=1 d125=5 e 3*=% i |;i.,f5.7].'i=iT
2, Write the equalities in exponential form,
a.logg 0.01 = -2 b, m,tlﬂﬂ c. logyg 10000 = 4
z



d.mall--q e logg 32=5 f log, 125=-3
&

. State whether each statement is true or false.

2 1 3
a bogy 720 = 6 b Jog ¥4=-2 o g
. b A TR

d. Iugm%—n% e log, yaya u=% (@>0,a=zl)

. Determine the logarithms of each set of numbers to the given base.

1 1 1 |
271, - b 241 =, -, —, 32, -64 to base —
& #’ 4 B Wber g™ 2
. Bolve for x,
g log, 4=2 b ]ﬂg.l.t—-% ¢ loggs 125 =x
Calculate the legarithms.
i logs 25 b. logg 1296 o iﬂgﬁ% d. loga(logg (logy 256))

. Evaluate the expressions.

l
a. 3-og;4h. (2%85)2 ¢, 250g 10 4, 49 "4 o 9tlog, 5+log, 3

Answers
1. & logg 16=4 b. logyp 1000 = 3 c. logg1=10
1 1
d. logy 3=z ¢. log, 0w =-3 L logyg5=—5
9, o 104 =0.01 W . 10° = 10000
2 16
I = I 3
d 3'=— g =1 f (=) =125
Bl 5
3. & true h. true e, lrue d. false . lrue
13 7 2 o
4 & 3,0,-2 - 33 b, -1,-2.0, 1,2, 5, -5, undefined
1 3
B 2 b = (S
z 2 3
8 8 @ b 4 C —l d, 1
. . 3
Lo 3 I 1
f.a.4 b. 25 E'lﬂﬂ d4 8, 79

10



B. TYPES OF LOGARITHM

NN

[ W W,
*»®» v heh

e=271828...

1. Common Logarithms

Our counting system is based on the number 10. For this reason, a lot of logarithmic work
uses the base 10. Logarithms to the base 10 are called common logarithms. We often write
log x to mean logy () x. In this module, we will use log x to mean logy () x.

Common logarithms are widely used in computation. Mathematicians have compiled  ex-
tensive and highly accurate tables of common logarithms for use in these calculations.

2. Natural Logarithms

Logarithms to the base e are called natural logarithms or Euler logarithms. We often write
Inx to mean the natural logarithm log,x.

Natural logarithms are widely used in mathematical analysis in the study of limits, derivatives

and integrals.

C. PROPERTIES OF LOGARITHMS

Property 1

Proof

Property 2

Proof

If the argument and the base of a logarithm are equal, the logarithm is equal to 1. Conversely,
if the logarithm is 1 then the argument and the base are equal:

a=belog, b=1 (@>0,a=1). b>0

By the fundamental identity of logarithms we have a&~ = N. Setting N = a gives us
a"“ = g = a', which gives us log, a = 1.

For example, logg 3 =1, log 10 = 1,Ine = 1 and log, %=1.
2

The logarithm of 1 to any base is zero:

10

a"!'=1=qa’ Soa ' = a° which gives us log, 1 = 0.

For example, logy 1 =0, log, 1=0 and log; 1 = 0.
9

11



Property 3 The logarithm of the product of two or more positive numbers (o a given base is equal to the
sum of the logarithms of the numbers to that base:

Jogglx o) =logg x + loggy | (x,4>0).

Proof gt ¥ =x.y Substitutingx = "' and g = "¥ gives us
At W = gl gy g T,
Comparing the expanents of the expressions on both sides gives us the required equation:
log, (% 4) = log, x + log .
For example,
E E e E E logg 6=logg2- 3 =logg 2 + logp 3 =1 + logp 3
hﬁﬁ:ﬂ'w logs 30 = loga(3 - 10) = logg 3 + logg 10 = 1 + logg 10
logy 30 = loga(6 - 5) = logg 6 + logy 5
lngg 5+ logg 3 = logg(5- 3) = logy 15.
Notice that we can generalize this property as follows:

logglx) < X Xg ) = logy xq + logy X9 + . + logg 1 1072 ¥ - 1 > 0,
For example, we can wrile
logg 30 = logy(2-3-3) =loga 2 + logg 3 + logg 5 = 1 + logp 3 + logg 5.

BETT T Coleulate logg 2 + logy 8

Solution logy2 +logy B =logg(2-8) =logy(d H)=loggd+loggyd=1+1=12

8 Ciclelogy3 g5+ g, L

Solution hg,3+luguﬁ+lng3]iﬁ-hg3{3-5-1l5]=hg3]=ll

12



Property 4 The logarithm of 2 positve number raised to apower is equal to the product
of the power |:|11,l|t[P|iEd by logarithm of the number.

loga(x*y=m log;x {(meR. x>0

Proof 1 =", After substituting x = a*%* an the [eft side, we get (0" %) = o*%", which gives
us @™ ™ = gl Gince the bases are the same on both sides, we can conclude
m - log, x = log,(x").
For example,

:HE E E log, B=log,(2)=3-log, 2=3-1=13

1 I 5 ;
iﬂﬂlmﬂﬂﬂlf_.:hﬂaﬁi]:‘ﬁ'l'igs‘l:_ﬁ‘|=‘5

log, V125 = log, JEF=Ing={55}=g-1ag=5.

00 p Note
N = This property gives us the following special cases:
|
=% fa. hL;T=-n.hg,1 4h, h:rg,"'ur:_'ﬂi-lug,.t.

EXAMPLE 9 Write each sum as a single logarithm.

. (2-logy a) + (3-logg b) - logy ¢ b {%-lug,u}+[3-hﬁih]—ig-|ﬂggﬂ}

Solution We apply the property log, (x"} = m - log, x.
o i R
A (2-logga) + {3-logy b) —logy ¢ = logy(a®) + logq (i) + (-1) - logy ¢ =

logg(a®) + loga (b} + loggle™) = logafa® - b ') = |Dg;|{ut‘;b3}

; 1
b, {%-Inguu}+f3~h}g,b]-(%-lnggf}=|trggn"+|ﬁg¢b1+{-%}-lnggcﬁr

mﬂqi'lﬂ'g,gbﬂ'*l%ﬂt-gi”.[%TE'!'IDE,!H'{JDEH[%}C}
C
,,,'_.j;".-]_ =} M

13



Nm:@ l!'L-‘.:-gax - Lngiy then x=v | one to one property |
® Logx  Reads | Log baseaofx |

10 Caleulate ]“Eﬂ'ﬁ‘ 8- 6.

I I

Solution Ing.Jf,IE- 8. 416 —lug,ﬁlz B IE:"*—IugiIE 9t qa*:.ﬂ
I|
_mgg;}z 25 = 1::;1_1,4'2 zﬂ—lnmi —ing,#z ¥

1
 log, Y2° —1ﬂg¢{2“}=E log, 2=
'-—-1.—-' pL:
Property 5 The logarithm of the quotient of two positive numbers is equal to the differenee hetween the

logarithms of the dividend and the divisor to the same hase: ec e_e _e

X
.lﬂg“{:m}=1ﬂgt.]:-lﬂguy Eﬁ: r—
y Ty o, % B,
:_ kﬂ'{i] « — gykmz g - i
==g " IMwesubstitute © = a"=*and y = @™ on the lell side, we obtain
Proof Y
ﬂ ¥ (] “‘:I E = -
cecce a‘“" o g g '-‘-"*]UE,':H] log, z-log, .
u]
For example,

log ﬁ=l%5-|ng,3
log(0.12) = Jﬂﬁri—} lﬂﬁe.'[—ll log, 3~ log,(5°)=log, 3- 2
logg 10 + logg 4 - logg 5 = logy(10 - 4) - bogg 5 = logg 40 -logy 3 = |ﬂgg——|ing.=ﬂ 3

Notice that we can combine properties 4 and 5 to write expressions with addition and sub-
traction of begarithms as the logarithm of a siogle fraction, The addends form the numerator of
the fraction and the subtrahends form the denominator, for example:

bl:e

d’f

log, b + log, ¢ —log, d + logg e —log, f = log,

As a numerical example, consider

)

iy 15 Yoy 5 + Iogs 6 ligy 2 = 1:.;}.:':—';} = logs 0 = loga(3%) =2,

Remember that this property only applies to logarithms with a commen base,

14



m II II Express log 30 and log 3.3 in terms of p given log 3 = p.

Solution Since 30 =3 - 10, we get log 30 = log(3- 10) = log 3+ log 10 =p +1.
5T

Since 3.3 = % we have log 3§=lng1:-?=lng]ﬂ—lug3=l—p

m I ’ Given log 300 = 247712, calculate log(D.0027).

log (0.0027) = lngt%} = log 27 - log 10* = log 3~ 4 - log 10

Solution
={d-logdy-4 (1)
log 300 = log3 - 100) =log 3 + log 10° =Tog 3+ 2 log 10 =2 + log 3. So log 3 = leg 300 - 2.
i".‘ E‘{'E Using log 300 = 247712, we get log 3 = 247712-2 = 047712, (2)
g 10 = bggl0 =1 | Combining (1) and (2) gives us logf0.0027) = (3 - 047712} - 4 = - 156864,

m I! Write each logarithm as a sum or difference of logarithims to hase a.

b+e)
g, 25 b hg:—{';_jl

I
i hg.{& ¢

=) = logg b* + logg - logg d' - logge® = 3log, b + 2logg c—4logy d-5log,
Solution d'e @

h. We have log, {?Ef =log, }f(b+c) —hg{d—e}‘rhg,{b+e35 ~3log (d-e)

=§]ug,{b+nj—:ibg_{d—e].

Notice that logarithms cannot be distributed over addition or subtraction, and also that — log-
arithms enable 15 to perform simpler operations (addition and subtraction) instead of mult-
icatbon and divisien, This is why logarithms are so useful in computation.

15



EXERCISES CHAPTER 1 |

A. Basic Concept
1. Caleulate the logarithms.
a lng'”]ﬁ b. lug,% c. Ine
d loggl e logg2  f ko000
g logl h logine} 1. Inde
j logg@ine?)  k Inlog 109 L Inflog 10)
2. Salve each equation for x.

i 3= b 241=3 ¢ 3%=9
dJF=4 &lr= £1pr-'=2

3. Simplify the expressions,
g @0 b. 1(e? . Y
d. Gwst g fmet g fpmiynd
I LS P o LM L

h. —lo, g, W) 1. ()%

B. Types of Logarithm

4. Calculate the logarithms, using log 2 = 0.30103
and log 3 = 0.4771.
1

a. log 18 b. log 30 c log —
2

5. Find the number of digits in each number if
log 2 = 0L30103 and log 3 = 04771
£2% hgP 9P 4 18

C. Properties of Logarithms

B. Write each expression as a single logarithm.

g, %l-ng.rwl-ugy+lngz"

b. —%IDEI'!' rlirlng y+%]ng z

16



7. Write each expression as the sum or difference of
the logarithms of a, & and ¢,

a logla'tie) b. log(¥abe)
8. Evaluate the expressions,

a. loggg 4 + logay b
B log 8+ log 25 + log 5

1 1
[+ Iu-gh.q+lugﬁlﬂﬁ+!ngwﬂ]+lng“-f
d logg 1000 - logp 125

8. Calculate each logarithm in terms of the variable(s)
provided, using the given relation{s).

nologodilogy2=a b log25legd =a
¢ log72lilogg T=p d logg18;logz 12 =0
Qe logyg 60; bogg 30 = e and logy5 24 = b

[0, logy ¥ = a is given. Express each logarithm in
terms of o

P
1. Simplify the expressions.
1
2 (log, Eﬂﬁ'luﬁlfng}+ﬂ"ﬁtﬁ'l“5rm 1024)

b log, b Jog, ¢ log, d - Jog . a
12. Find x in each case.
a logox=3-(2-logg 3) + (3 -logg 5)
b log, x=2+(3-log,5)- (2. log,4)
13, Prove each equality
’ i Il::gl| - Io,:,'c,1 &y nlog, X =1

CL M s
i rorey TLp N=l

14. Show that (fa® + b* = Tab (@, b> 0) then

i
mg%‘hi—mgumg B).

17
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An interesting unsolved problem in mathematics concerns the ‘hailstone sequence’, which is defined as

follows: Start with any positive inteper. If that number is odd, then multiply it by three and add one. If it is
even, divide it by two. Then repeat. For example, starting with the number 10 we get the hailstone sequence
10,5 16, 8, 4,2, 1,4, 2, 1... . Some mathematicians have confectured {guessed) that no matter what
number you start with, you will always reach 1. This conjecture has been found true for all starting values up
to 1, 200.000,000,000. However, the comjecture, which is known as the "‘Collatz Problem’, 3n+ 1 Problem’, or
“Syracuse Algorithm', still has not been proved true for all numbers.

Number sequences have been an interesting area > o

for all mathematicians throughout history, _a_.':.}’ﬁ_'ﬂ'ril‘ A R

Geometric sequences appear on Babvlonlan

tablets dating back to 2100 BC. Arithmetic

sequences were first found in the Ahmes Papyrus

which i dated at 1550 BC. The reason behind J A adall

the names ‘arithmetic' and ‘geometric’ is that o b

gach term in a peometric {or arithmetic)

sequence is the geometrdc {or arlthmetic) mean of its successor and predecessor, I we think of a reclangle
with side lengths x and y, then the geometric mean Jxy is the side length of a square that has the same area
as this rectangle. Finding the dimensions of a square with the same area as a given rectangle was considered
in those days as a very geometric problem. Although the arithmetic mean (x + y)2 can also be interpreted
geometrically (it is the length of the sides of a square having the same perimeter as the rectangle), lengths
were viewed more as arithmetic, because it is easier to handle lengths by addition and subtraction, without
having to think about two-dimensional concepts such as area. Although both problems involve arithmetic and
can be interpreted geometrically, in ancient times one was viewed as much more geometric than the other,
therefore the names.

Zeno (490-425 B.C.) was a mathematician whose paradoxes about

motion puzzled mathematicians for centuries. They involved the sum of

an infinite number of positive terms to a finite number. Zeno wasn't the

only ancient mathematician to work on sequences. Several of the

ancient Greek mathematicians used sequences to measure areas and
volumes of shapes and regions. By using his reasoning technique called the ‘method’, Archimedes (287-212
B.C.} constructed several examples and tried to explain how infinite sums could have finite resulis, Among
his many resilts was that the area under a parabolic arc is abways two-thinds the base times the height.




:'.1
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The next major contributor to this area of mathematics was Fibonacci (1170-1240). He discovered a
sequence of integers in which each number is equal to the sum of the preceding twoe numbers (1, 1,2, 3, 3,
B, ..., and introduced It #s a mode of the breeding population of rabbiis, This sequence has many remarkable
properties and continues to find applications in many areas of modern mathematics and science. During this
same peried, Chinese astronomers developed numerical techniques to analvze their observation data and

used the idea of fnite differences w help analvee trends in their data.

Crresne (1325-1382) studied rates of changee, such as velocity and acceleration. using sequences. Two hundred
vears later, Stevin (1548-1620) understood the physical and mathematical conceptions of acceleration due

to gravity using series and sequences. During that time Galileo (1564-1642) applied mathematics to the

sclences, especlally astronomy. Based on his study of Archimedes, Gallleo improved our understanding of

hydrostatics. He developed equations for free-fall motion under gravity and the motion of the planets, Up

until the middle of the 17th century, mathematicians developed and analyzed series of numbers,

Newton (1642-1727) and Leibnitz {1646-1716) developed several series representations for functions,
Maclaurin (1698-1746), Euler (1707-1783), and Fourier (1768-1830) often used infinite series to develop
new methods in mathematics. Sequences and series have become standand 1ools for approximating functions
and calculating resulis in numerical computing.

The self-educated Indian mathematician Srinivasa Ramanujan (1887-1920) used sequences and power

series to develop results in number theory. Ramanujan's work was theoretical and produced many important

results used by mathematicians in the 20th century

'-g-f'—"'_L
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Real number sequences are strings of numbers, They play an important role in our E\’Eﬂﬂ.&]

lives. For example, the following sequence:
20, 20.5, 21, 32, 234, 1.6, ...

gives the temperature measured in & city at midday for five consecutive days. It looks like the
lemperature i rising, but it is not possible 1o exactly predict the future temperature,

The sequence:

B4, 32, 16, 8, ...
is the number of teams which play in each round of 2 tournament so that at the end of each
game one team is eliminated and the other qualifies for the next round. Now we can easily
predict the next numbers: 4, 2, and 1. Since there will be one champion, the sequence will
end at |, that is, the sequence has a finite number of terms. Sequences may be finite in
number ¢r infinite.

Look at the following sequence:
10040, 1100, 1210, ...

This is the total money owned by an investor at the end of each successive year. The capital
Increases by 109 every vear. You can predict the next number in the sequence to be 1331
Each successive term here Is 1106 of, or 1.1 times, the previous term

Real number sequences may follow an
easily recognizable pattern or they may
not- Hecently a great deal of mathematical
work has concentrated on deciding
whether certain number sequences follow
i pattern (that &, we can predict consecutive
terms) or whether they are random (that
is, we cannot predict consecutive terms),
This work forms the basis of chaos theory,
speech recognition, weather prediction
and finaneial management, which are
just afew examples of an almost endless
list. In this book we will consider real
number sequences which follow a

Cart yjon recoguite the pattern? patterm.

21



SEQUENCES

I AR R

B the set of natord
mumbers we mean all
positive  integers  and
denode: this set by N,

That s, N=11,2.3, ..}

A [uncian s a relabon
between two scts 4 and
B that assigrs w each
element of set A exacihy
e ederrent of sel B,

Definition
[f someone asked vou to list the squares of all the natural numbers, you might begin by writing

1, 4,9, 16, 25, 36, ...

Bust you would soon realize that it is actually impossible to list all these numbers since there
are an infinite number of them. However, we can represent this collection of numbers in
several different ways.

For example, we can also express the above list of numbers by writing

0, Ji2y, fid, fid), f5), fl6), ..., fln), ...
where fin) = #*, Here f{1) is the first term, fi2) is the second term, and so on. fin) = n'is a
function of n, defined in the set of natural numbers.

SEOUENCE
A function which s defined in the set of natural numbers is called a sequence,

However, we do not usually use functional notation to describe sequences. Instead, we
denote the first term by a,, the second term by a., and so on. So for the above list

a=la=4a=9a=16a =25a =36 .a-="n,.
Here, @, is the first term,
it, 15 the second term,
it is the third term,

i, is the nth term, or the general term

Since this is just a matter of notation, we can use another ketter instead of the letter . For example,
we can also use b, ¢, d,, ete. a5 the name for the general term of a sequence.

We denote a sequence by (a,), where a_ is written inside brackets. We write the general term
of 4 sequence as a_, where ¢_ is written without brackets. For the above example, if we write
the general erm, we write a, = o',

If we want to list the terms, we write (a) = (1,4, 89, 16, ..., n", ..
Sometimes we can also use a shorthand way 1o wrile a sequence:
(@) = (n’ + 4n + |} means the sequence {a_) with peneral term a, =o' + 4n + 1,

22



Solution

Solution

Solution

Note

An expression like @, is nonsense since we cannot talk about the 2.6th term of a sequence.
Remember that a sequence is a function which is defined in the set of natural numbers, and
2.6 1s not a natural number. Clearly, expressions like a,, a_ are also meaningless, We say that
such terms are undefined.

Note
In a sequence, ® should always be a natral number, but the value of @, may be any real
number depending on the formula for the general term of the sequence.

Write the first five terms of the sequence with general erm o, =~
i

Since we are looking for the first five terms, we just recalculate the general term for

a=1,2 3,4 35 which gives 1,

L-L. 4
2345

Given the sequence with general term a, = ﬂ%ﬂ. find a,, 4., &,
n

We just have to recaleulate the formula for a, choosing instead of # the numbers 3, -2, and

100. S0 a, = i.a nd gy = zﬁg :9 Clearly, a., i undefined, since =2 is not a natural

mmber,

1 T L]

Find a suitable general term b, for the sequence whose first four terms are

Sa | b
= e
=g =9

1
2
We need to find a pattern. Notice that the numerator of each fraction is equal to the term

position and the denominator is one maore than the term position, so we can write b = 1
n+

Check Yourself

1. Write the first five terms of the sequence whose general term is ¢, = (-1)°

2. Find a suitable general term a, for the sequence whose first four terms ae 2, 4, 6, &
3. Given the sequence with general term b, = 2n + 3, find b., b, and b,

Answers

L-1L1,-1,1,-1 2&2n 3 13, undefined, B9
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_Example I

Solution

“came LR

Solution

_Example I

Solution

_Exampic |

Solution

Criteria for the Existence of a Sequence

If there is at least one natural number which makes the general term of a sequence
undefined, then there is no such sequence.

In+l

Is a =
o n-2

a general term of & sequence? Why!

No, because we cannot find a proper value for s = 2,

a, = 1IH a general term of a sequence? Why?
i

Mote that the expression +x is only meaningful when x 2 0. So we need H =0) to be true
()}

for amy natueal number . If we solve this equation for n, the selution set is {—%. ], ienis

hetween - % and 4, inclusive. When we take the natural numbers in this solution set, we get

(1,2 3, 4}, which means that only a, @, a,. &, are defined. So a_ is not the general term of
A SeqUence.

B n+l
n-

a general term of a sequence? [fyes finda, + a, + a,.

——51'::+ ]1 ts not meaningful only when = %E M. Since a, is defined for any natural number,

it is the general term of a sequence, Choosingn = 1, 2, 3wegeta, =2 a, =1, a, = 0.8
0@, +a, +u, =38

Given b, = 2n + 5, find the term of the sequence (b, ) which is equal w

8. 25 b 17 e, 96
i b =25 b b, =17 [ b, =106
m+5=25 2n+5=17 M+5=06
n=]0 n=G n=455e N
10¢h term fith term not a [erm
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" HE IBONACCI EQUENCE  ND HE OLOEN

The sequence in the previous example 5 called the |
Fibonaced sequence, named after the 13th century Italian
mathematician Fibonacei, who used it to solve a problem J

about the breeding of rabbits. Fibonacei considered the i . )
following problem: * S hE
Suppose that rabbits live forever and that every month . L ‘ iR
each pair produces a new palr that becomes productive at i ke s R LR G
age two months, If we start with one newborn pair, how ‘ Al . / ’.'. "
miany pairs of rabbits will we have in the rth month? s / - \
As a solutlon, Fibonacel found the following sequence: > .I.-" I&‘ ol
1,1,2,3,5 8 13,21, 34, 55, 89, 144, 233, ... U G B o < o, R T ol

2l ll-l- T = . \
This sequence alse oceurs in numersus other aspects of X %Y LY B WN MY
the natural world, " A N

We can make a picture showing the Fibonacel numbers if we start with two small squares whose sides are each one
unit long nest to each other, Then we draw a square with side length two units (1 + 1 units) next to both of these,
We can now draw a new square which touches the square with side one unit and the square with side two units,
and therefore has side three units. Then we draw anoether square touching the two previous squares (side five
units), and so on. We can continue adding squares around the picture, each new square having a side which is as
long as the sum of the sides of the two previous squares. Now we can draw a spital by connecting the quarter
circles in each square, as shown on the next page. This is a spiral (the Fibonaccl Spiral). A similar curve to this
oecurs in nature as the shape of 2 nautilus.




A nantitus has the same shape ay the Fibonacot spiral

1+ 45

The ritio of two suiccessive Miboriaces numbers 15 gets closer to the number

bigger. This number is a special number in mathematics and is known as the golden ratio.

The ancient Greeks also considered a line segment divided into two parts such that the ratio of the shorter part of
length one unit to the longer part & the same as the ratio of the longer part to the whele segment.

= 1.618 as the value of n gets

1 T
: N G i o A E B
This leads to the equation — = e whose positive solution is x = = Thus, the segment shown is divided into
X X ¥

the golden ratio!

A rectangle in which the ratio of one side to the other gives the golden ratio is called a golden rectangle. The Golden
Rectangle is & unique and a very important shape in mathematics. It appears in nature and music, and is also often
used in ant and architecture. The Golden Hectangle is believed o be one of the most pleasing and beaatiful shapes
for the human eve.

The palden ratto s frequently vsed in architeetin . ; :
s g e S AT {he ratio of fig wngtt of your arm to the length

from the ethow down to the end of your hand s
approtimately equal to the golden rutio,




Sequences

1. State whether each term is a general term of a
sequence or not.

o dn-7 b - g
n+2 on-1

4 13 1

d. e — =
n:-4 D n®

4
g Yn-5 h. Vn’+2n i /n2—n—2
n-2

2. Find a suitable formula for the general terms of
the sequences whose first few terms are given.

a 1,35 b. -1,3, 5

c. 0,3,8,15 P
5 7 9

e. 2,6,12,20,30

3. Find the stated terms for the sequence with the
given general term.

a. a, = 2n + 3, find the first three terms and a,,

_3n+l
B+7

b. a

n

, find the first three terms and a,,

c. a,=n’+6n, find the first three terms and a,

4. How many terms of the sequence with general

“ term a, =n’ - 6n - 16 are negative?

5. How many terms of the sequence with general
(X

n
term a, =
n+5

are less than %?
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CAAAAAAAAAA

- —

At the beginning of this book we looked at the sequence 1, 4, 9, 16, 25, 36, ... . We
call the numbers in this sequence square numbers, We can generate the square
numbers by creating a sequence of nested squares like the one on the rght, b
Starting from a common vertex, each square has sides one unit lenger than the 16
previous square, When we count the number of points in each successive
square, we get the sequence of square numbers
(first square = 1 point, second sguare = 4 points, third sguare = 9 poinis, eic.), ¢
i

Polygonal numbers are numbers which form sequences like the one above for different polygons. The Pythagoreans
named these numbers after the polygons that defined them. ' |

— mh&&&
e, 11 H

wﬂ_@@@@

1

36

f

Polygonal numbers have many teresting relationships between them. For example, the sum of any two consecutive
wm: arpmmﬂmani ugﬁlﬁnm mpwum plus one is always 4 square number.

_#,‘LA‘.‘A‘.*“.

L,
A e el -
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ARITHMETIC SEQUENCES

1. Definition

Let’s look at the sequence 6, 10, 14, 18, ...

Obwiously the difference between each term is equal to
4 and the sequence can be written as a,,, = &, + 4
where o, = 6.

For the sequence 23, 21, 14, ... the formula will be
a,,, =a,-2 where a, =23

In these examples, the difference between consecutive
terms in each sequence is the same, We call sequences
with this special property arithmetic sequences.
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Solution

EX 9

arithmetlc sequence

If a sequence (a,) has the same difference d between its consecutive terms, then it is called
an arithmetic sequence.

In other words, {a,) is arthmetic if a,,, = a,+ d such that n e N, d € R. We call d the
common difference of the arithmetic sequence. In this book, from now on we will use
i, to denote general term of an arithmetic sequence and d (the first letter of the Latin word
differentia, meaning difference) for the common difference.

If d Is positive, we say the arithretic sequence Is increasing. Il d Is negative, we say the
arithmetic sequence s decreasing. What can vou say when d is zero?

State whether the following sequences are arithmetic or not. [f a sequence is arithmetic, find
the commen difference.

a 7,10,13 16, ... b 3,-2-7,-12 .. e 1,48 16, .. d. 68,6 8.

a. arithmete, d =3 b. adthmetic,d = -5 ¢ not arithmetic 4. arithmetic, d = 0

State whether the sequences with the following general terms are arthmetic or not, If a
sequence is arithmetic, find the common difference.
_w +on+d

A a =4u-3 bog =2 Ca=n-n d g
n+d

Solution 2 a,., =4(n+ 1)-3 = 4n + 1, so the difference between each consecutive term is

2, =, = (4n + 1) = (dn - 3) = 4, which is constant. Therefore, (a ) is an arithmetic
sequence and d = 4.

. @, =2, 5o the difference between each consecutive termis a,,, -, = 2"' - 2' = 2",

which is not constant. Therefore, (2 ) is not an arithmetic sequence,

ca,, = {m 4 1Y = (n + 1), so the difference between two consecutive terms is

@, —a,=in+ 10 ={n+ 1} - (v -n) = In, which Is not constant.

Therefore, (g,) is not an arithmetic sequence,
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d. By rewriting the general term we have o, = w. Since n # -4 (since we are
e+

talking aboui a sequence), we have a, = n + 1. Therefore, a,,, = (r + 1) + 1, and the

difference between the consecutive terms is &, — a, = 1, which is constant. Therefore,
(m_) is an arithmetic sequence and d = 1.

With the help of the above example we can notice that if the fermula for general term of a
sequence gives us a inear function, then it is arithmetic,

Note
The general term of an arithmetic sequence is linear.

2. General Term

Since arithmetic sequences have many applications, it is
much better to express the general term directly, insiead of
recursively, The formula is derived as follows:

If {a) is arithmetic, then we only know that o = o+ d. Let us write a few terms.
i, =&,

g, =a +d

g, =a,+d={g,+d)+d=n+2d

g, =a,+d={a,+2d)+d=a,+3d

@, =a +dd

g =a +(n-1Md

This is the general term of an arithmetic sequence,




GENERAL TERM FORMULA

m I u -3, 2, T are the first three terms of an arithmetic sequence (a,). Find the twentieth verm,

Solution

Solution

T 12

Solution

EX 13

Solution

We know that a, = -3 and d = a, - 8, = g, - a, = & Using the general term formula,
a,=a,+(n-1)d
f,=-3+(20-1)-5=02

(a,) is an arithmetic sequence with a, = 4, g, = 23. Find the common difference and a,,.

Using the general term formula,
a, =da, +{n-1d
@, =, + Td
25 = 4 + 7d. Sowe have d = 3.
fy =a,+(101=-1)d =4+ 1003 =304

(m,) is an arithmetic sequence with a, = 3 and common difference 4. Is 39 a term of this
sequence’
For 58 to be a term of the arithmetic sequence, it must satisfy the general term formula such
that o s a natural number.

@, =da, +(n-1d

=3+(n-1).4

M =4n-1

n= 15
Singe 15 is & natural number, 58 is the 15th term of this sequence.

Find the number of terms in the arithmetic sequence 1, 4, 7, ..., 5L

Here we have a finite sequence. Using the general term formula,
a, =a +n-1u
fl=1+-1) 3
n=231

Therefore, this sequence has 31 terms.
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B. SUM OF THE TERMS OF AN ARITHMETIC SEQUENCE

1. Sum of the First n Terms

Let us consider an arithmetic sequence whose first few terms are 3, 7, 11, 15, 19,
The sum of the first term of this sequence is obviously 3. The sum of the first two terms is

10, the sum of the first three terms is 21, and so on. To write this in a more formal way, let
us use §, to denote the sum of the first n teems, ie, 5 =a +a, 4+ .. + o, Now we can
write:

§,=3
§,=3+T=10
§=3+T7+11=1
§,=3+T+11+15=35

§. =3+7+11+15+19=55

IETTET 14 Gisen the arithmetic sequence with general term g, = 34 + 1, find the sum of irst three terms.

Solution §,=a +a +a,=4+7+10=12L

How could we find §,, in the above example? Calculating terms and finding their sums takes
time and effort for large sums. Since arithmetic sequences are of special interest and
importance, we need a more efficient way of calculating the sums of arithmetic sequences.
The following theorem meets our needs:
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The sum of the first » terms of an arithmetic sequence (a,) is §, =% n.

Proof 5§ =a te,+..+a_ t+a o
S.=¢,+a, ,+..+a+a,.
Adding these equations side by side,
28, =la,ta) g +a, )+ +a,  +a)+(g,+a)
25 =(a,+a)+{a+d+a -d)+. +{a -dea+d+ia+e)

2, =(m+a)Ha )+ Ha+a) e+ a)
7 7=

25, =la,+a)-n

+
=ttty

15 Given an arithmetic sequence witha, =2 and g = 17, find §,

Solution Using the sum formula,

S, =% 6=(2+17) 3=57.

16 Given an arithmetic sequence with a, = -14 and d = 5, find §_..

Solution Using the sum formula,

sr=“'z;‘ﬁ-2? requires o, = @, + 26d = -14 + 265 = 116,

-14+116

Therefore, §,, = 27=13T7.
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B 17

Solution

L ExampLe P

Solution

Given an arithmetic sequence with @, = 56 and a,, = -14, find §,,

Using the sum formula,

= al +d|.‘l
EE.I A

<15 =0 we need to find a, Let us calculate using a, :

a, =a,+ 10d
-14 =56 + 10d, s0'd = -T and
o, =a,+ 14d =56 + 14- (-T) = 42,

Therefore, S, =¥-15=1ﬂ5.

If -5 4 ... 4+ 49 = 616 is the sum of the terms of a finite arithmetic sequence, how many
terms are there in the sequence?

Let us convert the problem into alpebraic language:
4, =-3, a,= 449, and §, = 616, and we need 1o find p.
Using the sum formula,

.\ _
g -p.::hﬂjﬁlﬁ:fféf‘;-gm p = 28. S0 28 numbers were added,

P

Since a, = a, + (n - 1)d, we can also rewrite the sum tormula as follows;

Check Yourself

1. Given an arithmetic sequence witha, =4 and a = 15 find§ |
2. Given an arithmetic sequence withg,. = 26 and d = -2, find §
3. Given an arithmetic sequence witha, = 9 and S, = 121, find d,
4. Find the sum of all the multiples of 3 between 20 and 50.
Answers

1.95 2454 3175 4345
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A. Arithmetic Sequences

1. State whether the following sequences are
arithmetic or not.

a(a) =) b (243 ) (@) = (dn+T)

2. Find the formula for the general term a_ of the
arithmetic sequence with the given common
difference and first term.

nd=2a =3 b, d=+3a =1

¢ d=0a=0 d. d=—g.ﬂ|=—3
gd=-la=0 fd=070+=48
g d=b+3a=2%64+7

3. Find the common difference and the peneral
term a, of the arithmetic sequence with the given
[ETTINS.

a @ =3a=>5 boa=4da=10

¢ oy =v2a=6"2 da,=120,=-2
e. a,=8a.=8 f a,=6a0,=-3
Ea=1a-=1

ha=22-pa=x+2

4. Find the general term of the arithmetic sequence

using the given data.
ada, =e+ia4 =2
b a.=41,d=4

5. Fill In the blanks to form an arithmetic sequence,

By B A
R ey
|-|_|._,_.-"
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6. Inan artthmetic sequence the first term 5-1 and
the common difference 15 3. Is 27 a term of this

sequence”

7. Given that the following sequences are arithmetic,
find the missing value.

i "11:"'“::!:? at+?

h. =
2 !IE

B.Sum of the Terms of an Arithmetic
Sequence

B. For each anthmetic sequence {2,) find the
missing value.

La=-3 =18 §,=7
b.a,=-3, a,=27, §,=1
¢ a=T 5,=332, d=7

d d=:. 5, =1173, @ =!

B 8,y = 10000, a, =199, a,6="?
h. a, =-51-10, §, =?

L a,=5 a=20 5=20 p=?
J 8,=3840, @, =5, 0, =7

ko a,=3, a,-a,=-4, §, =7
loa=1 854-5,=238 4, =?
md=5 §,-5,=308 q =7
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A magle square is an armangement of natural numbers in 4 square matrix so that the sum of the
numbers in each column. row, and diagonal is the same number (the magic number). The
number of cells on one side of the squan: is called the order of the magic square.

Here is ane of the earliest known magic squares:

ve. This magle

The famous Lo-Shu {x the oldest known magic square in the
world According to the legend, the fiyure above was found on
the back of o turtle which came from the river Lo, The word
Shu' means “book’, so "Lo-Shy' meane "The book of the rtver Lo’

- mmu B i o B Iﬁt.ﬂlﬂlﬂ e hmetic




What kind of relation exists between the sequence and the magic number? Given any finite arithmetic sequence
of n” terms is it always possible to construct a magic square? If the numbers do not form an arithmetic sequence,

is it possible to construct a magic square?
Try constructing your ewn magic square of order three using the numbers 4.8,12, ... 36,

ui, which was slved in the
ematician Yang-Hui gave

s 4 10

1881 161500 254 101010 399085600
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A. GEOMETRIC SEQUENCES

1. Definition

In the previows section, we learned about
arithmetic sequences, Le. sequences whose
consecutive terms have o common difference.
In this chapter we will look at another type of
sefquence, called a geometric sequence.
Geomedric sequences play an important mole in
mathematics,

A sequence is called geemetrie if the ratio besween cach consecutive term is common. For
example, ook at the sequence 3, 6, 12, 24, 48, ...

Obwiously the ratio of each term to the previous term is equal to 2, s0 we can fermulize the
sequence as b, = b, - 2. The consecutlve terms of the sequence have a common ratio (2},
s Lhils sequence is geometric.

For the sequence 625, 135, 35, 5, 1, ... the formula will be b =
1

in this sequence is =

=h - ; The common ratic

Definition gEdTETic sequence
If a sequence (b)) has the same ratio g between its consecutive terms, then it s called a
genmetric sequence.

In other words, (b,) is geometric if b,,, = b, - g such that n & N, g € R. g is called the
common ratio of the sequence. Tn this book, from now on we will use b, 1o denote the
general term of a geometric sequence, and g to denote the comman ratio,

If g = 1, the geometric sequence is increasing when b, > 0 and decreasing when & < [

If0 < g < 1, geometric segquence is increasing when b, < 0 and decreasing when b, = 0.
If g = 0, then the sequence is not monotone.
What can vou say if g = 1? What about g = 0F

1 9 State whether the following sequences are geometric or not. [f a sequence is geometric, frd
the common ratio.

D P B U1 S b. 3,3,33,.. ¢. 1,4,9,16... d 5- J,E-E

Solution a geometric, g =2 b geometric, g = 1 ¢ not geometric d. geometric, q-—%
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20 State whether the sequences with the given general terms are geometric or not. If a sequence

Solution

is geometric, find the common ratio.

ah=13 b. b =n"+3 ch=3.27% d b,=3n+5
h 3'2-”
a b, = 3" sothe ratio between each consecutive term s E.-_.I=3_'=3‘ which is
constant, 5o (b)) is a geometric sequence and g = 3, -

bo b, = (1 + 1) + 3, so the ratio between each consecutive term s

b,., & 41y +3 : nt+2n+4
b w43 n' +3

» which ks not constant. So (b} s not & peometre sequence,

3_ Ell--l

55 =2, which is

e b, =32 sothe ratio between each consecutive term is % =

constant. 5o (b)) Is a geometric sequence and g = 2.
. Since the general term has a linear form, this 18 an arithmetic sequence. It is not prometric.

With the help of the above example we can see that IF the formula for the general term ol a

sequence gives us an exponential function with a linear exponent {a function with enly one
exponent variable), then it is geometric.

Note
The general term of & geometric sequence is exponential.

1 3 4 & W

LAy e roeeth 1 erpesrning

2. General Term

We have seen that for a geometric sequence, b, = b+ q. This formula 1s defined recursively.
[f we want to make Faster caleulations, we need o express the general term of a geometric

sequence more directly The formula is derived as follows:

[f (k) is geometric, then we only know that b, = &, - g. Let us write a few terms.
by=b,

b =by-q

by =by g =(b q) g =1l g’

bo=bog=(h ¢V -g=b 4

b =b; g

b=k -g*
This is the general term of a geometric sequence.
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IEX 21

Solution

B 22

Salution

T 23

Salution

| EXAMPLE |

Solution

GENERAL TERM FORMULA

The general term of a geometric sequence (h,) with commen Tatio g is
b,=b,-q"

If 106, 50, 25 are the first three terms of & geometric sequence (b, ), find the sixth term.

We can caleulate the common ratio as q=h=%=%, so b, =100, g= %

(b} s a geometric sequence with b, = % g=3. Find b,

Using the general term formula,

b, =b, 4" Therefore, b, = %-3“=EII.

L*

ik} is a geometric sequence with b =-15, 4= év Find the

general term.

Using the general term formula, b, = b, -g" ",

e - {3 - 3 ] -

Consider the geometric sequence (b)) with I:a‘.=% and g=3. Is 243 a term of this

) Hime con gy tetede tis hind(idiveg
. ta & genmiekrc wegdened?

LA |

sequence’?
Using the general term formula,
hr -b:'qﬂ-l -Tl'ldiﬂbﬂ o %-H'-I.

(4

Now 243 = El! Eq. andso 3"=3% Therefore, #=8.

Since 8 is a natural number, 243 is the eighth term of this sequence.
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Solution

b,

AMPLE 25 In a monotone geometric sequence b, -b, =12, = =3. Find b,
4
b—9=3, that is b -q1 =3. Sogq =il.
b, b -q V3
Since the sequence is monotone, we take g = i
J3
b, -b, =12, thatis b, - b, - q* = 12.
g 1 s 1
b?.==12, thatisb, = 6+3.Sob, = b,-q = 63 - — = 6.
1 1 2 174 Ne

Why? Would the answer change if the sequence was not monotone? Why?

Check Yourself

. | ;
1. Is the sequence with general term b, = 3 4" a geometric sequence? Why?

3

2. T are the first three terms of a geometric sequence (b,). Find the eighth term.

*

o w

s
8

3. (b,) is a non-monotone geometric sequence with b =—, b, =16. Find the common ratio

1

-t
of the sequence and b,.

4. (b,) with is a geometric sequence with b, = -3, ¢ = -2. Is -96 a term of this sequence?

Answers

1. yes, because the general term formula is exponential 2.24 3.¢q=-2;b,=-2 4.no
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B. SUM OF THE TERMS OF A GEOMETRIC SEQUENCE

EXRO 26

Solution

1. Sum of the First 7" Terms
Let us consider the geametric sequence with first few terms 1, 2, 4, 8, 16,

The sum of the first term of this sequence is obviously 1. The sum of the first two terms is
4, the sum of the first three terms is 7, and so on. To write this in a more formal way, let us
use 5, to denote the sum of he fimtn teems ie. 5, =0, + b+ .. + b, Now,

§;=1

S=1+2=3

S, =1 +2+4m=7
S;,=1+2+4+B=15
S;=1+2+4+8+16=3L

Given the geometric sequence with general termb =3 (-2), find the sum of first three
[erms.

S =b +bh +h=-6+12-24=-18

How could we find 5, in the previous example? Caleulating térms and finding their sums
takes time and effort for large sums. As geometric sequences grow very fast, we need a more
efficient way of calculating these sums. The following theorem meets our needs:
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The sum of the first » terms of a geometric sequence (b} is § =, .11_"'. g#1,
=g

Proof 8§ =b+b +b+..#b ,+b,
S, mb+h gvb g+ . .+b-q"" b -q" (1
g5, =hog+b ¢ +b g+ +b g +bgt (@)
Subtracting {2) from {1}, we get
598, =b-b-q
"

1-4
AT e,
= o

27 Given a geometric sequence with b, =_E-§!i and ¢=3, find 5.

Solution Using the sum formula,

I-q" 1 1-3" 354
=b |_. =_|_=__
% =4 1-g 0% 81 1-3 8l

28 Given a geometric sequence with 5, = 3640 and q = 3, find b,

Solution Using the sum formula,

] 1]
10" o 3800=5 172

P
S l-g 1-3

candsa b =10,

m 29 Given a geometric sequence with q=%, b, =5 and 8 =1820, find &

Solution Using the sum formula,

1
i b - - = b -5.—

R o . ¢ b Bb 4 iee0=" 3 Therefore, b=1215
=g 1-q 1-q 1-g 1!

45



A. Geometric Sequences

1. State whether the following sequences are B.Sum of the Terms of a Geometric

BEOMmeric or not, Sequence
a5 7. For each geometric sequence (b ) find the missing
. @-R— ) b )= value,
;= 3
G ()= @) 3 hym-sig=2.8 =t

b. b,=6,b.=192 5, =7
2. Find the general term of the geometric sequence

with the given qualities. e b=1b-b=64-b b 8§ =1
i d" S.I-I]]!qac'q'l S|=?
d. b|=5.q=2 b _b|=_3' u-=‘_

< 8. The general term of a geometric sequence is
" :=,=1mu.q=% d b= +5,9=15 b,=3-2 Find$,
, I
i, b1=4bb|=39 £ b|=ib-]=§_?-

;. b:,:ﬂ.bn:% hob=5b,=5

i b =25 =82

3. Fill in the blanks w form a geometric sequence.
g 3-2v2, .3+

4, Find the general term of the geometric sequence
with b, = b, + 24 and b, + b, = 6.

5. Write the Brest four terms of the non-monotons

peometric sequence that is formed by inserting
ning terms between -3 amnd =729,

B. Given a geometric sequence with
by=4b, and &, - b, = 1152, find b,
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1. Which terms can be the general term of a

sequence’
| R IL 3 L%+ 2n + 3
n=2
v AT-n w3 YL n"
Al LIL I, IV B0 L I VI
Oy 1L 10, 10, VI 13 1L, 1L, ¥, VI
LNV

2. Which of the following can be the general term of
the sequence with the first four termes 3, 5, 7, 897

Aram =1 H) 2n (Zn+1
Diw+1 Elw+2
3. Given a, = 2, and ﬂH1=-'2 form z 1,
fnd .
A) 27 B 25 )22
oy & 5=
2 2

4. How many terms of the sequence with general

MTHHEmmMﬂnmnhem?

Bi 6

berm

Al D Oy 7 [y 8 Erg

47

5. How many terms of the sequence with general

" 1
term @, =(?:T;} are less than E?
AE B 2 mE B4
6. Given g, :{iif:;_ﬁ':j anda, =3, fnd k.
)3 B) 5 €) %
Dy 22 n |
3 3

7. How many of the following sequences are
decreasing?

_3m-5 ol

L {ﬂ'}_{n+2j IL (b)) = (m -3’
1

ML ey = (- 1% IV {rf,.]={ﬂ—ﬁ:|

_ Gy
V=5
Al EY5

B2 )4

B, What is the minimum value in the sequence

2 +3

formed by a_= ?

¥, {3“_?1
Al-1 B3 G2 -7 E -8



9. Which one of the following is the general term of 13, {a,) is an arithmetic sequence such that

an arithmetic sequence? a,+a, =23 and a, + a, = 37. Find a,.
i T i i 1
Lin® + 8 i) d4n + 5 Y A) 40 iy 47 ¢ 46 ) 44 ¥l 43
Do+ 3 E) 5"
14. {a )iz a Anite arithmetic sequence with first term
1 o
10. If it a, b, o a are comgecutive terms of an i.l"' last term iﬁ, and sum 9. How many terms
. | !
arithmetic sequence, find a + b + o are there in this sequence?
bl mE gl B g2 NB B)I6 ()32 D)48  E)6d
24 24 16 16 44

13 x -2, x + 8, 3x + 2 form an arithmetic sequéence.

11, {a,) is an arithmetic sequence with a,, = 4 and Firid

a,, = 35. Find a,.

Al 12 B} 11 C110 B3R! L) 8
a3 Bi-6 O)-160 D22 E)-28

16, {a) is an arithmetie sequence with
5 =35 - %) and 2, = 1, Find the commwon

12. () is arithmetic sequence with @, = 7 and
commen difference 13 Find the general term.

dlifference.
n+7 - w4 I'II _E [-_;| _E | gy AP
A3+ 4 EIT r-'? T 51 al
1 3 al al
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A-Circles in the Coordinate Plane

Recall that a circle is the set of all points in a plane that are the same
distance from afixed point called its center, This definition can be used to

find an equation of a circle in the coordinate plane.

(X, y)

Let's start with the circle centered at (0, 0). If (x,y) is a point on the circle,
then the distance from the center to this point would be the radius, r. x is
the horizontal distance and vy is the vertical distance. This forms a right
triangle. From the Pythagorean Theorem, the equation of a

circle centered at the originis x +y =1,

The center does not always have to be on (0, 0). If it is not, then we label
the center (hk). We would then use the Distance Formula to find the
length of the radius.
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(X, ¥)

r=,/(x—h)?+ (y — k)?
If you square both sides of this equation, then you would have the
standard equation of a circle. The standard equation of a circle with
center (h,k) and radius r is r’=(x—h)*+(y—k)".

B-Finding the Equation of a Circle

Find the equation of the circle below




First locate the center. Draw in the horizontal and vertical diameters to
see where they intersect.

From this, we see that the center is (-3, 3). If we count the units from the
center to the circle on either of these diameters, we find r=6. Plugging
this into the equation of a circle, we get:

(x=(=3))"+(y-3)" =67 or (x+3)" +(y-3)" =36.

C- Determining if Points are on a Circle

Determine if the following points are on (x+1)?+ (y-5)?=50.
Plug in the points for x and y in (x+1)%+ (y-5)2=50

a) (8, -3)

(8+1)2+(-3-5)% = 9°+(-8)% = 81+145 #50

(8,-3) is not on the circle.

b) (-2, -2)

(—2+1)2+(=2-5)*= (-1)*+(-7)*=1+49 = 50

(-2, -2) is on the circle
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Examples
Find the center and radius of the following circles,

Example 1

(x=3) * +(y=1)* =25
Rewrite the equation as (x=3) * +(y=1)? =5° ,
The cenleris (3, 1)andr= 0.

Example 2

(x+2) 2 +(y-5)*= 49

Rewrite the equation as (x—(-2))? +(y-5)?=7% .
The center is (-2, 5)andr=7,

Keep in mind that, due to the minus signs in the formula, the coordinates

of the center have the opposite signs of what they may initially appear
to be.

Example 3

Find the equation of the circle with center (4, -1) and which passes
through (-1, 2).

First plug in the center to the standard equation.

(x=4)* Hy=(=1))2¢" = (x=4)* +(y+1)*=r

Now, plug in (-1, 2) for x and y and solve forr,

(=1-4)2 +(241)2* = (-5)?+(3)? = 25+9=r" = 34
Substituting in 34 for r*, the equation is (x=4)* +(y+1)‘= 34
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D- Convert a Circle Equation to the Standard

Form

When the equation of a circle appears in the standard form, it provides
you with all you need to know about the circle: its center and radius. With
these two bits of information, you can sketch the graph of the circle.

The equation x* + v* + 6x — 4y — 3 = 0, for example, is the equation of a
circle. You can change this equation to the standard form by completing
the square for each of the variables. Just follow these steps:

1. Change the order of the terms so that the x 's and y's are grouped
together and the constant appears on the other side of the equal sign.

2. Leave a space after the groupings for the numbers that you need to
add:
X+ Bx+y —4y=3

3. Complete the square for each variable, adding the number that creates
perfect square trinomials.

4. In the case of the x's, you add 9, and with the y's, you add 4. Don't
forget to also add 9 and 4 to the right:

W rBx+O9+y —dy+4=3+9+4
When it's simplified, you have x* + 6x + 9+ y* —dy + 4 = 16

5. Factor each perfect square trinomial. The standard form for the
equation of this circle is; (x + 3)% + (y — 2)* = 16.
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1-Find the equation of the circle.
All you need for the equation of a circle is its center (you know it) and its
radius, The radius of the circle is just the distance from its center to any
point on the circle. Since the point of tangency is given, that's the point

Distance,. . =J{4- 1}:-1- 16-2]:

- I||3:-_+ 4°

to use. =5

Now you finish by plugging the center coordinates and the radius into the
general circle equation:

{x—-hf +{,|.r-.it:|z =r’
(x-4) +(y-6) =5

2-Find the circle's x- and y-intercepts.
To find the x-intercepts for any equation, you just plug in 0 for y and
solve for x:

(x-4) +(y-6) =5

(x-4) +{0-8) =5°
(x-4) +36=25
(x-4)" =-11
You can’t square something and get a negative number, so this equation
has no solution; therefore, the circle has no x-intercepts. {Of course,
you can just look at the figure and see that the circle doesn't intersect

the x-axis, but it's good to know how the math confirms this.
To find the y-intercepts, plug in 0 for x and solve for y:

(0-4) +(y-6) =5
16+(y-6) =25
(v-6) =9

y~ﬁ=tJE
y=+3+6
y=3or9

Thus, the circle’s y-intercepts are (0, 3) and (0, 3).
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Find the center and radius of each circle. Then, graph each circle.

1. (x+5)* +(y-3)°= 16
2. x" +(y+8)*=4
3. (x=7)2 +{y-10)%= 20
4. (x+2)*+y*=8
Find the equation of the circles below.
5 H Eﬁ |
R
€y N
I
™
T ?"F 1
E' i |
uEnEn v
SEmmEE
-
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9. Determine if the following points are on (x+1) " +(y-6)" = 45,
a. (2, 0)
b. (-3, 4)
e. (-7, 3)
Find the equation of the circle with the given center and point on the
circle.

10.center: (2, 3), point: (-4, -1)
11.center: (10, 0), point: (5, 2)
12.center: (-3, 8), point: (7, -2)
13.center: (6, -6), point: (-9, 4)

Find the equations of the circles
14, A(-12,-21),B(2.27) and C(19,10)
15. A(~2,5),B(5,6) and C(6,~1)
16. A(-11,-14),B(5.16) and C(12,9)
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Chapter 4



ODUCTION TO TRIGON(

A. ANGLES AND THE UNIT CIRCLE

In your previous studies you have already learned the basic principles of trigonometry on the
unit circle and in right triangles. Before we begin our study of trigonometry, it will be helgpful
to review these basic concepts and definitions.

angle, directed angle
An angle is the union of two rays which have the same initial point.

If one of the rays of an angle is called the initial side of the angle and other ray is called the
terminal side, then the angle is called a directed angle.

negauve angle, positive angle

If a directed anghe is measured in a clockwise
direction from its initlal side then the angle ks
a negative angle. If the angle is measured in a
eounterclockwise direction then itisa  pos-
itive angle. In trigonometry we use hoth
positive and negative angles.

negative angle: ¢ = -60° positive angle; a = 6{F
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We can measure angles using different units of measurement. The most common units are
degrees and radians. We write * to show a degree measurement; one full circle measures 3607,
We write R to to show a radian measurement: one full circle measures 2=*, We can also omit
the radian notation if it is clear that an angle is in radians: @ =% means that the angle e

an
MEasures "5,!_ radians,

We can use a simple formula to convert between degree (1Y) and radian (R) measures:

DR
180" =8
Fﬂrexmnple.Eﬁﬂ‘“:Er:".QD"=%. 15 = %

In teigenometry we alten work with angles drawn in the coordinate plane.

An angle in the coordinate plane is in standard positon if its vertex is a1 the onigin of the plane
and its initial side lies along the positive x-axis.
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(LT corerminal angles
If two or more angles in standard position have coincident terminal sides then they are called
coterminal angles. For example, 9% and -27(° are coterminal angles. 1580° and - 180° are also
coterminal angles.

Definition primary directed angle
Let i be an angle which is greater than 360° or less than °. Then a is called the primary di-
rected angle of [if o is coterminal with B and @ e [0° 360°), In other words, o is the angle
between (F and 360° which is coterminal with .

We can write: ﬂt=#ti-3@'lﬁ ﬂ*’iiﬁh |,

oefiniion ECLEREE
The circle whese center lies at the origin of the coordinate plane and whose radius & 1 unit
15 called the unit circle.

The coordinate axes divide the unit circle into four pans, called quadrants. The quadrants
are numbered in a counterclockwise direction,

i degrees: * in radiamns: e

¥ 2

Znd st ind LE T
nuimirant | gusdleant fjunilrant | pedadram
| ¥ u
1 =
11 Al dth Rl T ! Al aih T
Q guzdrant W quasclrant

anr i
=
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quadrantal angles
The intersection points of the unit circle and the coordinate axes correspond o angles meas-

ured on the circle. These angles are called quadrantal angles. [n other words, 0F, 90°, 180F,

2707, 360F, ... and 0, % z, ? 2m, ... are quadrantal angles.

In the mﬂl::ircle.i[ue[ll, %] then o is in the first quadrant, if ne[g. n]thenitisin the

second quadrant, if @ € ['I'I. %‘] then it is in the third quadrant and if o« e [%I, E::] then it

is in the fourth quadrant. The same applies to the equivalent intervals in degrees,
If an angle is greater than 360° = 2n or less than (°, we can find its quadrant by first finding
its primary directed angle,

m I In which quadrant does each angle lie?
W, U

g 75" b 228° e 305 d. 7407 R A T

Solution & 75° < 90F, so it isin the first quadrant.
c c p e c 228" e (180°, 270°), so it is in the third quadrant.
We wrile & [0 show that
o anghes are coterminal; 305" € (2707, 3607), so it is in the fourth quadrant.
= P neeans that a and B
it cotermiial,
Becarchullo = fdos ool | o _449° = 278° - (2 - 360°) = 278" and 2787 (270°, 360°). S0 —442° is in the fourth

mean i = [l Far examgle,
=gy, | uadrant

o

2]

d, 7407 = 20° + (2. 360°) = 207 and 20° e (0F, 80F). So T40° is in the first quadrant.

™m = T n 1 i S
ff —=—4%=—and —|0, — |, 30— isin the first quadrant.
33 g .'JE[ 2]“’3 /
g —%=%—{‘I-‘Eﬁ}=%ﬁ and 3—’-5[% ;], 50 —WTH is in the second guadrant.
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Remember that there is a cormespondence be-
tween the poinis en the unit circle and the
real number line.

Imagine the real number line placed Ver-
tically next to the unit circle, so that O on the
real number line coincides with A(1, ) on the
umit circle. Then we can “wrap’ the real num-
ber line around the top and bottom halves of
the circle to see the comespondences: in the fig-
ure, helow we can see that point [ corre-

sponds to % = 1.571 on the number line, pein
F corresponds o —%. point  Bla, I
corresponds Lo E{ amid s0 on. The intercept
of one radian and the unit circle corresponds

e 1 on the real number line.

MI.E 2 Find the real number which corresponds to the central angle 607 on the unit circle, using

xz 314,
: 0o R HF R BP-x % .. ’
lut From the formula ——=— we have —=—, = = —. Using = = 3.14 gives us
Solution From the formu : we have T so R e’ sing gives us
R= 3—?{1 = 1.047, This is the required real number.
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AR

We snemetimes uss
Raisvar mproserals to
irderlily th quidrants:
spacdrant [ = first
dqustdrant
quedrant [T = second
quasdrant
aquadrant [ = third
quadrant
quadrant [V = fourth
quadrant.

Check Yourself
|. Determine the quadrant for each angle,
175 b2 c205 d-395° e-T40 r@;’f " -Eg"..

2. Find the real number which comresponds to each central angle on the unit circle, correct to
thres decimal places.

295 b 135 o -8 d.% o l0m

d
Answers

Lall bIV eIl dIV eIV £1 g IV

2. 0043 b 2356 c-139 41256 e 1675

B. BASIC TRIGONOMETRIC RATIOS

Look at the wiangle below By triangle
similarity we know that if § remains constant
then the ratios of the side lengths of the
iriangle remain constant, even if the triangle
gpts bigeer or smaller, These ratios are called
trigonometric ratdos, and each twgonometric
ratio has a special name.

[n a right triange:

ppposite
side

W]
A adjacent side B
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the sine of angle 8 =sin 8= —EFIH“E“&E= "l;l
kypotenuse b

the cosine of angle 6 = cos 6 = adjacent side _ ¢
hypoltenuse b

oppositeside o
the tangent of an E|=m|9=:—=__
g adjocent side ¢

CCCCC

S ke wile L8 Jor

adjacentside ¢
tan £, et @ foe cot @ and | the cotangent of angle 8= cot § = ——x=—,
vaser 0 for csg @ | ¢ oppositeside  a

the secant of angle 6= sec E=M=E_
adjacentside ¢

the cosecant of angle H=m¢E=M-E

oppositeside
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BETIETE 3 Inthe figure, A4BC s a right triangle. Given '

that AB = 3, AC = 4 and m{2ACB) = x, find
the six trigonemetrie ratios for 1,

Solution We can find BC by using the Pyvthagorean Theorem:
F 4B = andBC=16-9=7 0BC=T Nowa=3b=4,andc =T, 0

] 3 a7 {7 47 1

4 4
SiNY ==, COBX==—, [ANX = == ==, OOl ===, SECK = === — and cscx==
4 4’ i 3 g 7 3

BETIT 4 1navight triangle si.n_f=§. i 993+

cotx

Solution Let us draw the right Lri&ngle.
opposite side

sinxm——t———— -E.snwe can say that
the side opposite the angle has length 2 and

the hypotenuse is 3, We can find the adjacent

side by using the Pythagorean Theorem:
iy P =g =5,

5 g 5 5
Eucmr+? unx-ﬁn?ammx‘? . which gives us
N5, 5

cosxttanx 30 5 145 2 :

col x B - a5 b

9
Check Yourself
1. Ina fght triangle, tnx=, Find 225403
2 oolx

4. In the figure at the right, ABAC is a right triangle. Given that A

AC = 4, BC = 5 and m(ZACB) = ¥, fnd S0X 082 '
Enx+eoly |
Answers
y 1 g 14 ;
a 625
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C. TRIGONOMETRIC IDENTITIES

¢eeCe

Hemember!|

An identity is an equation
which iz true for all
prsible  values of s
variahle(s},

o o

Remeber|
SK IMEANS (e -isin v,

O TERSATTS (08T |- [60 ),
ElC,

"o I

Solution

The trigonometric ratios are related to each other by equations called trigonometric
identities. The properties of a right triangle give us the following identities:

. st =+ cosiy = |

From this identity we also get sin'y = 1 - cos’ and cos®t = 1 - sin'y,

Bo

tnx + 1 = secx

3 cot'x + 1 = cse’x

ginx
{ lanx=——
COSx
A CO8X
3 elreE—0
i

G tinx-cHx=l

’ l |
From this identity we also get tany = —— and eoty=——.

colx tanx
|
T. sECx=——00
CosX
1
B eox=—.
sinx

We can use these identities to simplify trigonometric expressions amd verify equations.

Note
Simplifying an expression generally means changing ratios in tan x, cot x, sec x and csc x o
ratios in sin x and cos x, We can also factorize an expression to write it more simply,

L .. BiNX-cOsX-tan
Simplify it it L
{501

. sin x 1
Let us use the identities tanxy = —— and escx = —.
COS X sinx
: sinx
BNy onEy. ——
Then the expression becomes I 0081 —dln’x.
sinx

So the simplified form is sin®x.
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Solution

EETIT 7

Solution

Simpliﬁ.' l:1l'|1+!‘.‘ﬂ'[1‘

SOC Y CSCT
Let us use the identities WII=E. r:»m.t=%, su‘.‘Jll:Jr=L amid EBEI=L-. Then
COSX Snx CO5X sinx
sy | cosx sin’ x +cos’ &
EI.“:I:"‘EH::“EI E‘[ﬂx e Sinx,[:mx - l Ein.l’-{mtn.l
seex-csex 1| 1 sing-cosx | :
COSX SN SiMX - COSX
50 the simplified form is 1.
Verify the identity tan®x - sin®y = tan®x - sin’x.
Let us work on the left-hand side of the equation.
]
tan® x - sin’ x = —= - sin" x
s X
: 1
=gin'z. | {take out sin®y)
{ms‘x )
=gin’ x. ]_ﬁflr} (equalize the denominators)
oo X
2 2
sin 't'fm 2 {use 1 - cos*x = sin®x)
COS T
.
B m:-ﬂni.r
COs™ X

= tan" x-sin” x. This is the required result.

Check Yourself
1. Simpify each trigonometric expression,

2 ginXx-coSX SiNX 1+ sinx
a sinx-colx-secx b. + G
tam x L X 1+ ecscx
g Itsinx  cosx > (sinx+cosxy -1
cosx  1-sinx (sinx—cosx)® -1
4. Verify the identities,
. 08X +I_an=23|3c: b sinx LN
l-sinx cosx I-cosx
Answers

L alblcsinyd0e-1 2 Hint: Work on the lefi-hand side of the equations.

68



D. TRIGONOMETRIC THEOREMS

1. Basic Theorems

Theorem law of cosines

re_e_e_& In any triangle ABC,

Remember! a=b*+c*-2bc-cosA
| ais the side opposite B2 = + ¢

=a+¢-2ac-cos B
ZA, b is the side op-
posite ZB, etc. c¢t=a*+ b -2ab - cosC.
A
C b
B a C

m 8 A triangle has side lengths @ = 5 cm and b = 4 ¢cm and angle m(£C) = 60°. Find the length
of side c.

Solution By the law of cosines, ¢* = a* + b* - 2ab - cos C
=5"+42-(2-5-4-cos 60°
=925+ 16-(2-20- %}=21.Snc=\f2_1.

law of sines

e—eff If R is the radius of the circumscribed circle
Inscribed ﬁ of a triangle ABC with side lengths a, b and

" ¢, then

{ﬁ\

\ a b c
(

gnA smB @nC

2R.

B

i

The green circle is
the circumseribed
circle of AMBC.
The pink circle
is the inscribed
circle of AABC.
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m 9 In a triangle ABC, a = 5 cm, m(£A) = 30° and m(£C) = 105°, Find the length of side b.

Solution First let us find m(/B):
m(£B) = 180° - m(£A) -m(£C)
= 180°-30°-105° = 45°.

Now by the law of sines we have

a =b - 5 _ b
sinA sinB’ " sin30° sin45°
5 b
= —=— s0b=5/2 cm.
L)
2 9
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In any triangle ABC with side lengths a, b, ¢ and interior angles A, B, C,
A+B A+C B+C

+ 3
asb M5 g4 ) b i
=2 mn{i;} e mn{ﬁ—f) 3. mm:“%:-i

E. TRIGONOMETRIC FORMULAS

Sometimes we can find the value of a
trigonometric ratio by writing it as the sum or
difference of more Bamiliar trigonometric ra-
tios. The propertics of a 30°-50°-90°
triangle and a 45°-45"-80° triangle give us the
comimon rathos in the table at the right. We
can use these ratios with the following
formulas.

1, Sum and Difference Formulas

s and difference formulas

sin{x + i) = (8in x - cos y) + (Cos © - 8in )
sinfx-y) = (sinx-cosy) - (Cosx -sin y)
cos(x + §) = (cos x - cos i) - (sin x - sin y)
cos(x — i) = (cos £+ cos ) + (sin x - sin o)

tanx + tany

mn{x.l‘y]:l-tﬂnx-tany

tanx - tany

an - =
-9) 1+ tanx-any
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Note

We can use the identity eotx =t=11+ to sobve problems involving cot 1. Therefore we do not
X
need to remember the sum and difference formulas for cot x explicidy.

I 10 o7 -

Solution cos 73" = cos{45" + 30F) = {cos 42" - cos 30™) — (sin 457 - sin 30"
_V2 B 21 -

2 2 22 4

BT 11 anos=?

Solution  tanl05° = tan(B° + 457 = 2040 +Hanb0” _ B 143

l-and5-an6l 1-1-J1 1-43

m l! Gi-.mﬂmtsln.w% an may=g. find sin (x - ).

Solution  We can draw right triangles to find the other
trigonometric ratios of the angles x and 3.
By the Pythagorean Theoremn, we get
BC = 5 and DF = 4. So
sin(x -y} =sinx-cosy - o081 - siny
23 54 6-45

. —

35 35 15

2. Double-Angle and Half-Angle Formulas

double-angle formulas

Substituting y = x in the sum and difference formulas gves us ———m————
gindy =2 .51 cosx
cos 2y = oos'y — sin't

=2 costr -1
=1 - 2sinx

2lanzx
1-tan'x

These are called the double-angle formulas,

tan2x =
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i
2

. X X
sm:='ﬂ-smi-ms—

2
= E- IE.‘I’" E_ =] = 1
CORX Eﬂﬁ”ﬂ E‘leE .E.ﬂH:E 1=1-2sin

If we replace x with =, we get the half-angle formulas:

s
2

m l; EiIl.t-% is given. Find cos 2x,

Solution cos2r=1-2sin‘x=1 -2-{%}"=1-

=0
=y e |

ETTT 14 cientha sln1'+l:m.1:=§. find in 2.

Solution Squaring both sides of sinx+cosx =% gives 15

uln’.t+{2-sinx-¢mx}+ma’xn%.
Use sin*r + cos*x = 1 and 2sin x - cos 1 = sin 2x. Then

l+sin2x= % and so0 sin2x = £—1= -,

!

EXEE 18 rind cos® ifsin e =06

2

Solution First we draw a right triangle 1o find cos x,
using sinx=0.60= %

By the Pythagorean Theorem, BC = 4 and so
L

O X = —,

Mow by the half-angle formula cosx = Em&’% ~1, we have

4
L'EI'B£= E-[.‘-SI+1= ,;= £=31ﬁﬁ
2 {3 Y2 Vo '

11l
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Check Yourself

1. Caleulate each ratio.

a. sin 15° b, tan 15° ¢ cos 105° d. cot 75°
2. Given that lanx=% and coty = %. find sin (x + y), cos(x — ) and cotfx - 4.
3, coslx= % i given, Find sin x and tan x.

4, Given shlx—m;:nér find cos 2x.

g |

. 8in 12° = a |s given. Find cos 24° in terms of a,

Answers
1, a M b.ia-y3 e V2 -8 d2-43
k. 4

. 56 63 (A A6 (15
| 4= — = — ol —pi=—— i EnxX=—, tnx=—

sinfx+y) 0’ cos(x - if) = (x-y) 6 Bax=— =
4, ﬂ 5.1-2g

4

3. Reduction Formulas

The trigonometric reduction formulas help us to ‘reduce’ a triponometric ratio to a ratio of an
acute angle, If the acute angle is a common angle, this techmique helps us to find the ratio.
For example, imagine you need to find cod 3007,

We can say that 3007 = 2707 4+ 30°

By the reduction formula for the cotangent, cot 3007 = —tan 30° = —?-

To derive the reduction formulas, first we need w know the signs of the trigonometric
functions in each quadrant;

1. sinx Cos & tan x oot x
first n
quadrant [[I, ﬁ} 5 s 3 *
secorid n . =
quarrant Pl i )
third In
quadrant (“‘ EJ i = " x
fourth 3n
quadrant [-5!- 2‘] 7 i : :
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L

2. If we have g o ';—: in the reduction formula, the formula changes sine (o cosine and

tamgent to cotangent. If we have mor 2z in the formula, the function does not change,
3. Now we can combine these two pleces of informatien to get the reduction formulas:
ain[% - X}=C08X, ms{%— x)=sinx, lam{% - x)=colx

!sin{%u;'l:mﬂ; ms{%u]:—sm.t. tan{%+ ) =-colx |
5111{%; -X}= - CO8X, mﬂ%- x)=-sinz, L:m{% -X}=cotx
gs'ml['?é—l+::}=—cusx, cm(32—1+ X) =sinx, tnn{%-i.tk—mt: ]

sin{n— x) =sinx, cos{x— x)=- cosz, fan(n- x)=-tanx

iﬂln{m X)=-sinx, cos(n+ x)=—cosx, lan(z+ 1) =lanx |

gin(-x) =-sinx, cos{ -x)=cosx, tan{ - x) =-tanx

| EXAMPLE | I‘ Simplify each expression, given that 0 < ¢ < %

4. ﬂn{%+:} b, CﬂEEE+IJ E.Lan{:-'“igu+x]| d.sin2Zn-1) esinfm+ 1) fos(2n+ 1)

Solution a (%+:} i in the second quuitmnt,msin(%+:}=mﬂx.
b. E%hﬂi!mﬂmmndquadmt,sum(%+x]=—sin:.

[ {";—E+I:I i5 in the fourth quadrant, ml;m{ﬁzi+1]= ~Colx.

(2z - x) is in the fourth quadrant, so cot{2n - 1) = —cot x.
(m + x} is in the third quadrant, so sini{x 4+ 1) = -sin x.
(2= + x) 15 in the hrst quadrant, so cos{dn + 1) = cos x,

Sl -

Sirmplify tns[i-}ﬂ'“+x}+sin|:1?{l“—1j+u'n{lﬂ'[l""—xjr
L EXAMPLE IT M C08{-x) = cos( 360" - x )+ sin (907 +x)

Solution  Let us simplify each term using the reduction formulas:
cos{M" + 1) = —sin &, sin(270" - 1) = o8 1,

sing 180" — x) = sin x, cos(-x) = cos X,

cos{ 3607 = 1) = cos x and sinf90" + x) = cos x. So

cos( 90 + )+ 5in(270" - 1)+ sin(180° -x) _ -sinx-cosx4+sinx L —eosx
cos(~1) - cos{ 360" - x) +=in(90° + 1) COSX = COSX + COSX COSX

= L.
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Periodicity and Graphs of the Trigonometric Functions

When an angle of measure # and an angle of measure # + 2o are in standard position,
their terminal ravs coincide, The vwo angles therelore have the same rigonometric fume-
tion values:
cos{@ + 2w} = cosd sin{@ + 247) = sin & fanld + 2w} = tanf
sec(f + 2a) = secd cscl@ + 2m) = csc @ cot{f + 27) = cotd

Similarly, cos{# — 27 = cos ¥, sin(# = 2x) = gin#, and s0 on. We describe this re-
peating behavior by saying that the six basic trigonometnic functions are periodic,

DEFIMITION Periodic Function

A fumction  fix) is periodic iF here 18 a posilive number p such that
flx + p} = fix) for every value of v, The smallest such value of g is the period
of [

When we graph trigonometric functions in the coordinate plane, we usually denote the m-
dependent variable by x instead of . Sce Figure 1.73.

V= N K
\ v
oo : o= i ‘ / /‘
l
X - -
i T % 1= - ¥ T W AT
2 ] o z ¥
Dimaing —= < x <= = Dxumaing —m = 0= hamgsine: & E_ ms '-|£- =
-] = y=1 Eanpe: —f=yv=] ) G S
im Period! 2w E::f; ;_x gl o2
(it ik ! ch
¥ ki ¥
= v=colx
’/IL
gl i I
L RN N ! .
_E“_t"'ﬁ =¥ mw i - ST LY A
; ' z ] g e 2
1
I
it +:§. - 1_.—’" Dovin:a # 0, 2, 231, ., Deanain: & # 0, £m, £2=, ..,
i - Itim_ge: vaE=lad vr=1 Ranpe: =2y 20
= p=-landy=] Pericnd: I Peghel: =

o
fal i) ]

FIGURE §.73 Cphs of the () cosine, {hy sine, (¢ tnmgent, (d) secant, {e) cosecont, and {7 cotangent
Tunctions using radian measure. The shading for each tigonomeiric function indicates its periodicin.
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PFarinds of Trigonometric

Functions
Period =

Feriug 2 :

P i, mm ')
A

tanix & =l = [
entic + mwl = &by
dlEly + IF) = s8Ry
osix + 2wl = sy
soCiy + W) = Bt
cxcda + 2m)omocwmex

i+ r=

FIGURE 1.78  The rclomeime
trinngle for o generl angle &

A we cen son in Figure 1,73, be et sl cotangond functeoms ave peiod p = @,
The other Foar functions hove period 2. Periodic functions are important because many
behaviors sulicd in =ciened sre spprosimatoly periodie. A theorsm frem advanced caleu-
Tas sy 4 that every [mriu:]dir_' fumebion wa wand b wse 1 mathematiceal mnd-l:l.ing cam b wril-
ten a5 an algebraic combination of zines and cosines.

The symmetrics i the graphs m Figure 1,73 reveal that the cosine and secant fane-
tnns e even and the otleer foar functiens are add:

Even b

o] =1 = gosx sinl =x] = =ginx

secl(—x| = secy tam| —xf = —tun x
cacl—x] = —csey
cotl —xf = —opx

Tdentitias

The coordinntes of any poiet Pl vl o the plane con be expressed in terms of the points
elestani: froan the aogae aned e angle thal sy OF makes with e positive t-aans

Since vl = cos 0 and e = gin 6, we hive
X = reosi. V= rEinf.

When ¢ = | we can apply the Pvthagorsin theorem 1o ihé reference right inongle in
Figure 174 and obtain the equation

cos # + sint @ = |, it

This eguation, true for afl vadees of @, is the most frequently wsed identity in tngonoms ey,
Dviding this fenbivy b by I.;E:‘:i-'l o anil i’ § wives

| + tan® @ = sec” A,
[ + cof @ = gscdh

The folbw fonmnutas bold foe all angles 4 and § (Exercsas 53 and 54

Addition Farmuiss

il 4+ B = o A ook B — sin A sin B

2
zinlAd = 8 = sind cos & + cos A sin & 2
Sohsteraction Formilas

cosfd — By = Ao B + sinAsin g (]

smld = 81 = sind cos & — oo d sm i
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Ibere arc similar femilos for cosi4 — 8) and sinid — H)
Al the Imgemometnic slentigees needed inthis bieok derve from Bguaseons {1 aod (20, Tar
::-:l:rnp'l:_ mh:mul'inﬂ i o bothy A aesd & 0 dhee odditien formulans Ei'n:q-

e bl Anhe Farmmslas
cos M0 = cos® D - g’
s 200 = 2 aan i o i

&Y

Aclditional formukas come from combining the equatiens
cos 4 4 sin!ﬁ' -] l,:{l‘!gi:ﬂ — st o= pos 2,

We add the two equations be get 2 cos” B = | 4 cos 26 and subtract the second from the
first fo get 2 sl = | — cos 3, This resulis in the finlbivwing identities, which sire nsaful
i indezral ealeulus,

Half- Angly Formmtas

s w Lt c0S 20 5
2
b0, I e {5

The Law of Cosines
I e, B, o @ e sides of o trianele ABC ancd §7# & the angls opposite o, then

e = gt # bt = b cos#, {8

Thiz equation b5 called the law of coxines.
® W can. see """]E.'" the lew hiolds if we imroduce coordinste axes with the u'iEin af
1 the positive r-axis aleng one side of the mangle, as in Figure 1.75, The coprdinates of A
ar {Ie 03 the coordinates of B are Lo cog it g sin @) The squeare of the distanes between A
and # 15 therefore

A ek B win &

{aeostt — ) + lasmu)

a{cos’ @ + s’ 0} + b" — Zabcasd
% . 1

5 oS = gt = h' = Zohoosd,

L]
]

FIGURE 178 The wowmarne of the distance The law of cosines generalimes the Pyihagorean theoran, 108 = 72 then cos # = {§
neween A ared & paves the o of cosing, ad e = gt + B,
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, EXERCISES CHAPTER 4

A,

L

. Find the value of the real number which

. In a right triangle, ::ul.x=%-. Find

- In a right triangle, secx = 3. Find

. In the figure, AABC isa

Angles and the Unit Circle

In which quadrant does each angle lie?

b. 228 o 185°
. Mx . 125
3 6

& 275
d. -530°

ooe-
responds to each angle on the unit cicle, Give
your answer to three decimal places.

a 43° b, 105° ¢ =7
g = o 2bm
7 5

Basic Trigonometric Ratios

COsX -8inx
anxy

. In a right triangle, sin x =0.4. Find sin x + cos x,

sinx+cosx
SCx-lany

right triangle. Given
that AC = 5, BC = 6,
m{£ACE) = x and
mi{ ZABC) = y, find i ' £
(sinx-cosx)-(Lany + coty)

SeCH+ Cscx >

79

C.

Trigonometric Identities

1. Simplify each trigenometric expression.

10.

SINX-CO8E  COSX
i cosxX-tanxz.cscx b +

ot BECT
" 1-cosx 4 l+cosx  sinx
1-secx  smnx l-cosx

(tanz+cotx) -2 £ sec’ x -tan” x
(lanz —cotx) +2 cse” x—cot’ x

. Yerify each identity.

l4tan’x
BEC X CRCX

i =tanx

h Hiﬂt.'l."'l
cog’ x-1
o, sinfy + tards + sty = secly

+{mr-mlx}-m+x

. Trigonometric Theorems

. In the figure, AD = , A

DC = DE = BE = 3and
EC = 5. Find the length
AB = x,

A triangle has side lengths 4 ¢m, 5 em and 7 cm.
Find the radii r and R of the inscribed and
cireumscribed circles of this thangle.



11.

12,

13.

14,

15.

16,

17,

18,

In the figure, AC = 6,
mi£B) = 60° and

mi£C) = 45°, Find the
length AR = x and the ra-
dius R of the triangle's
circumscribed circle.

The sides of a triangle ABC are a, & and ¢. Wrile
sinA -sinf

T in terms of @ and b,

the ratio

The sides of a triangle ABC are a, b and ¢, Find
m{ZL) in degrees if ¢* = @* + B + adab,

Caleulate each ratio.

a tan 75° b, sin 106°
o.oens 13° d. cot 105°

Given that L:m:-% and mty-%. find

sin (x + y) and cot (x - ).

In the tigure, ABC is a
right triangle. Given
that AB = 4, B} = 3
and DC = 4, find tan x.

tan x = 2 is given. Find sin 2x 4+ cos 2c.

sin2x = .-; ks given, Find sin x, cos x and tan x.

80

19, Find sin 2v if sinx+cosx =

2
3

20, sin 18° = g is given. Find cos 54° in terms of a.

21, Find sin 2x if ﬂlﬁ%wl.

3

22, Caleulate each ratio by using reduction formulas,
a. sin210° b cos 130X ¢ fan 235
d. cot 300F e sin JO0°







A. LIMIT OF A POLYNOMIAL FUNCTION

Consider the polvnomial Amction f{x) = 2x. We are asked to investigate what happens to the
value of f{x) as x gets closer 1o 2. We could begin by choosing a value of x which is close to 2, for
examnple 1.5, We can caleulate f11.5) =2 - 1.5 = 3. Now we choose 2 value which is closer to 2,
for example 1.75: f{1.75) = 3.5. Continuing like this, we can make a table of values of fix) as x
gets closer to 2,

Salution

90521 | 29 oos ok
s Pl
'y & N&a 4145 | 5

¢ | Roras-las | 1oUgs |2

x| &L 35e6 [ I87L40

b
-

| Using this table, we can puess that as © pets closer to (ie. approaches) 2, the
value of fix) approaches 4. We say that 4 is the lmit of f{ix) = 2x as x ap-
proaches 2, and write “I,'z'[hF 4. In this notation, the arrow symbol (=)

means ‘approaches’. ¥ — 2 means x approaches the number 2,
Notice that for fix) = 21, ﬁﬂf{x}- ]j.l.‘:e-lﬂl = 4, which is the same as f{2). Similarly, we can
caleulate Iinlf{r}= Il_!!].%x =6 = f{3) and ilpll2 flx)= I1m 2x=24=f(12), ewc. In other

words, in each case lzi'.'..'f (x)= fle). Infact, this result is true for any pelynomial function.

limit of a polynomial function

The limit of a polynomial function f{x) as x approaches & point ¢ is fle): l,i.[llf[:x:' = fleh

In other words, for fla) = apx® + a;_ 13 + .+ ay, Enf{xj = fle) = apt" + apy_jc™! + ..
T 6

For example, let us calculate the limit of fx) = Zx when x approaches 5:

Ej‘{.\:} = ];i_'rg5.r=i-5= 100,

Calculate the limits.
) !i!;[iv[*‘r.l‘—ﬂ b. pﬂ{x'*+3.t+ij c. Um(3 -t

ol
These are all polynomial functions, so we can use lm f{x) = f{c).

a. lim(4z-1)=4-2-1=7 ;

b lim{x® +3x+2) =(-1f +3-(-D+2=1-3+2=0

£ Ilj{:}[ﬂ—ti}=3--1—f=li—lﬁ= -
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Check Yourself
1. Given fix) = 4x -1, complete the table to find the Limit of f{x) as x approaches 3.
¥ |25 275 | 2B | 289 | 2095 || 305 | 31 | 32 | 325 | 35

fix) | 8 12
2, Caleulate the imit of each polynomial Fanction.
8. EEI b, E:gx{i-fj ¢ ]ﬂ[x”-ﬂx-iﬁ}
d, IIjJEEx{xH]l e 'tumnm*{ﬂz -1 7 11[!::!?'
Answers

280 b3 3 d2?+2a e-189 {7
4 if :{E
2

@ Given the piccewise function f:R =R, fi)=] 2 if :=g.ﬁndlin}f{-t}-

-

5
- s
2e-1101 x 3

Solution Let us first draw the graph of the function. As

WE Can see, 1= % isa crucial point in the graph.

When we approach g from the righi-hand skde
(l.e. when x Is greater than gj we use the

€€ € €€ function ftx) = 26— 1 and get lim(2x-1)=4.
| & paint 3t which we need '

{tn check the right-hand | 5o we can say that fapproaches 4 from the righ-
{und the leli-hand limits
tof @ function i called a | hand side. When we approach x from the lefi-

' toal the
R, o * | hand side {i.e. wtm:iﬂmﬂm%j we use the
function fix) = 4, which ks constant. [ts limit is

4 when x approaches from the lefi-hand side. As

a resull, [ approaches 4 as x approaches g from
both sides, i.e. thgf[.t]l 4,

i
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|_ExaMpLE I

Salution

¢CCCe

{As x gets closer o poin)

¢, althewgh the lml exists
and apprsaches a mum
beet, nt the paint ¢ a fune-
o may  hawe @
dilferent value, ar may
oot even be defined
Whai happens at the
given  paint i mol
Himngartang For the linil a0
this paint

-1 1 x=+2

Given the piecewise function f: R 3R, fix)=

Let us draw the graph of flx).

1 = 2 15 a crucial point. Notice that f{2) = 3 but |
3 & mot the limit of fat 2. This is because the limit
is the value which f{x} approaches as x ap- |

proaches 2. And in the graph we can see that the |
limit of fix) when x approaches 2 is -3,

4
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if x=%

,find lim f{x).

x-ak



-3 f x<-2

MﬂApbmmﬂseﬁmcumﬁr}tsﬂvenasI;R—m,f{x]: 2 0 x=-2

+5 I x>-2
Find lim (1), ' !

Solution  Flrst we draw a graph of the function. Notice that
¥ = -2 [sa cructal point, We need o examine what
happens at the peint © = -2 when we approach
ft from the left and from the right.

When we approach -2 from the right-hand side,
the function is fix} = x +5an|:llliﬂ.t+5=3}
s0 [ approaches 3,

On the other hand, when we approach -2 from
the left-hand side, x is less than -2 and we use
fix) = (¥ -3 so lim(x* -3)=1.

We can see that we get different results if we ap-
proach & = -2 from different sides. For this rea-
som, we say that at this point the lmit does not
Exist.

Note
If we get different results for a limit when we approach it from the right and from the lefi, we
say that the Hmit does not exist at this point.
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Check Yourself
Graph each function and evaluate the given Hmit,

L fR-R, fix) =3, !Jﬂf{-‘l']'
2. fRRA) = -x -2, lim f(x)
[ ¥ ifx#-2

3. fR=R fix)= . lim fix)
1 Hz=2 *H

4 FR=R fx)=1 1 il x=1, limf(z)

l;:“-bl |

Answers

1.3 2.5 34 4 doesnotexist

B. ONE-SIDED LIMITS

As we have already seen, sometimes the limit of a function can have two different vatues: one
value when x approaches ty from the right, and another when x appraaches cpy from the lefi.
When this happens, we call the limit of [ as x approaches 1 from the right the right-hand
limit of fat xgy and write it as ;I-j-n!‘ J(x).

We call the Lmit of fas x Hp]'.lm;f:!ht"-li ap from the left the left-hand limit of f at xq and write
itas lim f(x). -

gy
For example, consider the function y = fix)

shown opposite, Let us find the left-hand and
right-hand limits at the points 2, 5 and &:

a !Egtj'[l'}: 3 and J_iglf{xj=ﬁ
I_iglﬂ_f}=ﬂ anil Ii:rll flay=2
¢ I!T Jix)y=3and |ﬂ1 Fix) does not exist,

since f is not defined for x > 6. —t e

In other words the left-hand and right-hand
limits as x < 2 are different; as x - 5 the
left- and right-hand limits are the same, and as x = & only the lefi-hand limit exists,
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The lefi-band Dot and
rghtdand  fimit of a
fimezion ape abso called the
mnesided limits of e
Tt

existence of & limit
The limit of a function fix) at a point xg exists if and enly if the right-hand and left-hand

limits at xp exist and are equal

[ pther words,
lim fix)=L < lim f{x)=Land
LI-hily T4y

lim f{x}=L

For example, in the figure the function [ has a
limit at peint xg, but it has no limit at point x)
because the left-hand and right-hand limits at xq
are differen.
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x-1 I x»2

f:R-1{2} =R, = i given, Find lim f{x).
Cexanrie |- @ {J e

Solution  As we can see from the graph, the point xy = 2
is the crucial point of fix).
Therefore, ket us examine the one-sided limits at
this pobnt.

lim f(x)= lim(x -1) =2 - 1=1
H,H:rk !_I'EFHE} =-2+3=1
Since HHIFPE‘- Jix) =1, they exist

and are equal, and so ii_lEf{.t}= 1.
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C. LIMITS OF SPECIAL FUNCTIONS

Solution

We have now learnt the definition and hasic concepts of the limit of a function, and studied
one-sided Hmits, In this section we will look at the lirmit of some special functions: the abselute
value function, the sign function and the floor functon.

We know that at & given point, the Hmit of a function exists if the right-hand limit and the
|et-hand limit exist and are equal.

We can evaluate a imit of an absolute value, sign or floor function at a point by treating the
function as a piecewise function and checking the one-sided limits at the point. If the two
limits exist and are equal, then we can say that a limit exists at the given peint.

fR-{2} =R, f{:}-l 2|+.1:+3 s given, Find hﬁf{:] and Innf[:r.}

Since the function [ involves the absolute value expression |x - 2], xg = 2 is a crucial point
for [,

Let us begin by writing the function as a piecewise function.
Wx>2 x-2>0ands0 |x-2| = x -2 Therefore

ﬂ.’]-' 2I+ +3= = 3+:+3-1+:+3-:+4

Similarly, if x < 2,
x-2<0and [x-2] =~(x-2) and 50
I{I}"’lx 2| _{I__E}

+x+i= +x+3

=-1+x1+3=x+2

x+4 if x>2
In conchusion, f{x)=
x+2 if x<2.

S0 the limits are
lim f(x) = lim(x+4)=2+4=6
:il_{nrj"l{r}=ﬂr:x+ i=2+2=14.
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ey BT
:-rTlla.IF

Solution x - 1- means x is less than 1. Therefore, x- 1 < 0so Jx-1| =~{x-1) = 1-x, and
l-x =080 [l-x|=1-1

8o lim =N i 172 < et =1,
r\-lrllrxl rqr]u; I

Check Yourself

Evaluate the limits.
I lim{a® |x+1]) 2 iyt I3 3. gl 24
r-i= e I P .I_i
4 timl:¢"‘—3m:+i|
-4l x-1
Answers

.18 20 3.4 44
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Calculating Limits Using the Limit Laws

Histomicar Essay®

Limats

we used graphs and cabeulators to guess the values of limits. This section
presents theorems for caleulating limits and Fnd lmits of polynomaals, rational functions,
and powers. The fourth and fifth prepare for caloubanons Jater in the text,

The Limit Laws

The next theorem tells how to caleulate bmits of functions that are anthmetic combma-
tions of functions whose limis we already Know.

THEOREM 1 Limit Laws
If L, M, ¢ and & are real mumbers and

im firi=L and  limglxl = M, then
T3¢

1. St Bule: lim{ flx] + glxy =L+ M
=

The limit of the sum of two functions 1s the surm of their lmits.

2. Difference Rule: limi flx) = glsly =L - M

&

The limit of the difference of two functions 15 the difference of their Himits.

Y. Product Rule: limt{ flxdeglg)) = LM

&=t

The limit of & product of two functions s the product of thear lmits,
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4. Cowsiant Muligple Rule: hmik= fix}} = kL
¥—*c

The limst of & constant times a function is the constant tmes the hmil of the
function.

8. Qluatient Rule: li e A M=)

8. (uaricni Rule: lim glr) M’

The limit of a quetient of two functions is the quotient of their limits, provided
the himit of the denominator s not rero.

b. Power RBule: 1f v and 5 are integers with no common factor and 5 # U, then
limd flepys = L5

gy

provided that L' is @ real number. (If 5 is even, we assume that L > 0.}

The limit of a rational power of a function is that power of the limit of the func-
tion, provided the later is & real number.

[t 15 easy to comvince oumselves that the properties in Theorem | are troe (although
these intuitive arguments do not constitute proofs). 1« s sufficiently close to o, then fix)
is close to L and gix}is close to M, from our informal definition of a limit. 1t is then rea-
somable that fix) + plcjisclose o L + M, fix) = pixhis close o L = M, Ax)pix)is
close to LA £fix) 15 close to &L: and that flx)/g(x) 15 close to £/ of M is not zero. We
prove the Sum Rule in Scction 2.3, based on a precise definition of limit. Rules 2-3 are

proved i Appendiy 2, Rule & is proved in more advanced texts

Here are some examples of how Theorem | can be used (o Tind Tomits of polynomial

and rtronal funchions,

EXAMPLE 1 Using the Limit Laws

Use the observations lim,—.. & = & and lim,—. x = ¢ and the properties of
lirmits tor Tind the fllowing linnts.

(a)

i FE — ]

v R T
||11'|I_.r! + 4% — £ | {b) lim o
= .

i~ 1~ +5

Solution

{a)

(L]

lim{z? + 45 = 3) = lim x* + lid 4% — lim 3 Sum and DifTerenee Rules
ey

N K—a Kt
- {'} 1 -1-{'2 3 Prosluct aiad Sbufsphs Bules
A 5 limix? + 1% = 1)
PR ik o sl | A=
lim : = S z Cousient Kule
e i, hmix- + 5]
| el e

lim x* + fim x® — lim 1
= T T
= = < : S anid Lierenee Wales
lim x* + lim 3

A== X=
T s i il |
el + 5

Papwir o Prcrdue) Buale
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N\

M4a—2
K-k
AN 3

EXAMPLE 2 Canceling a Common Factor

3 -
Evalante jm ¥ 2
==l I =X

Solution W canmid substitube v = | because 1 makes the denominator zeno. We test the
mEmerator to fes iF i, oo, ik pemom v = | s, se b has a factor of (v — || in comman
with tlse demomator, Cancelmg the (x — 118 givies & simiples feaction with the same val-
wes s the onginal forx # -

Ptr—2 =10z +2) r+2
ez I — 1) al

Using the simipler fraction, we Tind the lumat of those values as v — | by sobstitution:

il = 1.

P +x—12 x+2_1+1

L
S The Figure [
EXAMPLE 3 C[reating and Canceling & Common Factor
Evalunte ;o Vo + 100 ~ 10
r=+ll XL

Solution  We canmot suebstituie v = 4, ond the numerator and denosminotor
hirve nn shwvious common ficiors,
W can creaic a m;gyml._fg!:_m b mubtaplyving ol jwrseracor amd desominanos

by the expresson W + 100 + 10 (obtined by chunging the sign afier the squure Tood).
The preliminary algcbra rationalizes the numerator:

Va4 100 — 10 _ Vil + 100 — 10, Vx® + 100 + 10

% ¥ WVt + 100 + 10
I ol i U el 11
=4 Va7 4 100+ 10)
= L " iinrmnesa Rk &°

AW + 100 + 10)
i

e ——— = Cangel v fur s 2 0
Vi & 10+ 10
Therefore,
N -1 |
fim T = lim —=
T & e ¥ i (o 1
1 Lieniminaiom
- = Al gl v =
WOT 4 100+ 10 abshiuie
wil o
= 0.0%,
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I

sa

L #

" L il = 1

il 4 Al iy

FIGURE 5 -1  The figure for the prool of
Theorem 7, T4/ = (and bag 04 = ]
6 A = nam i,

| Fapuation [2) w where medisn mensure
ooames in: The aren of sector (430 is 672

only if iz measured = mdians.

Limits Invelving {sin #)/8

A central Fzct ahoul (sin 854 i thal 1o cudian measure s liloas @ —= 4k is 1 We cin see
this in Frguse 5 <1 and confirm it alpebraically usisg the Sandwich Thootein,

./

v
= “"f' irndaE
- -ir—=7 | 1

A

™ o | “
i

T v

AT ETALL

FIGURE 5-1 The pragh of f{@) = dsin i)/,

THEGREM

Jum i:;i' =1 8 radiang) (1)

Proof  The plan is wo show thar the rght-hand and lefi-hand Hmis aee both L Then we
will ke 1t the two-ssded limit is 1 ae wall,

T shivey that the righi-hand Himit = 1, we begim with pasitive vidues of 8 less than o2
{Figura 5 -1, Mogice that

Area ACAAF < area sector QAP < age AOAT

W pon express these areas in terms of @ as follews:

Aren ALAP = %Imc * helght = E'Hi'lmu#l = Tlrklllh'

(. 1 i
Area secior OAF = 5t = 5 (1 - % i2)
Area AT = éhna: # heipht = lzrllhunﬂr = %"J_“H-I
Thas,
-I-sim'.'f-':'. 1 il = £I::r|-l]‘
3 L .

This last inequality goes e cwme way if we divide oll diree terns by the nuiber
(1 21 simd, which is praifive simee ) <2 § < /25

Smee limg - oozl = | the Sandwich Thearem gives  [im % =1,

[l |

94



Recall that siné and & are both odd fimcrions . Therefore, fid) = (sind)/f
15 an even function, with a graph symmetric about the p-axis.
This symmetry implies that the left-hand limit at 0 exists and has the same value as the
right-hand limit:

s0 limp_.q (sin#)/# = 1 by Theorem 1.

EXAMPLE 4 Using lim 8=y

—=

Show that (a) lim %)_I =0 and (b) lim sin 2y _
h—=it 1 o 3

|k

Sx

Solution

(a) Using the half-angle formula cos i = 1 — 2sin*(h/2), we calculate

lim [:'?:‘ﬁ)—_ ! = liim. — Eﬂiﬂl:‘ ”JE
h—i} fi fi—+ /i
= -limﬂsinﬁ' Let B = #2
g-+n 0O
= —(1}0) = 0.

(b) Eguation (1) does not apply to the onginal fraction. We need 2x i the denominator,
not a Sx. We produce it by multiplying numerator and denominator by 2/5:

! sin 2x I {2/5)+ sin 2x
im = lim :
r—0 35X v—0  (2/5)5x
e ; lim sin 2y Mo, Eg-d1) applies with
Si=0 2% 8 =2y
2 2
=Z(l)= %
5 5
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Limites of Trigonomitric Functions
The trigonometric functions have important limit properties:

limsinx =0
x—0

limcosx =1

x—0

i 1—cosx
lim =0
x—-0 X

lim tanx = 0
x—0

lim tan ax =1
x-0 ax

You can use these properties to evaluate many limit problems involving
thefive basic trigopnometric functionsabove-

llm ‘COSX
Example 1: Evaluate - osinx= 3",

COSX cos(0) 1 _ 1

lim = = =
«-08inx—3 sin0)-3 0-3 -3

lim cotx.
Example 2: Evaluate = - o

Because cot x = cos x/sin x, when you find ,h_"é CoR s The numerator
approaches 1 and the denominator approaches 0 through positive values

because we are approaching 0 in the first quadrant; hence, the function

. o .
increases without bound and ,h_nc} corx=rmoe and the function has a

vertical asymptote at x = 0.
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. sindx
Example 3: Evaluate /™ x

Multiplying the numerator and the denominator by 4 produces

lim secx =1

Example 4: Evaluate .= =5—

Because sec x = 1/cos x, you find that

1

iy S =l S —
- lim Lo
=lim (555 ) (=)
[k 152
= (1)(0)
=0

Exercises:

Evaluate:

1, ljm S A

x—p xtanlz
tandr+tanix
2. lim —
x—=+ih sinGx
. Ix 1=cosbx
3. lim[ ]

"y “minzx sinix

tanar

4. lim[sinZx + ]
x—= bx
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Continuity

M i 3 3 '

FIGURE 8- 3  The function is comtinmmes
o ik d] ixceptat £o= |, x = 2 amd
v = 4 Exampds 1),

Cominmity Tu=ankal y

T e eighi ronlinuily Codnaauiey
mlm Ef
i ¥ = fx] i
: 1
o I b

FIGURE 5- 4 Condimuidy ot pomts a, b,
L[ITH P

Continuity at a Point

Torumderstuad continusly, we need K comsader a fnetuwn like the oone in Figune § =% whose
fimiis we investizated in Example 2

EXAMPLE 1 Investigating Continuity

Fiid the points o which the Tunction § & confimusous and the points 3t which
i ig discontimeous,

Salutten  The functhon § = comtinomus at overy poind in its domain [0, 4] exeept st
= lr=2uind x = 4 A these poinils, there are brsiks nthe praph, Moge the relation-
sluip Bztween the Hawt of | and the value of 0 at cach poiat of the fusction s domain,

Poinis ai which § is contimpmas:

Ay =1, iinH. firl = filp,
lim fixl = fi31].
F—3

lm fix) = fic).
r—as

Aa =3,

ALD < ¢ < 4,0 2 1,2,

FPaoints at which § is discondinuons:

AMx=1, ||_r|1I fix) does not exist,

My =2, Ilmxju'l = |, bt 1 #= fi2).
=

Ay = .

lbm fix) = 1. bt | = fid),
=il

Ale = Ao >4, these poimnts are nat 1n the domaim of |,

To define continuity at o point in o function™ domain, we need to define continuty at

an anlenar paant (wtueh myvelves a pwo-saded hmat) and coabinuity af an endpoimt {which
mvolves & one-sided limith (Figure 5 =40
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r=%id-1
/T
3 Y 3

FIGUAE =5 A lkanctlon
thal &5 conitinisses & Srery
ilotmis posml  Example 21

¥ LYLH

i
FIGURE 58 A [umetiom
el w4 Fiphil=combimans,
bruir went Befl-coamtinuss, an
the origin. Iv hasa g
isconsinuity there
[Exzmpla 5)

DEFTHITION Continueus at a Point
Tntepfor pome A function v = fix) is contimeous at am Interior point ¢ of iis
closmain i

L fia) = fiel,

e

Endperng; A Fumgtion b = fix) iz contlnnony &t & keft ndpelnt @ o s
continuoas at a right endpaint & aof s domain if

I fixl = fla) of Ierr: HMab = fib),  respectvely .

Ifd fuisction {5 B0l continmous at g poind oo we say et § B discontimuonus al o oamd ©
is0 polnt of discontinulty of [ Mote that o peed not be inths damaim of §

A funetion (s rkpht-continuens (contimacus from the righth s a peint ¢ = o s
domain if im,— - oy = el It is Reftcontineons (continuaoss from the befth of o if
lm, .- fixb = flch Thus, a funchion 1s conticnous at o left endpomt @ of s domam if i
is rghl=-contimemes of @ and continnous af o cight enddpoine b of ds Samaoim i it = left.
contmuis at f A function o conbmaous al an imterior ot c o s domain of amd only o
it is boah right-continuous and left-commoeas a1 o (Figure 5-4 ),

EXAMFLE 2 A Function Continuous Throwghowut Tts Damain

The fimction fix] = V4 = 5 s continoous at eviry point of its dessain, [—2, 2] (Figune
55 Limclading v = —3, where [ s right-continmngs, ansl 0 = 2, where [ is leli-continuons,

EXAMPLE 3 The Unit Step Function Has a Jump Discontinuiky

The unit step function D7), graphed s Figure 5- &, B rghi-continuns a5 = 0, bul 15
neathir befl-continuous oo continaoas there, 11 has a pump disconlinaily ata = 0, -

W summarees combimuiny b o poant i e form of a e

Continmily Test
A fuisction J{x) @ conlinucus ol x = ¢ i and onby if 10 meets e Tollowing tlree

cortmlrsmas.

1. fiehexists {¢ lies im the domain of )

T i, e, _HJ.:I-E?!:iﬁlb 1_||' haeg & limaie as x —= £

A i flvd = flck ibe it equala the function value)

Far one-sded contiminy and continwiy b an endpotil. the binns o pare 2 ond 3 of
e teat should be replaced by the appropriate oie-siled Hinits,
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FIGURE & - ¥ The fmclics v = [fxia
Combinuius w8 oeury value of r encup
vo= {111 haz npeant of dsconiimnty at
x = £ xampde 5).

Contlnuous Funciions

A furchion 1= continusas on an ioterval of and n:|-n|]-' 11t 15 confmucs ot avery paant af the
imierval. For r.-xur:rph:. the semcircle funsion _u:r.rp-hl:.l m Figlle 5- 5 i% caitmuoes on the
interval [—2, ]!. which = ite domam. A continunes Tunction = cne that (s conbimuoes al
cvery poant of its domain, A contimeaus funiction need pog be cominucis on every mecrval,
For example, v = 15 i5 not camtinuous on [— 8, 1] (Figures= T, but it §s continwous aver
i o {—, 0 LA, maj,

EXAMPLE 4 Identifying Continuous Functions

(&) The fnctien ¢ = 1/x 1Fiw.u1.=!- Thisa comtmuous Reclion becsise il bs continisis
i every point of its domiain, [ hos 2 pomd of discontinuity at v = 0, however, because
it is moa defined there.

(lay The sdentity fonction fal = vamld constant functions are contimeass everywhers by
lxamiple 3
Algebric combmations of contineois finaliens ane conlituoe wherever they are

defmed,

THEOREM 3  Fropesties of Continwous Funithons
I the Tasctons §and gare o ate = o, twen e folkowing comblnations
sre conmanuous Ly = oo

L. Siens f+u

2. Ihiferences: f—g

3 Friduces fez

4, Conwband maliples: &+ F, For ooy mumaber &

5. {heovtenis Fig prosided gich) = 0

&, Mreern 0 prowidad it o defimed on an open meerval

contzining o, where »and s are inlegers

Pt ol the resufts o Theoram 3 are easily prosed From the bme rales i Theorem 1,
Sectiom 22, Forinstance, 0 ]'l'n'.'e'rh: SIET [opery wir hawe

limgf + gHc) = lim( A} + zixi)
ek s

= T Jinl + lim gixl, Hirm Bule, Themrm |
=y L e =

= _lui'l' + _gl_l"'l Comibmmdng of f, bl

= [ 4+ gilc).

['his abonns that f + B continuods

EXAMPLE &  Polymomial and Rational Functions Are Continuous

(m)} Every pobymominl Piv) = a0 4 o, 0™+ -~ + @ s continoous becnpse
lim Pix) = Pl
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(b If Plx) and {Hx)} are polynomials, then the rational function Plx)/0ix) is continuous
wherever it is defined {2 ¢) # 0) by the Quotient Rule -

EXAMPLE &  Continuity of the Absolute Value Function

The function flx) = |x|is continuous at every value of x, Ifx = 0, we have flx) = x, a
polynomial. If x < O, we have fix] = —x, another polynomial. Finally, at the origin,
limyeg |x| = 0 = |0

The functiions ¥ = sinx and 3 = cosx are continuous at x = 0 by Example 6 of
Both functions are, in fact, continuous everywhere . It follows from Theorem 3 that all
Five trigonometric functions are then continuous wherever they are defined.

For example, v = tanx 1% conlinuous on --- =2 w2
{(w/2. 3m 2} -

Continuous Extensions

L. Define g(3} in a way that extends glx) = (37 = 9)/(xr - 3 10
be continuous at x = 3,

2. Define M2) in a way that extends b7} = (% + 3 — 10)/(¢ = 2}

I be comtinuows at ¢ = 2,

3. Define f{1) in a way that extends fls) = (&7 = 107 = 1) w
be conbmuous at s = 1.

4, Define pfd) in a way that extends gix) = (v = 16}/
{x* — 3x — 4} 10 be continucus at x = 4.

K. Forwhat value of & i8

2 _ o
fix) = {.l. l; =3

2ax, =3

conbinemes at every &7
6. Forwhat value of b 15

. {:, g =3
lx] =
g bri, = -2

conbinmes ot every 1
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R DERIVATICIN

A. TANGENTS

The word “tangent' comes fram the Latin word tangens, which means ‘touching’, Thus, a
tangent line o a curve is a line that “just touches” the curve. In other words, a tangent line
sheuld be parallel to the curve at the point of contact. How can we explain this idea deardy?

Loak at the figures below,
ik : e B
/l"l/ e
]
f .
: | x
a [nmeeni |'i.",|_ [ B Eurng & secnnd 1IIF||'| LE) & LR
A A
B
original curve zoomed in onee
A

zoomed in twice
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As we zoom in to the curve near the point A, the curve becomes almost indistinguishable from
the tangent line. 5o, the tangent line is paralled to the curve at the point A.

Howr can we find the equation of a tangent to a curve at a given point? The graphs below
show one approach,

IRRRAR]

The shope of the line is
the tangent of the angle
between dhe e and the
priLlve -

o

Bix, fix)

The first graph shows the curve y = fix). The points Afa, fia)) and B(x, f{x1} are two points on
this curve. The secant line AB has shope m 4 g, where
. IW-f@
=0
Now suppose that we want to find the slope of the tangent to the curve at point A, The

second graph above shows what happens when we move point B closer and closer 1o poing
A on the curve. We can see that the slope of the secant line AR gets closer and

closer to the slope of the tangent at A (fine ¢). In ather wonds, if m & the slope of the
tangent line, then as B approches A, m 4 g approaches m.
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tangent line

The tangent line to the curve i = f{x) at the point Ada, fla)) is the line through A with the
slope
50}

FETIE |

proviched that this limit exists.

! Find the equation of the tangent line to the curve y = x* at the point A(1, 1).

Solution e can begin by calculating the slope of the tangen.
Here we have e = 1 and fix) = 1% so the slope is

S {5 [ S

CeeeQ ™ a1 TSk

The equatian of & line . (x-Dix+1) f
\thmugh the pomt (1, m=[“]}w= Eﬂ{ﬂ+lj=l+l=l
() with shope w:

y-y| =mx -1y

Now we can write the equation of the tangent at poine (1, 1):
Y-y = mx—xp)

y-1=2x-1)

¥=4-1L

m 2 Find the equation of the tangent line to the curve y = x* - 1 at the point (-1, -2).

Solution Here we have o = -1 and flx) = 2* - 1, so the slope s
S (50 () SN o) | () i e )

c Q cc e CEL S B 1+] weel x4

| o (D - x41)
w4 =l gyt | S l!ﬂ {(x+1)

m=Eiﬂ[f' cx+=-E 1L

m=3

S0 the equation of the tangent line at (-1, -2) with slope m = 3 s

§=41=mx-11)
¥-{-2) = 3{x-{-1))
y+2=2r+3
y=3x+1
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We can also write the expression for the slope of a tangent line in a different wav. Look at the

graphs below.

LY

y=flx)

y:l

y=1{x)

—f—> i 3
]
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THE SLOPE OF A TANGENT LINE TO A CURVE

The slope of a tangent line to a curve y = fix) atx = a is
m = lim 4 @+ H) - fla)

h-all k

m 3 Find the equation of the tangent line to the curve y = ¥ at the point (~1, -1},

Solution Letflx) = x* Then the slope of the tangent at (-1, -1) i

i ST =FED) (1R -1
3] b -l k

CO0C0 oo cy
(] k

R i IS R T AT

4
_ i M3 -30

]_' i
m=lim === = (33 ) =3,

S0, the equation of the tangent at point (-1, -1) is
y=(=1y=3x-{-10

y+1=3x+3

y=13x+3
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=T 4

Solution

eeeee
Mg -y = -1

The product of sbopes of

the tangent line and ihe

nommad line At & poind
equals -1,

Find the equation of the normal line to the curve y= s at the point (2, 1).
X

Recall that a normal line is a line which is perpendicular to a tangent. The product of the

slopes my of a tangent and m,, of a normal is <1.
Let us begin by BEnding the shope of the angent.

2 2 2
i F2AR-A2) L 34k 9 D4k
m =l S 2 24
C9.@+k) . -k ]
= |l = lim =
T TR0 R +2) AR h(h+D) A4 D4R
1
ml' 2'

We have my -mp, =-1.

So, m,=;t-=i=i.
m _1
2

The equation of the normal line passing through the
point (2, 1) with the slope m, = 2 is

¥-y) = mylr-1))

y-1=2(x-2)

y=2r-3

Check Yourself

|. Find the equation of the tangent line to each curve at the given point P.

a flx) =x-1 M-1,0
b fxy=x*+1 D, 1)
1 1
: e p=, g
¢J@) X 2 )
2. Find the equation of the normal line at point P for each curve in the previous question.

Answers

Lay=-2x-2 hy=1 c.y==r+4
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B. DERIVATIVE OF A FUNCTION

T 5

Solution

L.'P o now we have treated the E}:pﬂsiu“ I{I+h:—fl:;l;}

function [{x). We have calculated the limit of a difference quotient as k approaches zero. Since

as a ‘difference quotient’ of the

this tvpe of limit sccurs so widely, it is given a special name and notation.

derivative of a function
The derivative of the function flx) with respect to v is the function f'{x) (read as “f prime of %)
defined by

o e FlE+R) - flx)

ffii—yﬂ'——r-—-

The process of calculating the derivative is called differentiation. We say that fix) is
differentiable at ¢ if f*(c) exists.

Thus, the derivative of a function fix) is the function f'(x}, which gives

1. the slope of the tangent line to the graph of fTx) at any paint (x, fix)),
2. the rate of change of f (x)at x.

FOUR-STEP PROCESS FOR FINDING f'(x)

1. Compute f{x + h).
2 Form the difference flx + h) - fix).

3 Form the quotent. £+

4. Compute {'(x) = lim ! &~ f®)
el b

Find the derivative of the function fix) = »%,

To find {*{x}, we use the four-step process:
I flx+ k)= {x + by = x* +2xh + I
3 flx+ R -fix) =t + 2xh + k2 -y =2ch + W

5 flx +h§—f{x}= Exh;-h‘ =H2Th}=ﬂr+h

4 lbi_r’ruﬂﬁi:}:lt

Thus, fix) = 2x.
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Example ‘.

Solution

| Example MY

Solution

Find the derivative of the function filx) =x*-8x 4+ 8 at x = 1,

We apply the four-step process:
Lfix+i={x+hP-8x+h+9=2"+2h + F*-Bx -8k + 9
L fix+n)-fix)=x+2xh+h-Br—8Bh +9-(x"—8Be +9) =2ch + h* - Bh

o fec+R)-flx) I +2xh—8k
h h

=h+2x-8

PR () o im(h + 25 -8) = 228

LB h
So,fx)=2x-Band (1) =2-1-8=-6
This result tells us that the slope of the tangent ling to the graph of f{x) at the point x = 1 is

5. It also tells us that the funetion fix) is changing at the rate of -6 units per unit change in
ratr=1

Let fix) = 2
x

a. Find f*{x).
b. Find the equation of the tangent line to the graph of fix) at the point (1, 1).

1 1 h

D 5o () Iy ST e 2.0, MO B |
- M=t T Ly

b In order to find the equation of a tangent line, we
have to find its slope and one point on the
tangent line, We know that the dertvative gives us
the slope of the tangent. Let m be the slope of the
tangent line, then

m=f|:1;|=-1lg=-1,
So, the equation of the tangent line to the graph
of fix) at the point (1, 1) with the slopem =-11s
y-1=-Hx-1}
§=-x+ 2
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Solution

The function fix) = Jx is given. Find the derivative of fix) and the equation of the normal
line to fix) at the point x = 1.

P (L (L T e i L e R
o sl Uh Jrthx

h 1
= lim
*“HEH#@:} 0+

xth-x

Ie jw“" -.-J'xHH ;.t!

m_w’_

Remember that if n; is the slope of a tangent and my, is the slope of a normal at the same
point, then my - m, = -1. 50, we can find the slope of the nermal from the slope of the
tangent. Then we can write the equation of normal line to fix) at the peint x = 1,

The slope of the tangent is

LU o

The slope of the normal is

1
m. =--—-=-l=--2_

w1

2

The equation of the normal line is
Y=g = My - (X - Xq)
y-1=-2(x-1) (Note that g = Jixg), that ls yy = f{1) = 1)
y=-2x+ 3

Check Yourself
1. Find the derivative of the function f{x} = 2v + 7.
2. Letfix) = 2" - 3.
a. Find f"(x).
b, Find the equation of the tangent line to the graph of f{x) at the pointx = 2,
4. Find the derivative of the function fix) = 2*-x.

1. If f(x)= , find the derivative of f{x).

1
i+l
Answers
1

1.2 2.8 d4x-3 h.y=5.t—H R e | 4.““'u|‘m
2 /(x+2)
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C. LEFT-HAND AND RIGHT-HAND DERIVATIVES

_Examplc JRJ

Salution

When we were studying limits we Jeamned that the limit of a function exists if and only if the
left-hand and the right-hand limits exist and are equal, Otherwise the function has no limit.
From this point, we may conclude that the derivative of a function flx) exists if and only if

v JaHR) = fix) oo e JEHR)=Fx)
f{x}-kﬂfﬂuﬂ fix }-EET exist and are equal.

These expressions are respectively called the left-hand derivative and the right-hand
derivative of the function.

Show that the function f{x)= Jx does not have a derivative at the point x = 0,
Here we should find the lefi-hand derivative and the right-hand derivative, If they exist. then

we will check whether they are equal or not.
Let us find the left-hand derivative:

0= 1Oy 0

Since b < 0, Vi is undefined and this limit does not exist. So the lefi-hand derivative does

nol exist either.

Thus, the function fix)= v has no derivative at the point x = 0.

=1 1
mlﬂ fixyisgvenas fly=1 e

Solution

-2, x<l ;
Des this function have a derivative at the point x = 17

We will find the leli-hand and the right-hand derdvatives,

I RE 1Imw - 1Imw: tlmﬁ =9
Aot k il h o2

P+ n)—7(1 (148 =1-0 .  N+2%
UL U, Bir 2 = lim lim{k+2)=2

f{1") = lim
L [T L fi [ /] (Bl h ksl

The lefi-hand and the right-hand derivatives are equal Lo each other. Thus, the dertvative of

the function at the point x = 1 exists and

=)= =2
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D. DIFFERENTIABILITY AND CONTINUITY

Recall that if {*(c) exists, then the function f{x} is differentiable at point c. Similarly, if flx) is
differentiable on an open interval (o, b), then it is differentiable at everv number in the
interval {a, b).

Solution

Where is the funetion f{x) = |x| differentiable?

We can approach this problem by testing the differentiability on three intervals:

>0, x<0andx =10

x>0 thenx+h>0and [x +h| =2 +h,
Theretore, for x > () we have

e x+h]-lx| . x+k-x kK .
=g = iy =i =1

So, ['{x) exists and f{x} is differentiable for any x = 0.
Ifx <0, then |x| =-xand |x + h| =—{x + k) if we choose h small enough such that it

is nearly equal to zero,

Theretore, for x < 0 we have

I-ﬂ]

el ERRLE] o -GER)-CX) j
fa)=lim & lirm . m-

Sa, '{x) exdsts and f(x) is differentiable for any x < 0
For 1 = { we have to investigate the left-hand and the fght-hand derivatives separately:

Iﬂ+&i |0] |kl _ o I
m k _Pﬂh"}‘ﬂh Pﬂ*ﬂ '

. |0+&|-|0| | k|
e e R TR
“ Ak e - e L

Since these limits are different, ['(x) does nol exist, So, fTx) s not differentiable for
r=1.

In conclusion, fix) is differentiable for all the values of x except 0.

Alternatively, from the graph of fix), we can see that f{ix) does not
have a tangent line at the point x = 0. So, the derivative does nod
exist,

Note that the function does not have a derivative at the point where

o= fix)

the graph has a ‘corner’,
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H H If a function fix) is differentiable at a point. then its graph has a non-vertical tangent line at
A function {15 this point. It means that the graph of the function cannot have a "hole’ or ‘gap’ at this point.
continms a1 =0 Thyg the function must be continuous at this point where it is differentiable,

iF and onby i
i f{x) = f(a).

Note
If f{x) is differentiable at o, then f{x) is continuous at 4.

The converse, however, is nof true: a continuous function may not be differentiable at every
polnt.

For example, the function f{x) = |x| is continuous at 0, because !iﬂjlf{ﬂ ={ = f{0).

But it is nod differentiable at the point x = [

m l! -1, z32

The piecewise function fix) is given as fix) =46, =12
-2, <2
& Isfix) continuous at x = 27

b. s fix) differentiable at x = 27

Solution a. Since !iﬂf{.thﬂﬂ},ﬁx‘nsmnﬂnunmﬂ:=E.

b. Let us find the left-hand and the right-hand derivatives of the fmetion fix) at the point x = 2,

oy JOHR)-F@) @k -2-6
fi@)=tm ! I i
P13 Ph+ 32+ 8 hﬂ2+'ﬂh+|&j}

I =1 I

= lim
Aol

=|ll'r.!|_|:1‘.1+ﬁh+]|"]=lﬂ.

f’{\zl} =|ILT, .H.E-I'h,:_ﬁ:ﬂ-} =}]m2|:2+h}a;[i+ #:I-—ﬁ
_ 2 +ah+K)-2-h-6 _ fiy 54 8 +20 -2 -h-6

bt h 0" ke

L e -
lim == lim(7 +2k)=7.

Booll'

Since f'(2*) = f'(Z), the derivative of the function f{z) does not exist at the point x = 2.
50, the function is continuows at x = 2, bat it is not differentiable at the same point.
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We have seen that a function fix) is not differentiable at a point if its graph is not
continuous at x = a. The figures below show two more cases in which f(x) is not
differentiable at x = a:

L

a discontinuity

¥

il &

d COTTIer

4

~
\—

(1 X

L

a vertical tangent
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CRITERIA FOR DIFFERENTIABILITY

For the following cases the function is not differentiable at a given point:
I the graph has a discontinuity at the point,

1. the graph has a ‘corner’ at the point,

3. the graph has a vertical tangent line at the point.

Example 13 Explain why the function shown in the graph
givin below is not differentiable at each of the
points x = a, b, ¢, d, ¢, f, g.

Solution The function f(x) is not differentiable at the
points x = a, b, ¢ because it is discontinuous at
each of these points. The derivative of the func-
tion f{x) does not exist at x = d, e, f because it
has a corner at each of these points. Finally, the
function is not differentiable at x = g because the tangent line is vertical at that point.




Check Yourself

x-1, zx<l
|, Given that f{x)= 11 eof show that the derivative of f{x) does not exist at the point
-1 x=

x=L
200 = |2t -4 + 3| s glven. Find the derdvative of f{x) at the point x = 3,

1, The graph of a function fis given below. State, with reasons, the values at which fis not dif-
ferentiahle.

Nt - |

|'..-"} i . I =

¥ Iiii%riTz}.ﬁww\ '

Answers
|, compare f*{1°) and f*17)

2. does not exst.

J. x =-], comer; x = 4, discontinuity; x = B, corner; x = 11, vertical tangent.

117



A. Tangents

1. Find the slope of the tangent line to the graph of
egch function at the given point,

a fix)=5c-1;

b fix)=4-Tx; x=2

=3

e fix)=xt-1;: x=-1
d, fix) =3 -2-5; 1=0

Ge fixy=x'-Jx+5;x=1

2. Find the equation of the tangent line to each
function at the given point.

a fix)=2c+5 ar (2.9)
b. fix)=x*+x+1 am (1.3

118

C. Left-Hand and Right-Hand Deriva-
tives

3Let fiv Gx l<xch
LBt = i
Oc-24, =<1z

Does the function have derivative at x = 87 Why
or why naot?

4, Given that fTx) = Jx—1|, find f7(1).
D. Differentiability and Continuity
.

i

-2 -1

The graph of fx) is given, At what numbers is Tx)
not differentiable? Why?

¥+, 28]
s [

Does the function have derfvative at x = 17 Why

or why not?



TECHNIO!

A. BASIC DIFFERENTIATION RULES

=3 .

Up to now, we have calculated the derivatives of functions by using the definition of the
derivative as the limit of a difference quotient. This method works, but it is slow even for quite
simpde functions. Clearly we need a simpler, quicker method, In this section, we begin o de-
velop methods that greatly simplify the process of differentiation. From now on, we will use
the notation f*(x) (f prime of x) to mean the derivative of Mwith respect 1o x. Other books and
mathematicians sometimes use different notation for the derivative, such as
2 fwy=y = 2D, (f)

All of these different types of notation have essentially the same meaning: the derivative of a
function with respect to x. Finding this derivative is called differentiating the function with
Tespect to T

[ry stating the Tollowing rules, we assume that the functions fand g are differentizble.
O first rule states that the derivative of a constant function is equal to zero,

THE DERIVATIVE OF A CONSTANT FUNCTION

If ¢ bs any real number, then ¢’ = 0,

We can see this by considering the graph of the constant

function f{x) = ¢, which is a horizontal line. The tangent line to s

a straight line at any paint on the line coincides with the straight T

line itself So, the slope of the angent line is zem, and themrfore

the dertvative is zern. h

We can also use the definition of the derivative to prove this re- 1

sult: The slope of the tangent to
e _flz.t'l'ﬁ:l-—_f{.\'}_ . N Mugra{:ilnfﬁ.r].:nwhmulx

ftx)=lim n =lim h =lim 0 =0, canstant, is zero.

a. Ifftx) = 13, then f*(x) = (13) = 0.

b, If flx)= -%_ then _fm=[-%] =0.
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MNext we consider how to find the derivative of any power function fix) = ¥*.
MNote that the rule applies not only to functions like fix) = x”, but also to those such as

giy=¢ and h{x]=%=.t'“.

THE DERIVATIVE OF A POWER FUNCTION (POWER RULE)
1 n is any real number, then (x*)' = gx"-",

15 a If flx)=x then ffx)=x"=1-2"=1.

b, If firy=x%, then f{n)=(*y=2.2"=2¢

e. If fix)=x" then Mlx)=("Y=3-2"" =3,

Note

To differentiate a function contalning a radical expression, we first convert the radical

expression inte expenential form, and then differentiate the exponential form using the Power
Rule.

y§ * I e )= i empencend

5 3
¥ = 1_-"I.':l -__,__I-"I."'.LI__,__IHH_
fay=(y =S =2

b IF flx) ==, then f(x)=x" in exponential form

| -

f’{:tj:{fl}':'l P T

2.8
3




Proof

=17

The proof of the Power Rule for the general case (r e U} is not easy to prove and will no be
given here, However, we can prove the Power Rule for the case where n is a positive integer,

(Power Rule) If fix) =2¢, then fi(x)= Ljﬁﬂx-‘-hhj_ﬂﬂ -l (x+ h;‘ -1 |

Here we need to expand (x + )" and we use the Binomial Theorem to do so:

[x' I %f‘nﬁ b ™ +h']—.:'

)= lim .
n-2ht “—'{;'I}x”&’ +oot ngh™ 4

fTIJ = lim ferery Lepm fnclpdes It as g Jmctor,
- h . S Y| P Y
g0l cam b sdmpd (e

f')= H[mﬁ'" +—“‘{;"}ﬁmmmw+h--1]=n-f-‘

R =4, them every berm .'nrl.-.'.'lr'ng
& a5 @ Joctor will e covn)

Check Yourself
Differentiate each function by using either the Constant Rule or the Power Rule,
Lftx)=2 2fix)=05 3. _f{x}=_% ';-f(-ﬂ=§
5.f{x) = & 6 fly=3r 7 jwy=L 8 fijie

fix) = f T
Answers

T 2 3

- f 3. f 5.3 6 =yx T -— 8 -
1.0 20 3.0 40 53 ﬁﬁrz_ s b

The next rule states that the derivative of a constant multiplied by a differentiable function is
equal to the constant times the derivative of the function.

THE CONSTANT MULTIPLE RULE

[e f]'=c-f) . ceR

8. I flx)=3x, then fi{x)={(3x) =3-(x)=3-1=3.

b, If fix)=3", then f{x)=(3x"Y =3'Y =3 (42")=122".
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Proof onstant Multiple Rule) I gix) = ¢« fix), then
X+ k) - gix) -I,““c flx+h)-c- fix)
h

(1] h

glx)= Li!_g

Mk < o e JEE T )= ()
Eiﬂ—c-ﬂ;——h—
gixi=c- fix).

2 then fi) =(-2¢°) = 2"y =23 ) =6x" = f_1

a I fx)=-=,
T 18 7

b. If fl[.Ifl e 51..};' IJ'IL']'I_,FI{I} Ah l:rul.':d':ll =5|:xln':|!-:ll = H[%I.|IAJ= gx. s _ :

e

MNext we consider the derivative of the sum or the difference of two differentiable funetions,
The derlvative of the sum or the difference of two functions is equal o the sum or the
difference of their derivatives, Note that the dilference is also the sum since it deals with ad-
dition of a negative expression.

[f0)F g(x)] = fx)Fg(x)

Note

We can generalize this rule for the sum of any finite number of differentiable functions.

[T T E.] = Fx) T ) TR F..
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Prool

Example B}

Solution

Now, let's verify the rule for a sum of two functions.

(Sum Hule) IF S(x) = fTxd + gx), then

5"{:}-13;3(”":'5@ .lmlﬂﬂﬁﬂ m+:}]—[ﬂ:x}+m:xn]

)= [+ [tx+ h) - ai)]
k

S'{I}= lin.l.ﬂ:‘r'lrh}_.lrl:;} _I_le_FEI-I-h] _g[::}
kel k heali k

S‘{x}=1|mlﬂx+h
k]

§{x)= fx)+g(x).
& I f@)=x"+T, then fx)=(x+7) =(x ) +(Ty=-2x " +0 =2,
i

2 +2. then g'(t) =[%+5¢4] =[—] +{B*)' = %{F}'mﬁ}'.

b. B3
Fo=5+a 5

oY =) 52 )
% 10

2 3
=210 =
o 3 5 P

Motice that in this example, the independent variable is ¢ instead of 1. So, we differentiate
the function gif) with respect to 1.

By combining the Power Rule, the Constant Multiple Rule and the Sum Rule we can
differentiate any polynomial. Let us look at some examples,

Differentiate the polynomial function flx) = 3% + 40! - 74 + 3x 4 6.

Fia)=(3" + 42" - T6* + Iz +6)

Sy = () + (4 )+ (T +(3) +(6)
[0 =35Y + 40" Y ~T(Y + Hx) + (6Y
f(x)=3-5c"+4-4¢" -7 -2x+3-1+0

fx)=15x" + 16" -149x+3
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m 2] It is estimated that x menths from now, the population of a certain community will be

Solution

Pix) = x* + 200 + 8000,

a, At what rate will the population be changing with respect to time fifteen months from now?
b. How much will the population actually change during the sixteenth month?

4. The rate of change of the population with respect to time is the derivative of the
papulation function, ie,
rate of change = P{x) = 2x 4+ 20,
Fifteen months from now the rate of change of the population will be:
P(153) = 2. 15 + 20 = 50 people per month.
b. The actual change In the populatien during the
sixteenth month is the difference between the
population at the end of sixteen months and

the population at the end of fifteen months.
Theretore,

the change in population = P(16) - P(15)
= BA76 - B525
= 3] people.

Check Yourself
I. Find the derivative of each function with respect to the variable.
-3 4 4
1 fix)=— b flry=—xr e flxt =02z
2z 3
4 1 _ 4y
d. flz)=3r" 4+ 5x-1 E. _f[:ﬂ=;—%+t L ﬂ;j=iﬁ
b P T )
2. Find the derivative of fix)= LTH_]
x—
2
3. Differentiate f{x)= @
IJx+ u'r.;
Answers
: T 0.1 a 12 2 4
La -—— bhds® ¢ —= dbx+d e --"41 f dx-4-—
2x? T t' 3 b
4d2x-2 3.1
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B. THE PRODUCT AND THE QUOTIENT RULES

Now we leamn how to differentiate a function formed by multiplication or dwvision of
functions. Based on vour experience with the Constant Multiple and Sum Rules we learned
in the preceding part, you may think that the derivative of the product of functions is the prod-
uct of separate derivatives, but this guess is wrong. The correct formula was discovered by
Leibniz and is called the Product Hule.

The Product Rule states that the derivative of the product of two functions is the derivative of
the first function times the second function plus the first function times the derivative of the
second function.

THE PRODUCT RULE

[fxgl] = f(x)gte)+ flag ).

Be carcful! The derivative of the product of twa functions is oot ﬂqu:ﬂ to the product of the
derivatives:

We can easily see this by looking at a particular example.

Let fix) = x and g{x) = x* Then

eeeee R T

{ihelx )T » f0g'(x) ”’,'_l "lm_l :'!; = Ay f'l:_l]!ﬂ:.l \=1-2x=2x

flndala)] # fx0g'(x

m 22 Find the derivative of the function fix) = x(x + 1).

Solution By the Product Rule,
fix)=x-(z+1+x) -(x+D=x-1+1 - {x+)=2x+ 1.
We can check this result by using direct computation:
Jixy=x(c+ D=x*+ 10, /(2= 2¢ + 1, which is the same result.
Node that preferring direct differentiation when it s easy 1o expand the brackets is abways sim-
pler than applving the Product Rule.

m !; Differentiate the funetion H.t'] = {2z + [}{x?-x),

Solution fi{x)=(2'+1) &' -x)+ (2 +1). (" -}
Fixy=4x(z - D+ (2 + D(2x -1
filx)=dx' -dx 44z’ - 2" + 22 -1
[ix)y=8x -2¢" -2x -1
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m !4 Differentiate the function fix) = (3 + 1 -2)(2x + 1),

Solution

Proofl

Solution

First, we convert the radical part into expenential form:
flry= (2 +2-2x # 1) =0 +2- 22" +1),
Now, by the Product Rule,
Fixy="+x- 27 (2 + 1+ (" +x- 202" +1)
Friay= (30 + 10 4 4 (0 + 2 -2 = 6™ 4 3 4 2 414 2% "
J0)=TE 438+ 207 2 41,

Let us look at the proof of the Product Rule.

(Product Rule) I Piz) = f{x)gix), then
Poye i DI |y SEHRale 4 B) - Fliga)
ksl h bl b

By adding —((x + EFlglx) + flx + kglx) {which & zero) to the numerator and factoring, we have:

Py = Ly @RI+ B) — flo + gl + f + Role) - flcjole)
L k

P)=lim fia+ k| gix+ ) - glx)] + gla) | filx+ b) - Fia)]

ot h

e L e e e

P'(x)=1im flx+h)- Hw.r Eﬂfﬂ'ﬁﬂﬂﬂ-h: - f(x)

Pla)= fix) - g'lx)+ glx) - fx)= [x)gla)+ flxdgla).

Differentiate the function fix) = (x* + D3 - 3000 + 2 + 4),

In this example we have a product of three functions, but we are only able to apply the rule
for the product of two functions, So, before we proceed we must imagine the function as
a product of two functions as follows:

fix)y=(x" + ida' —5x)x’ + 22" +4)

fixy= [i.m" + 133! ﬁ.;];'ﬂ(;' +3 + (#1005t + 0t + 4

-:p.u-rrrrh:ﬂmmn

Y= 23’ —5a)+ (! + 112 -5))(x" + 20 + )+ (2 4 1302 - 53 + ),
Our aim is to introduce this methed and because any further simplification is time
consuming, we will stop at this point.
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The derivative of a quotient is the denominator times the derivative of the numerator minus
the numerator times the derivative of the denominator, all divided by the square of the de-
nominator. O,

[ numerator ]' _ derivative of the numeraior «denominator= numerabor « derivative of the denpeimator
denaminator| the separe of the denominator '

THE QUOTIENT RULE

[®) _ fgl)- [
[ma] (o)) s

The quatient rule is probably the most complicated formula you will have to learn in this text.
e Qee e‘ It may help if vou remember that the quottent rule resembles the Product Rule,

[@ 'ifﬂ Also note that like in the Product Rule, the derivative of a quotient is not equal to the
#4009 | quotient of derivatives,

“eampic 1) S fo=S
Solution Using the Quotient Rule:
flx)= (A +1)(2x ; ;i. : t:]:‘:f:.ﬂ:“:h "
fw=- Ehf:“! |

I
Differentiate the rational function f(x) = + "’-‘:‘ﬂ]‘

Eample ¥ =

Solution According te the Quotient Rule,

2r+1)-(x-D-(x" +x-21)-1

fix)=

(x-1*

At -z-l-at-x42] 2 -2x+20
==—ZF &
v B =2p420
o=
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Solution

Proof

Differentiate the function f(x)= 22 +3c+] ;

2x

Before trying to use the Quotient Rule let us simplify the formula of the function:

It +3x4+1 2 3x 1 3 1
= —t—= x4k,
O % 0 3z ag

In this example, Inding the dervative will be easter and quicker witheut using the Quotient Rule,
1 1 241

f'EI“J=]+i}-Ex“ =1-:—,— 5

flxy=

Note
We do not need 1o use the Quottent Rule every tme we differentiate a quotlent. Sometimes

performing division gives us an expression which s easier to differentiate than the
quatient.

Let us verify the Quotient Rule,
(Quotient Rule) Let Qix)= % and Q(x) be differentiable.

We can write fix) = Q(x)g(x).
If we apply the Product Rule: /7(x) = Q(x)glx) + Qix)g"(x)
Solving this equation for Qix), we get

fix)

=S @ -0 _ i M
gix) gx)

(glx)y’

m 29 fix) = x - glx), where g(4) =2 and g'(4) = 3. Find f'(4).

Solution

F) =0 - gla)) = (xY - gla)+ x - g )
=%, 7.
fix) it gix)

s.:mp%%ﬁ =52 v2:3-
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Check Yourself
|, Find the derivative of each function using the Product or the Quotient Rule.

2k e R b. fix) = (&'~ 1) -2)

é f'i=1=[:—1+x][i+1} d. flxy=(4x +1}{f+%]
. I&J=% ; f{x}=£‘._:

i ﬂxj=f;ilﬂ h o= r‘+3:;5;+5

2. TFfTx) is a differentiable function, find an expression for the derivative of each function,

fix) : x 4 y=l+,tj"f:t]|

By =1flx) bog= i _y:_ﬁﬁ ;

3, Suppese that fand g are two functons such that fi5) = 1, [(5) =6, 4(5) = -3 and

§'(5) = 2. Find each value.

A Uy h. [i] (5] c [E]{ﬁ}
g f
Answers
X i o2 2 S
Labd+ar+d boat-6t-2r cl-5-= & Exﬁw_x =
14 p: X +2c-11 3 3
T L ] h. i
E (a-1)° E:{*.Iixﬂ}” 5 (x+ 1) I e 2
28 W) + Py b L -0 ufla)- )t g L)
¥ (fapy! 1
20

3.8.-16 b -= .20
d 9 C
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C. THE CHAIN RULE
We have learmned how to find the derivatives of expressions that involve the sum, difference,
product or quotient of different powers of x. Now consider the function given below.
Blx)y = (x2 + 210
In order to differentiate h(x) using the rules we know, we need to expand h(x), then find the
derivative of each separate term. This method is, hewever, tedious!

Consider also the function m(x)= W +x—1. This function is also difficult to differentiate
using the rules we have learned. For each of the two functions h(x) and mix), the
differentiation formula we learned in the previous sections cannot be applied easily w
caleulate the derivatives k'{x) and m'(x).

Wi know that both b and m are composite functions because both are built up from simpler
functions. For example, the function kix) = (x* + x - 1)* is built up from the two simpler
funetlons fix) = 2™ and g(x} = x* + x - 1 like this:

hix) = figix)) = Q)" = (x* + x = 1)™
Here we know how o differentiate both fand g, so it would be useful to have a rule that tells
us how to find the derivative of & = fig(x)) in terms of the derivatives of fand g.

THE CHAIN RULE

figanl = flgia). f(x)

e fanctine ol the oues
et ; sl

For exampte, if h(z) = flg(x)) = (* + £ - 1)¥, then

Kix)=f"glz)) g (x)= 500 + x - 1" (2x + 1)

Common Errors




m :u Differentiate the function f{x) = (3x* + 5",

Solution B the Chain Rule, f'(z)=2005(3x" +5x)™" - (3’ +5xy = 2005(3x" + 5™ - (Gar+5).

IEEETTN 31 suppose mix) = flglo)) and g1) =5,g%(1) = 2, f5) = 3 and f'(3) = 4 are given.
Fimel m"(1).

Solution By the Chain Rule, m'(x) = f(g{x}}-g'(x}. Som'(1) = [{g(1))-g'(1) = f(5) 2= 4.2 =5,

Note
The Chain Hule can be generalized for the composition of more than two functions as follows:
a0 = S Fatfi) I - (o Ulalg e )= (3 f )] o )

Using the Chain Rule we can generalize the Power Rule as follows:

GENERAL POWER RULE

[(flne) = niffa)"=1 - f'x)

By using this rule we can more easily differentiate the functions that can be written as the
power of any other functions.

m 3! Differentiate the function m{x)=vx"+z-1.

1
Solution We can rewrite the function as m(x) = {(x* + x - 1)¥ and apply the General Fower Rule:
1
m‘l{x‘F%l{x‘ +x-1)t{x+z-1Y

m'l{r}=%{f +x-1) i~{E;n:+ 1)

2r+1

It +x-1

mix)=

1

Differentiate the function fix)= e

Solution  fix)=[{x"+3x) 'T==1x" +3x) " (x* + )’

Flx) =K +3)* - (2x43)

2x+3

I'o=-ay
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1
m :4 Differentiate the function f{x) = (2r' + x* - 15) 7.
1
Solution f’{.t}=—~;-{ﬂ'.z“ +2-15) .25 42 15

fl) =% (62 +20)

3y +4f-15)"
- B + 2x
Hieae' + 1 -15)"

fix)

Differentiate the function f(x)=({z+1) * +5x)™.

Solution f{x)=-3(x+1) *+5)" - ({x+ I}'g +5x)

+5e)" -E-%{xﬂ}_: (x+1Y +5)

HIH

fixy==¥{x+1)
fixy= —3[{x+1}_5 +5x) -tﬁ—%{nl)'gh
m 3‘ Differentiate the function fiz)=(2x- 37 - ya' -2z

Solution The function is the product of two expressions, so we can use the Product Rule:
) =(x-3FY - ad -2x 4 (223" . (f* -2xY

P@)=5-Qe-3) -2 P Br+ a3} L2207 @e-D)

Fy=10(2e -3y g B 0D

et - 2¢




7
Differentiate the function gt} = [E} :

t-3

2 37

Solution g’l{!}=~'|’rE1I [ﬂ]
=3/ A3 ity the Power Rule)
(U 2-(-3)-1 (U+])
git=" : .
\ =3 (t-3y (b the Quatient Rule)
%+1Y 2A-6-2-1
gin=7 ¥
-3 -3y (simplify)
" —49':2“']]‘
gity=s ————,
=
Remember that if y = fix), then we can denote its derivative by ' or %
If y = flglx}) such that y = fin) and & = g{x}, then we can denote the derivative of flg(x))
= N s Y w8
by y' = f*gix)) - glx) or g = "(u) - 'lx) oF T

Thi notation Lﬂ— % . %: is called Leibniz notation for the Chain Rule.,

m !s Given that y = u*- 1 and u = 3x* + 1, find %hyusingﬂleﬂhﬂjnm:le.

Solution By the Chain Rule,

f_ij:i{ 3Ty {-ixﬂ:l {find the derfvative of the first functon with respect to u
de  du i the second function with respect fo x)

=@ (3 +1)-1)-3

4

dx
LI
o +i
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Check Yourself

I. Find the derivative of fix) = (2x + 1),

2. Differentiate y = (x' - 1)'™,

1
. Find [*(x) given fx)=—= .
Vel x4+l
1
: o . -1
4. Find the derivative of g{x)= 1 I_ .
9(x) ' +1
. 1 ; dy
5. y=—=andg = 3x -1  Find —.
I u:mu x - 1 are given. Fin o
Answers
LBy + 1% 2, 00t -1 3. L
et x4y
4 L:r‘H};-' i s 4
4'2°-1" (' +1¥ R
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A. Basic Differentiation Rules

1. Findd the dervative of each function by using the
rules of differentiation.
2 fix) =42

b J=—

e fix}=e¢"
1
d. -
flx) Iif
e, fix) = a0

£ flx)= g:"ﬁ

.2

he fix) = 0307
i flx)=Tc"

Jo fixy=5c-3x+7

4+t 4x=1

K flx)=

L f{x}=;-%+%

m. flxy=ve+ i+

n [oy=dorad

I A

1.3
0. f':-"]"l—;"'ﬁ
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B EXERCISES (0~ 2)
B. The Product and The Quotient Rules

2. Find the derivative of each funetion by using the
Product or the Quotient Rule.
& fix}) =3r(a2-1)
b flx) = (2x + 3)(3r-4)
e fix) = 10(3x + 1)(1 -ix)
d fixy=0E-Dix+ 1)
e flry=-2+r-1+2)
£ fi) = (1+V0)@-3)
A fi:l-ﬁ

x-1
2x+1

1-2x
L J®= s

Jx

r+l

h. f(x)=

} flx)=
r+2
x4l
T+ydx
da-1

k flo=

L _ﬂ.t}=

3. Given that f{1) = 2, /(13 = -1, ¢(1) = -2 and
g'i1) = 3. find the value of (1),

a hix) = fix) - glx)
b, hix) =+ 1))

= )
“ "

I g
O ) g
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b

simplifying and by the Quotient Rule. Show that

4. Differentiate the function f{x)=

both of your answers are equivalent. Which

method do you prefer? Why?

5. fi31 =4, g(3) =2 f(3) = -6 and g'(3) = 5 are
given. Find the value of the following expressions.

a (f+g) 3 b (fgi(a)
: i' 4 d. [L]
; [5]{ : 75"

The Chain Rule
- Find the derivative of each function.
a flx) = (3x - 1)
b, fix) = (22 + 2P
e, fix) = (-3 + 67
d. fix} = (x-2)*
e fix)= i

(5 + Bc=1)

f flx)=

' +1
g flzy=(erl+xy
oh. fixy=1{x- I (3x 4+ 1)V

. _(1-3x)’
oL f= oy

o ﬂx}lﬂ(::;i}”

Ok fix)= %

oL fix) =3 + 22+ (27 + 1™
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7. hix) = g{flx)) and fi2) = 3, f7(2) = -3, g(3) =5
anl §'(3) = 4 are given. Find k'(2).

8. By using the Chain Rule, ﬁndi—yfnreamfl.mcﬂm.

gy=u-lu=2x+]

boy=u'+2u+2 u=x-1

Cy=— u=x

H—
d H=14|'E+L u=xi-z
i HEr r




D- DERIVATIVES OF TRIGONOMETRIC FUNCTIONS

Let us begin by looking at the derivatives of the sine and cosine functions,

DERIVATIVES OF SINE AND COSINE

(abia) = comx
(0 =six

m 39 Find the derivative of the function f{x) = (sinx + cosz)’.

Solution [(x)=20Enx+cosx)sinx+cosx)’  (by the Gemeral Power Ruie)

f‘ c e e P f{x) = 2(sin x4 cos x){cos T sin 1) (by the sum, derivatioe of the sine and costne)
| £(x) = 2cos® 1 sin® ) (simplify

| cos 2% = cos’ & — s’ & i , Pl

- Fiix)=2c082x (b the irigommmetric identily)

Nowv let us derive the formula for the derivative of the function f{x) = sin .

Praof [Derfvatve of Sine Function)

By the definition of the derivative, we have

o fle+ky=fix) L sin{x+h) -sinx
fix) = lim : = lim :
_e_e_e_e_e_ F{Ij_mmnlcﬂﬂ&+mxsh1h-ﬁin1=m shnxcu-sh-sinx_i_msrsinh
[ T fi ke-ill h i
s fr
e J ; _ ot
[{x)=lm slm{M& ]J+ms:[m—h] -Jilm;in.i.-lmJEEIEjr |+lll't'|(:l:t5.".‘-|!.'||:'””'
“mm::—l=” bl i h Al PR bl o
fix)=sinx.-0+cosx- | =cosx.

BEETEN 4() Find the derivative of the function fix) = x - sin x.

Solution By the Product Rule

Frley=(x-sinx) = (x)"-sinx+ x (sinx) "= sinx+ xcos x
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T 41

Solution

eampie V]

Solution

eeecCe

| s 2r = Duin 1 cos &

CHAIN RULE FOR SINE AND COSINE

Find the derivative of the function fix)} = cos(x’ - x).

oy =(cos{x' — )= —gin( 1’ -1) «(2* -00"= —sin{2x’ -2} (32 D)

Find the derivative of the function fix) = sin’y".

In this example we have the composition of three functions,
fx) = sin® 5* = (sin{2* )"

We apply the Chain Rule beginning from the outermost function;
Fly=(isin(r Y= sty - (sintat )’

flx)="5(stn(z"))' -cos{x*) -(=*)’

f{x)="50smix* ) -cosix’) - 2x

Fxy=10xsin(x" jeos{x*)

139



Chek Yourself

Find the derivative of each function

1. f(x)=-3sinx 2. fla)=xcos x 3. fla) =
4. f(x) = cos2-(x"+a-1)

Cos

l+cosx

Answers
1

l+cosx

1.1-3cos x 2. cos x-rsinx 3.

4.sin(22%+2r-2).(2x+1)

DERIVATIVES OF OTHER TRIGONOMETRIC FUNCTIONS

BEETTT A3 Find the derivative of the fanction fix) = tan(x - ¢ + 1),

Solution f'ix)=sec’{ -3+ - (P -3+ 1Y =sec’’ -3+ 1) (20 -3
or = (1 +tanf(xt -3 + D)2 -3,
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X

% ' | 1 - . [ s
44 Find the derivative of the function _|'{.1.'1=E——--—.

Solution By the Quotient Hule,

(s x) (14 tan 1) —sec x-(1+ an 1)°
(1+tanx)®

by e Cheotient Rale)

[ixh=

secatany-(]+an ¥y —secy sec’ 1

I-'-"'h 1 ']
LATTETERINLE )

fln= : =
i1+ tanx)

. seCTilan X+ tan’ r-sec’ 1) "
fix)= (factorize)

(14 tan x)°

. gecatanx =1) S "
flay=— A s (eimplify using ton” x + ! =20 1)
(l+tanx)”

Check Yourself

Find the derivative of each function.

1 f'i-l'i':@ 2. fx) = 4 58c x - cot A
L}

. flx) =cot(r’ -x + 1)

Answers

TSECT X —fanx :
i —— 2 dsPoNtAny + oHCCX

1
J escii=-x + 1. {1-2x)

.‘ j l_..r-l| |I|.l'r| ‘II.

W -
i
7

_r‘_
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E.IMPLICIT DIFFERENTIATION

Up to new we have worked with the functions expressed in the form y = f{x). In this form,
the variable y is expressed easily in terms of the variable x. A function in this form is said to
be in the explicit form, However, some functions cannot be written in explicit form, Consider
the following equation:

yHy+r=0

If we are given a value of x, we can caleulate y in this equation. However, we cannot write
the equation in the form y = f{x). We sav that x determines y implicitdy, and that y is an
Implicit function of 1. Look at the same more implicit functions:

v+ -Syt=7
y-2=x
Yoy +4y=0

How can we differentiate an tmplicit function? Recall the Chain Rule for differentiation. In
an tmplicit function, y is still a function of x, even if we cannot write this explicitly, 5o, we
can use the Chain Hule to differentiate tevms containing y as functions of x, For example, if
we are differentiating in terms of x,

WY = LRV = 4ROV () = 4y ot Y = o 52,

X
Ty =Ty or (Fy)' =7 g
ix

The procedure we use for differentiating implicit functions is called implicit differentiation.
Let us summarize the important steps involved in implicit differentiation.

IMPLICIT DIFFERENTIATION

I. Differentiate both sides of the equation with respect to x. Remember that y is really
a funetion of x and use the Chain Rule when differentiating terms containing y.
9, Sulve-the resulling equatian for m,%h terms of & 40
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m A5 Find i given the equation y* 4+ 3 + 1 =0,

Solution (¥ +y+x)'=(0) (aifferenttate both sides)

(Y +{u)+{x)'=0  (by the Sum Rule)

Sy’ + ' +1=0 (by the Chain Rule)
Y5yt + 1) =-1 {factorize)

1 _ "
yJ‘_Ey*H (tsolate y° )

m 46 Find % given the equation y* - y’x + x* -1 = 0.

Solution (3’ -y*x+x*-1)=(0) (differentiate both sides)
W'Y -y x)Y +(x*) -(1)'=0 (by the Sum Rule)
L S T ;
3y = —(Eyf—.r +y )+ 2x-0=0 (by the Chain Rule and the Product Rule)
X ax
j‘x—y@y2 -9yx) = y* -2 (factorize)
dy  y' -2 d
B 3% —2yx (isolate ay)

AT The equation 1* + 3 = 4 is given.
| Example |

a. Find % by implicit differentiation.

b. Find the slope of the tangent line to the curve at the point (3, 1).
¢. Find the equation of the tangent line at this point.
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Solution a. Differentiating both sides of the equation with respect to x, we obtain
(*+y')=@)
(@) +(") =0

2x+2y@=
X
d
d_y=_f (4 20).
x oy

e—cf—e—c b. The slope of the tangent line to the curve at the point (v3, 1) is given by

dy _dy  _ X V3 _ B
dI m=— —— e 3
s dx (3, 1) Yia 1
is used for slope of the '

curve at the point (¢,b). | ¢, We can find the equation of the tangent line by using the point-slope form of the
equation of a line. The slope is m = —v3 and the point is (3, 1). Thus,

Y-y, =mx-x,)
y-1=-Bx-3)
ﬁx%—y—ﬂl:(].

A sketch of this tangent line is given on the right.
The line x + v3y — 4 = 0 is tangent to the graph
of the equation x* + y* = 4 at the point (v3, 1).

=Y

144



m -‘8 Find the derivative with respect to x of the implicit function ©" +y° +x =2

Solution Differentiating both sides of the given equation with respect to x, we obtain

@ pgyt e Ly d
m""‘ +1) +d1|:ﬂ_.ﬂﬂ}

%f.‘r' +y e i{f +1f 1+ 25 =0

1 '- k| dﬂ'
—[ + Y2 2y A 2 =0)
2( X% yil_J

2y +Ey% ==4x(x" +y )"

iy ] i
dy—=-dnx +y ) " -2x
s i)

dy _ S+ -x

de I

Check Yourself
I. Find :—E by implicit differentiation.
x

A r+ry+y=5 b’y +ay' =3z
c =1

2. Find the equation of the tangent line to each curve at the given peint.

ary-y+ay-1=0;(L1 b .l () 5, >
-y i T L5 4]

] 1

e xidyt =4 (1, 33

Answers
Lo 22y 3L

T +25 x+ 3y

3 E 5 —

2.8 y= —EI-I-% b y=—?—lt—ll Cff = /31 + 443
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- EXERCISES(6-3)

[, Derivatives of Trigonometric 1. Find the equation of the tangent line to the curve
Functions at the given point.

5, Differsitiate the functidcs. =l e i s \

=gin(3x -5
a. flx) = sin(3x - 5 2, For what values of v does the graph of

b. flx} = cos ("~ 1) fix) = 1 + 2 stnx have a horizontal tangent line?
¢ flx) = sinx - cosx
A e E. Implicit Differentiation
e flx) = sinx-tanx dy
3. = .
£ fix) = 2xtanx - xcosx Find o for each equation below,
g flx) = cos'(2e’ - Ay 4 x-4y=3 boxy-y-1=10
e P+rl-my=1 dL-W'=5
X
e W+ =12 £ F+omyry=11
: g Vy-ay =8 h ey -dc-¢* =0
N S 3
h HI}—KHMITJ
{ fz)= ik 4. Find the equation of the tangent line to the given
I4sect curve at the indicated point,
F flxy = (1 4 secx)-(1 - cosx) a 42 + ' =12 (1,-2)
k. flx) = tanyx’ - x-1 b. 22* + xy = 3y (-1, -1)
_cot{x’-1)
1 f{I}rl-EE‘E’{I;-i:I

m. flx) = [Fsin(x - 1)]°

n fix)= wc“n:%:
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Chapter 7
SPACE GEOMETRY




AXIOMS OF SPACE GEOMETRY

In your previous studies, you studied plane geometry. Plane geometry is concerned with the
definitions and properties of the fgures in the plane, However we live i a three—dimensional
wiorld. Therefore we need to extend our study of peometry to include bgures which have
three dimensions, that is, figures with height or thickness as well as length and width,

line

A line is a one-dimensional figure. It has length, but no width or height. Two lines in the same
plane can be coincident, intersecting or parallel. In plane geometry, the intersection of two
non-coincident lines & a single point. Perpendicular lines intersect at 90 degrees.

pane

A plane |s iwo-dimensional. 1t has length and wideh but no helght, and extends infinitely on
all sides. Two planes can be either paraliel (with no common peinis) or intersecting, The
intersection of two planes is a line.

space
Space is the s¢t of all points. Space contains an infinite number of planes.

pACe RROMmELry

The geometry of three-dimensional shapes is called three-dimensional geometry or space
geomety

In this chapter we will study lines and planes in space. We will state axioms, definitions and
theorems zbout lines and planes. In the proofs of theprems, sometimes we will use theorems
from plane geometry. We will use plane geometry theorems without proving them.
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collinear, non-collinear, coplanar, non-coplanar

Points which are on the same line are called collinear points. Points which are not on the
same line are called non-collinear points. In the same way, points or lines lving in the same
plane are called coplanar points or coplanar lines. If they do not lie in the same plane they
dre non-coplanar points or non-coplanar lines,

In our study of space peometry we will use the axioms of plane peometry and the axioms of
space peometry. The axioms of space geometry are as follows:

Axioms of Space Geometry

&,
7

. Two different points in space determine a line

Three non-collinear points in space determine a plane,
[n space, there are at least two points on a line and there is at least one point outside this
line,

A plane which has two peints in commeon with a line contains this line.

[f two planes have a commaon point then there is a common line passing through this
point {Le. the intersection of two intersecting planes & a line),

[n space, ouiside a plane there is at least one point.

A plane divides a space (nfo two semispaces

We can use these axioms to prove theorems and corollaries about space geometry.
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1. Relative Position of Two Lines in Space

Two lines in space can have different positions relative o each other These can be described
a5 follows:

a. Infinitely Many Intersections

The lines can be coincident. If two lines are coincident then they have infinitely many
intersections. If two lines have two common points then they are coincident.

b, One Common Point

The lines can intersect. From plane geometry we know that if two non-coincident lines
intersect each other then their intersectlon 5 a unbque point. We have seen thal two
intersecting lines determine a plane. So intersecting lines always have 4 commaon plane.

¢. No Common Point

: § 11 cwo lines have no common points then there are two possible cases:

i. Parallel lines; Parallel lines are defined as coplanar lines having no points n commen.
From plane geomsetry we know that in a2 plane, through a point not on a line we can draw
one and only one line parafle] to the given line. Similarly we can say that in space, through

4 point not on 4 line, a line parallel 1o the given line can be drawn and this line is unique.

ii. Skew lines: Two lines ave called skew lines if there is no plane which contains both lines, In
other words, skew lines cannot be coplanar. By extension. skew lines have no commen point,
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2. Relative Position of a Plane and a Line

A line and a plane in space can have the following three positions relative to each other:

a, The line lies in the plane.
b The line intersects the plane at a unique point.

e. The line is paralle] to the plane. f’ |
H i
s
; /
j_’_,—"’ P 4
¥
a-"'_-_--'-'--'- ;
a n (i
il
A
Limeal iy hemgg i plurye 9 Lane o ingoesecys plone il ine & 15 paraliel t phane @
L umigLee poimt P

We can write the following theorems and conelusions concerning the position of a line relative
Lo a4 plane:;

L If a line d not in a plane is parallel w another line lying in the plane, line d will be
parallel to the pline.

2 1fa line is parallel to 2 plane, in this plane there are lines parallel to the given line.
3. Two lines parallel to the same line are parallel.

4 Two angles with correspanding parallel arms in the same direction are congruent.
B If one of two parallel lines intersects a plane, the other line intersects it also.
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Proofs 1. Letd be aline parallel to another line m lyving in

plane o as shown opposite.

Since d and m are paralle] lines they determine
a plane & bv Rule 2 for the determination of a
plane.

e and A are intersecting planes along line m by
Axiom 5,

If d and a intersect each other, their intersection
point must be on m by Axiom 5,

So m and d intersect, i.e. they are not parallel. This is a contradiction.
In conclusion, d and o have no common point, i.e. they are parallel.
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2 Look at the figure, Let d be a line parallel o a
given plane o and let A be any point in plane f.

Then d and A determine a plane f by Rule 3 for
the determination of a plane.

B and @ have a common point, that is A, So they
have a common line by Axiom 3.

Let us call this line m.

Both d and m are in .

Sinee d has no common point with [, it cannot intersect m.

S0 d and m are parallel lines by the rules of plane geometry,

We can find infinitely many paralle] lines as there are infinitely many points A in the
plane, We can conclude that if a line is paraliel o a plane then in this plane there are
infinitely many lines parallel to the given line, and these lines are parallel wo each other
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3. Let m, n and d be three lines in space such that 4
m d and n ff d.

Since m and 4 are parallel they determine a
plane o, and since n and o are parallel they
determine another plane § by Rule 2 for the
determination of a plane.
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Let A be a point on n.

Line m and point A determine a plane A

Since fand A have a common point A, they have a common line k by Axiom 5.

We know that m /f d. So, m is paralle] to f by the Theorem 1.

Then lines d and k are two lines in plane B parallel to line m. So k and d are parallel.

By the rules of plane geometry, we can draw only one line through point A which is
parallel to d. So n and k must be colncident lines,

Therefore, nt and » are paralle] lines.

Let ZABC and ZA R C, be two angles with corvesponding parallel arms in the same
direction.

Let M and N be any two points on arms BA and 4

BC respectively /

On B A, and B.C, take two points M, and N, such ~ #~—————=—=
that M.B, = MB and N B, = NB. |

Since BA /f 8 A, BMM B, is a parallelogram. _I " 1

So BB, // MM, and BB, = MM,. (1] I

Similarly BC J/ B.C, and BNN B, is 2 " oul —
parallelogram. ' :

So BB, NN, and BB, = NN, (2)

From (1) and (2) we get NN, [/ MM, and NN, = MM .

So MNN M, is a parallelogram and MN = M\N,.

Then by 5.8.5, AMBN and AM B N, are congruent.

This means #MBN = AM BN, and £ABC = ZABC,.

Let o be a plane and let d and m be two parallel lines such that d intersects o

There are three possible cases: m fes in o or m is parallel (o a or m intersects @

i, If m is in @ then d will be parallel to a line in o S0 d is parallel to . This is a
contradiction,

i, Ifm is parallel to a then in & there will be a line (for example n) parallel to m. Since

d /f m and m // n, we can conclude that d // v by the Theorem 3, In this case again d
will be parallel to o, which is a contradiction. Therefore m intersects a.
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Coroliary

® If one of two parallel lines is parallel to a plane then the other line is either in the plane
or parallel to the plane.

m If the corresponding arms of two angles are . ‘},
parallel and in opposite directions, the angles -
are equal. o - éj"’,' .

i 3 3 [

® If the corresponding arms of two angles are C
parallel and if one pair of corresponding arms = = el
is in the same direction while the other pair is -
in the opposite direction then the sum of the i i
angles is 1805, \BE = ZAE IO+ 8,0y = 1817

3. Relative Position of Two Planes

In space, there are three possible cases for the position of two planes relative o each other,
& The planes can be coincident.
b. The planes can intersect.

& The planes can be parallel.

P —

L
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st de gl

Proofs

|

1. 1f a plane passes through a line parallel to anether plane and also intersects that plane
then the line of intersection of the two planes is paraliel to the given line.

2. If two intersecting lines in a plane are correspondingly parallel to two intersecting lines in
atvother plane, the planes are parallel,

3. Through a point not in a plane we can draw one and only one plane parallel to the given
plane.

4. 1f a line intersects one of two parallel planes, it intersects the other pline too.

1. Let d be a line parallel toa plane a, and let i be
i plane containing d and intersecting a along

line m.
Then d and m lie in p.

Since mois in o and d /o d and m cannot
intersect each other, They are also not skew

because they lie in the same plane.

Therefore they are parallel.

< >
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2 Look at the figure. Let o and b be two planes,
Leet m, i b two intersecting lines in g and led
m,, 7, be two intersecting lines in P such that
mim andn ' n,

We need to prove that & and p are parallel, Le.
that they do not have any common point.

Let us assume that they have a commaon point
and look for a contradiction.

If & and P have 2 common paint then they will

have a commaon line: their line of intersection. Let @ be this line.

Since m and n are parallel to m, and », respectively, both m and n ave parallel 1 p.
d e i, so neither m nor # can intersect tine d,
As a result, sinee m, & and d are in the same plane, we must have m ' d and n / d.

But in this case, m and 7 must be coincident or parallel lines. This is a contradiction
because it is given that they are intersecting lines.

This means that a and || do not have any common point. Therefore they are parallel
planes.
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3. Let oo be a plane and let A be a point not in o,

We need to prove that

a. through A, we can draw a plane parallel o @, and

b. this plane Is unigue.

a. First we prove that the plane exists:

Let d and m be two intersecting lines
1 (L.
Through A we can draw a line parallel
to d and another line parallel to m.
Let us name these lines d, and .
Lines d, and m, are intersecting lines,
so they determine a plane [
By the previous theorem, o and B are parallel,
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b. Now we prove that the plane is unigue:
Assume that there is another plane [F containing A and parallel to o, and look for a
contradiction.
[ cannot contain both o, amd m,, otherwise it would be coincident with plane .
S0 at least one of d, and m, intersects [, Let d, be this line.
Since d and 4, are parallel, d also intersects plane |,
This mean that [ cannot be paralle] o o, which is a contradiction.
So plane p is unique.

4. Let o and f be two paralled planes and let o
be a line intersecting o at a point A as shown
in the figure.

We need to prove that d intersects .

Line d cannot lie in B because o intersects o
and o p.

Ay line drawn through A and parallel to
must lie in w, so if d is parallel to P it lies in
i

However, we know that d is not in a.

Hence there is only one possibility: line d is not parallel wo i, ie. it intersects .

i

/
/
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m If two plane are intersected by a third plane then the resulting intersection lines are parallel

o each other
-
Proof
,-"_ll =———
. r y
Crivenz{x) [ Av) ; y
(xM(z)= AB F ad
(INEz)1=CD y 4
I prove - AR ICD AN y
" 5 .u"lr
Y. <\
'w.kx
(K{Y)=AR faiven)
miZ-5 | 7

ABC(N) , ABC(D)

TS et {intersection line of two planes contains oll comman points af planes)
EBClY) - cncm} ' 4 0 P A

In{Z}, if AB7#CDit intersects at a point E

EEABCIN) —E&(X) - - -
EEE:{ﬂ_EEm}{mhwufnmplmmmammﬂmmmpmufphmﬂ

Ec(M)m(Y) they have common point £
This is contrary to the given (X)//(Y)
Therefare 4B does not intersect E(T-.m lines are parallel if they lie na same plane and they are nat

intersected) If a line intersects one of two parallel planes then it intersects the other plane too

Corallary of Theorams ‘:A

"., X
Gh'r:'n':{:_}-‘f{_pj '\ H \\
AB intersecis (x) at B - L
b prove ; ; _ ¥
AR intersects (vl II\ i EE - \
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Proofs

Let EE(Y) we draw EN//AB (One and only ane straight line can be drawn parallel to a given straight line through
a point outsite the given line)  (Paraliel s Pastulate)

Let{Z} contains EF and AB (There is one and only one plane contains two parallel lines)
FB //EM (Theorem 1)

therefare: AB intersects () at M

- [ aplane contains ene of two parallel lines then the plane is parallel to the other line

L S K & B
Giveny: AR/ /CD
€D =(x) / 7
Jre— ; _n'lr.
fo prove . AB/ /(x) g 2 y
.-: = b = r.-r
Proofl i i

If AB is not parallel to (X so it intersects it at a given paint E

AB/CD | given |

(X) intersects £O (A plane which intersects one of two parallel lines then it intersects the other line too )
This is the contrary to the given| CDCIX))
{%) doet not intereect AR

M/ AR Given

If two distinct lines are each parallel to a third line in a space then they are parallel to each other

Gn'm'.f*.-ij_:f-._ﬂ

foprove: L//

+~ B
1_.-1-.

il

Proof

ik

Let AEK .
Lat (X) contains L and the point A {There Is g uhique plame contains @ line and @ point outside of the ling)
WK, So K will intersect (¥) at a point A
« (X intemactﬁ This is impaosible (A plane which intersects one of two parallel lines it intersects the ather line too )
v KCX)
In 0 IF AT
=+K intersect L at a point M
50 we have two straight lines drawn from the paint M each parallel tn-f:{-
This is contrary to given (Paraliel s Postulate)
56 K does not intersect L
SENT
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The intersection line of two planes is parallel to any line which is contained on
ane of the planes and parallel to the ather

Given: (x)1(y)= AR
CD (v}, CD/{x)

o prove ! & L 4
A 11 D / /
LS

Proof AR, CD C(X) } Ghven

CO /4%

In (¥] , suppase CO intersects AB

then CD intersects (X} (The intersection line resulting from twa intersected planes contains all their
COMMan paints)

This is contrary to given CD //(X)

AB/CD

163



If a Line is parallel to a plane then a line which is drawn from any point within

the plane parallel to the given line then the line drawn lies in the plane

Given:C e (x),ﬁ //(x) - °
Proof CD /| AB
it CD < (X) to prove :
CDc (x) e
X c L

= CB intersects (X) at C
5 // E (Given)

= (X) intersects AB (A plane which intersects one of two parallel lines it intersects the other line too

This is contrary to the given that
AB//(X)

-.CD does not intersect (X)

CD < (X)

PSS ] iftwo intersected planes each contains one of two parallel lines then the intersection line of

the planes is parallel to each of the parallel lines

Proof: -
= = Given:(x)(\(y)=EF, AB c—(x)
'ﬁ//CD Chanr CD c(y), 4B // CD .
8 Eo i to prove :

EF || AB’
AB/ /(Y) (Theorem 2) EF /) CD

AB  (X) (Given)
E / /EHF (Theorem 4)

=% CTD / /ﬁ: (Theorem 3)
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A line which £ perpendicular to two intersecting lines at their intercactad point it willhe
perpendicular to their plane

A fine is perpendicular to a plane if it is perpendicular 1o all lines in the plane through its trace

There is one and only one straight line can be drawn perpendicular to a given plane from a given paint

A line is inclined [obligue) to A plane if it intersect the plane and it is not perpendicular to it

The length of a line segment drawn perpendicular to a plane from a given point ta the trace is called the

distance of the point to the plane

The Length of the line segment bounded by two paraliel planes and drawn perpendicular to the planes is

called the distance between two planes

A line which is perpendicular to ane of two parallel planesalsoit is perpendicular to the other plane toa.

The two planes are parallel if they are each perpendicular to a straight line
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A plane which is perpendicular to one of two parallel lines , it is also perpendicular to the other
line too.
Given: TB//@,E J_(X)
Toprove: CD L (X)

Proof

A plane that intersects one

— of two parallel lines,
CDNnX)= {D} intersects the other

In (X) we draw B.TE,E

DG/ /BE
And wedraw ., . ; (Parallel’s Postulate)

DH/ /BF X

mM<ABE = m«CDG
m<ABF = m<«CDH

(If each two sides of an angle is parallel to two sides of another angle then their measurements of the angles are equal

and their planes are parallel)

AB L (X) (given)

Aline is perpendicular to aplane if its perpendicular
to all lines in the plane through its trace

AB 1 BE,BF

M<LABE = m<«CDG =90
M<xABF =m<«<CDH =90

A line which is perpendicular to two interseting lines at thair

DL (X) intersected point it will be perpendicular to their plane
Corollary of Theorems if two lines are perpendicular to a plane then the lines are parallel.
Given:ﬂ?,@,L(X) (:" . Al
Toprove: AB /I CD 1 g
/
Proof !
— —_— !
If ABis not parallel to CD then !
i
From D € (X) we draw DE / /AB (Parallel's Postulate) "‘
i
— D'

AB L (X) (given)

DE 1 (X) (theorem 5) X
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CD L (X) (giver)
We obtain two lines both drawn from the point D are perpendicular to (X) it is ipmossible, because there is

ane and only one line can be drawn perpendicular from a point to a given plane

- DE=DC
-~ AB/jCD

T ———

If two lines are drawn from a point in a plane one of them perpendicular to the plane and the other perpendicular to
a given line within the plane, then the join line between any point of perpendicular line to a plane and the point of
intersected lines is perpandicular to the given line in the plane. A
Given: Be(x),0D < (x),AB L{x),BE L CD
To prove: WN edB=NE LD
Proof L
From point B we draw BF / /CD (Parallel’s Postulate)

Ecm (given)

=BF < (X) (if two lines are parallel then the plane which contains one of the two lines and a point of the other line

contains the two lines)

. BE LCD (given)

BF LBE [in a plane, 2 line which is perpendicular to one of twao parallel lines is perpendicular to the other line tao)
AB L (X} (given)

", NB LBF - [Aline is perpendicular to a plane if it is perpendicular toall ...}

BF L(NBE} - | A line which is perpendicular to two lines .__}

*, CD L(NBE) (Theorem5)

E.j J_ﬁ woness 3 A lime 15 perpendicular tooa plane iFil is perpendicular to all ..}

The same way we can prove that any line joining any point of E'.E and the point E, is perpandicular to E
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Corollary of Theorems If two lines are drawn from a point outside of al plane, one fo them perpendicular to

the plane and the other line perpendicular to a given line in the plane, then the join fine

between the traces of two perpendicular fines is perpendicular to the given line in the
plane L o L
Given: Ag (xpCDC (k) AR L{x) AE L O

To prove; BE LOD
Proof

It E'_Eis not perpendicular to ﬁ 50 from the point B we draw N_E A B ﬁ (There is one and only one perpendicular
tine can be drawn fo a given line from outside point)

E 1 {X] (given)

.

AN L CD (Thearem §)

AE LCD (given)

s o e NS
A (%) . GO [¥): &8 | (¥ . AE - CD

. AN !JﬁTE (There is one and only ane perpendicular line con be drawn to @ given line from owtside point)

. N=E
— BE =BN

- BE=CD

SOLVED PROBLEMS

1) BCD right triangle at B, A is a point outside of triangle plane such that AC=CD, AB=BD. Prove that E is
perpendicular to a triangle ABD plane

Proof
In triangles ABC.BCD Given:sCBD is aright angled triamgle a1 B
AB =BD (given) Ag(BCD), AB = BD AC =D A
AC = CD (given) To prove: BC L (ARD)

B.—C is comman

sABC =.BCD
m<CBD = m<ABC =90
BC LBD (m<BCD =90") (given)
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HC A Aﬁ (m-TtABC = o0 } (proved)
BC L{ABD)

1) A_Eis a diameter of a circle whose center is O, ¢ is a point on the circle, CD is perpandicular to circle's

plane. Prove that AC L (BCD)
Proof

#._Bis a diameter of the circle (Given) _
M-CACB = 90" (A circumference angle drawn in  half circle is right right angle) _ Y 4
AC LBC

CD L (ABC) (Given)
-I'TC L i:TJ . .1 aline i perpendicular o aplane if it is perpendicular to all |, | .}
AC L (BCD) . .| aline which is perpendicular to two interscied . . . |

2) ABC is right angle triangle at B, AE L (ABC) , Dis midpaint of CE, N is midpoint of A, Frove that

AB LND feiveer; S4B 15 anght angled angle o B
f
- _—_— AE L ABCY
Let M be a midpaint of AC $ e point at CE i i

D is midpoint of  (given} N micpoing al f.4
M ismidpaint of  (given)

MD EIE (The segment line joining between two midpoints of two sides of a triangle is parallel 1o the
third side]

rﬁ ! HE (The same reason)
AE/ /(BCD) (given)

MD / /(BCD) (Theorem 5|
4B is right angle (given)

;.,E J.E et IF ameasure of an anglr between two infersected lines eguale 90 then the
two lines are perpendicular}

m 1E {in a plane if a line is perpendicular to one of two parallel lines, it is parallel to the other too)
M e (ABC)

=MD L(ABC) , MN L AB , AB  (ABQ)

=5 ‘A_E L ﬁE {Thearem of perpendicular)

1) ABCIs right angled triangle at B, AB=dcm, BC=3cm, CD L (ABC) such that CD=12cm, Find the length of

AD
21 Prowe that If two lines are each perpendicular to two Intersected plames then the lines are not paraliel.

3 In AABC, mA =30",BD L (ABC), BD = 5¢m, AB = 10cm if BH L AC then find m<BHD
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~_ PERMUIATIONS

We can define a permutation as an ordered arrangement of some or all of the elements in a

given set. The way a set of books is arranged on a shelf, the seating positions of a group of
people at a table or the way the players in a foothall team line up for a team photo are some ex-
amples of permutations since in each case, the order of the elements is important,

A. FACTORIAL NOTATION

Solution

When we are sobving permutation problems, we often need to express the product of all
consecutive counting numbers from 1 to a number #. Factorial notation provides an easy way to
denote this product.

factorial

For any counting number #, the product of all positive integers less than or equal to # is called
1 factorial and denoted by u!:
ml=mm-1)-...-2:1,
For example, 3! =32 1=6and5! =5-4-3-2-1= 120,
As a special case we accept that 0! = 1,

Evaluate the expressions.

2. Tl b. 6!-3! ¢ (6-3) d 4 +2
g (4+2) g8l 4 [§]1
4] 4
a3 7l=T76-5-4-3-2-1=>5040
b. 61-3=(6-5-4.3.2.)-(3.-2- 1) =T20-6=T14
e E-N=3N=3=3-2-1=6

ddl+20=(4-3.2. )+ 2 1)=24+2=26
e 4+D=(6)N=65-4-3-2:1=TY
Bl 8765 4-3-8-]

= o iy =8-7-6-5= 160
4 A-3-24]

aa

8
|=(@)l=2-1=2
)0
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Solution

Solution

For all positive integers, 1! = nin - 1)!

For example, 7!=7.6.5-4.3.2.1=T-61.
i

As a result of this property, we can write

nl =n(n- 1) =nfn- -2 =nin - Din - 1n -2m -3 ete,

Evaluate the expressions.

g b, 13! ¢ 100! - 90!
B 11!
o 9-%

i — oL =l | |

T
131 13-12- M

h. St el A il =1Eﬁ
11! 51

100+ 8!
91-71

d.

¢ 1001 - 59! = (100 - 991) - 991 = QR{(100-1) = 80 - 90/

Bl -7 {9-8-713-7! 7H9-8-T)

Simplify the expressions.
, L ) (-
(-1 -1 (n+2)]
& n! =ﬂiﬂ-"'m_n

(-1l (-0

@) @-9) _@+3) o+ @2 (n+3)

101+8!_ (10-9-8-71)+(8-7) _ 7(10-9-8+8) _ 728

7

(n+1)!
" a(n-2)

=D AL -1 (w2 (AT (1)

. D! _@AD)n-Dr -2
w-{n-2)! n-(n-2)
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Save I gy o
4 {(n' -m-(n-3)

(n+2 :{ri+5'.}r[n+1'j|-Hr{u—l}-(n—ij-{ﬂ—!ijl
(n'=n)in-3 nin® -1){r-3

_(n+2)-(n-2)-x- (e+T) - (m=T) - (n~3)]
i - (nAT) (=T} (n—3!

=(n+2)-(n-2y=n"=4.

Salution

Son' -4 =6 - 12, which gives ' -6y + 8 = (),

C c c c c This equation has two roots: ny = 2and ng = 4.
Remember! Since the first root makes (x - 3! nvalid, n = 4.

[s1 the Factotinl |,:5-.||||.mi:|||

n!. m must be o counting Check Yourself

||‘||||I:!;f

1. Evaluate the expressions,

M k! - 151-141 (21
BRTIIET 150414 T (4!

2, Solve for .

D =BT ety -231= 720
T - w5
Answers
Lagn? o™ 9.8 15
E ]
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B. PERMUTATIONS OF r ELEMENTS SELECTED FROM n
ELEMENTS

Many permutation problems ask us to consider arrangements of ¢ things chosen from » things
{0 £r<m), Le. permutations of r elements chosen from a set of o elements,

n!
(-t}

m 5 How many different two-letier armangements can we form from the letters of the wond KANO
if a letter cannot be used more than once?

Solution The order of the letters is important and a letter cannot be used more than once, By the
multiplication principle, the number of arrangements is: 4 - 3 = 12, These arrangements are

KA AR NKOK

KN AN NA O

ko 40 NO ON

Im this section we will use a new formula o solve problems of this type.

Bn,r)=

permutation of r elements selected from n elements
The number of permutations of r elements sebected from a set of v elements Is

c ccc c If we apply this formula to Example 39, we can write the answer as

bome books use P ar
P o mmiean Plu, 1.

Note
Any question which can be sobved using this permutation formula can also be solved using

the multiplication principle,

OIS § Calculate PG5, 3) - (7. 2).

P(5, 3)-B(T, 2) = —0 BT 6543295

Solution G- 7-2) 2 &
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EIC 7

Solution

Solution

| ExamPLE B

Solution

Evaluate the expressions.

a. 7.3 bPnn PO

oo T T TG54
TR e Rt
b o B LW

e T

| nl =l
c, = L =——
b ey g i o

Pin, 3) -5 = Pin, 4) is given. Find ».

Pin,3)-53="Pin, 4

M . A
m-3 " (m-a)

i o]
(m=3)- (g1 (n-4)]

B=n-3

n="4

How many three-digit numbers can be formed from the digits in the number 13567 if a digit
cannot be used more than once?

We are choosing three digits from five digits, So there are

B 543 2
G-y 2
Notice that we could have solved the same guestion using the multiplication principle:
543 =60

B5 5= = bl different three-digit numbers.

m ID Three raffle tickets will be selected in onder from a box containing 30 tickets. The

Solution

person holding the first ticket will win a car the person with the second ticket will win a
computer. and the person with the third ticket will win a CD player. In how many different
witys can these prizes be awarded?

Since the question is about an ordered arrangement of three tickets selected from thirty
tickets, we can use the formula;

P y= S0 _30!_30-20-28-27 _, 0

G- 2 g7l
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Solution

Solution

ARRR]

Mutusally exchusive cases

are cases which cammot

happen af the same Gme,

Solution

The number of permutations of r elements selected from r elements is the product of r
successive numbers less than or equal to n:

Fn, ri=nin-1) -{n—?}-...-[n—ﬂ-lj.

r facters
For example,
P(3,4) = 5-4-3-2 = 120, (10, 3) = 10-9-8 =720 and P(20, 1) = 20 =120
i ferkem T fotary T factor

A fighter plane has seats for a pilot and a copilet. In how many
different ways can these be selected from a squadron of 18 soldiers?

P(18, 2)=18-17 = 306

2 Jani

How many different methods of at least 3 letters can be formed from the letters in the
word MATHS if no leteer can be used more than once?

‘At least 3 letters' means the methods can have 3 letters. 4 letters or 5 letters, S0 we need

te comsider three mutvally exclusive cases:;permutations of 3 leiters, 4 letters and 5 letiers,

Then we add the number of permutations in each case:
PLE,H+PE4H+PE=(5-4-3)+(5-4-3-2)+(6-4-3-2.1)

A-ktter wands g wonds Skt el — G0 + 120 4 120 = 300,

So there are 300 possible methods.

Kemal's bookease has three shelves, Kemal has 3 different math books, 6 ditferent biology
books and 7 different physics books, He wants to arrange 3 math books, 4 biology books and
5 physics books on the shelves so that each shelf is for one subject only. In how many different
me thods can Kemal arrange his books?
There are P{5, 3) possible ways to arrange the math books. There are also P(6, 4) and P{7, 3)
different possible me thods to order the binlogy and physics books respectively.
However, Kemal can choose the shelves for the subjects in 3] ways, As a result there ane

Pi5,3)-P(6,4)-P(7,3) -3 =60.360-840- 6
= ™y

= 108 864 000 ways for Kemal to arrange his books.

176



Ex 14

Solution

A three-digit number is formed by choosing elements from the set {1, 3, 4, 5, 7, 8, 9}
without repetition.

a. How many numbers do not contain the digit 5?
b. How many numbers contain the digit 5?

c. How many numbers contain 1 or 7 or both 1 and 7?

a. The problem is the same as finding the number of three-digit permutations of the set
{1,3,4,7,8,9} (5 excluded): P(6,3) =6-5-4 = 120.

b. The total number of three-digit permutations of the set {1, 3, 4, 5, 7, 8, 9} is
P(7,3) =7-6-5=210. From part a, 120 of these permutations do not contain the digit 5.
So there are 210 - 120 = 90 three-digit numbers which contain the digit 5.

c. We begin by calculating the number of three-digit permutations in which 1 and 7 are not
used: P(5, 3) = 5 -4 - 3 = 60 permutations. So there are 210 - 60 = 150 three-digit

numbers which contain 1 or 7 .

Check Yourself

1. There are 7 different pieces of fruit on a tray. We will choose 3 of them and arrange them
in a row on a plate. How many different arrangements are possible?

2. The students in a class are photographed in pairs such that each student is photographed

with every other student. If there are 90 photos, how many students are there in the class?

3. A machine generates all the possible two-letter arrangements of the letters ABCDE,
without using a letter twice. What percentage of the arrangements do not contain a
consonant?

4. How many of the four-digit numbers formed from the digits of the number 12345
without repetition do not begin with the digit 2?

5. A group A contains 6 students and a group B contains 8 students. In a class photo, two stu-
dents who are to sit in the front will be from A and three students who are to stand at the

back will be from B. How many arrangements are possible?

Answers
1. P(7,3) =210 2.10 3.10% 4.P(5,4)-P(4,3)=96 5.P(6,2)-P(8,3)=10080
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A. Factorial Notation

1. Write 24 - 23 - 22 - 21 - 20 - 19 using factorial no-
tation.

| |
2. Evaluate 5'+7'.
5!46!

101-2.-8!

3. Evaluate —= —
(54+2-31)-7!

4, Simplify the expressions.
n! (n+2)!+(n+1)!
R 9 onl+ (n+1)!

@n+2)! (n-1)
“ Q- (n+2)!

5. Solve the equations.

(n+1)! E-2 o
a. T_17 b. )] 18-x
. (D! _

(n-1)!

6. Simplify (1-11) + @-2!) + (3-31) +... + (n-nl).
o

B. Permutations of r Elements Selected
from n Elements

/. Evaluate the expressions.

a. P(11,2) b. P(8,3) - P(5, 4)
. P4 4 PA3)+PG,3)
" P(n, 3) ' P(6, 3)
. PG5.5)
C P, T)

11

178

10.

12.

. How many different five-digit numbers can be

formed by using the digits in the number 75491
once?

. In how many me thods can a group of 7 students be

seated in a row of 7 chairs if a particular student
insists on being in the first chair?

In how many different me thods can we name a
regular pentagon using letters P, Q, R, S, T?

. Seven people will be in a group photograph. In

how many different me thods can the photograph be
set up if 3 people must be in front and 4 must be
at the back?

A group photograph will be taken of 5 boys and 5

girls. Five people must be in the front and 5

people must be at the back. If the girls must sit to-

gether, in how many me thods can the photograph
be taken?



~ COMBINATIONS

When the order of the elements chosen from a set is important, we use permutation. However,
order is not always important when we are choosing elements. For example, we may want to
choose a certain number of people from a group to form a committee. The order of the chosen
members is not important since the result is a group of people, not an ordered set. An un-
ordered selection of elements like this is called a combination.

When we talk about a combination of n objects taken r at a time, we mean the r-element
subsets of a set with n elements. We write total the number of such combinations as

An r-element subset is a
subset with 7 elements.

n
C(n, 1) or [T] (n, r non negative integrs and 0 <r <n).

For example, if we are asked to choose two digits from the set {2, 3, 5}, we might choose
{3, 5} or {5, 3}. These are the same combination. This is very different to the problem of
forming a two-digit number using the digits 3 and 5 because 35 and 53 are two different
outcomes.

A. COMBINATIONS OF r ELEMENTS SELECTED FROM n
ELEMENTS

Consider the set K = {1, 2, 3}. Let us compare the

K=1123}
two-element combinations with the two-element — -
Combinations Permutations
permutations of the set K in a table: with 2 elements ~ with @ elements
{1,2} 12 21
12, 3} 23 32
11,3} 13 31

We can see that the number of permutations with two elements is twice the number of the
combinations with two elements: 2 - C(3, 2) = P(3, 2).

A=4a.b e d}
If we now consider the -
Combinations p - ith 3 el "
three-element combinations  with 3 elements M
and permutations of the set {a, b, c} abc ach bac bca cab cha

A=tabocdhwegetthe gy gy gbd adb bad bda  dab dba

following table:

pa e {a,c, d} acd adc cad cda dac dea
{b,c,d} bed bdc cbd c¢db dbc dcb
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AR

{ Cla, 1) B sometimes
writen a8 €7,

N i
E{r]‘ 4G B i

5y 18 sometimes read
L
‘n, chitse ¥,

There are four combinations and 24 permutations, We can see that the number of permuta-
tions with three elements is 3! imes the number of combinations with three elements: 3! -
C(4,3) = P4, 3).

If we repeated this exercise for two-element permutations and combinations we would find
2! Ci4, 2) = P(4. 2).

We can generalize this pattern as
Cinyr) - vl = HMm, r), which gives us the formula
e —" e

g af chocerag  ways of Ao

a gramn A
wath T rlrowrnin ::ﬂ

nl/

_Bnry Jw-m o ml
Clayr}= T _l[-n-r]-!-f]'

combination

Let v and r be nom-negative integers such that 0 £r<n,

A subset of r elements chosen from a set of n elements is called an r-element combination of
that set.

The number of r-element combinations of a set of & elemenis is

Cn,r)=—"

(-1l

(w,rnon negative integers and < r<u).

ENT 15 cueuecis ),

Solution

By the formubi, C(8, 3)=— 8 _BTRAH o

A@E-N 35 WS

| EXAMPLE | 16 :.00cc25 co

Solution

121 noo_oaw A 12!

C{lﬂ, E}C‘EF- 2}-5”_[12 _5}{2”]’_2}[ 51 :}‘f rﬂf—ﬁl -5[‘2| -0l

2
12.1146-9.87-6-5
Sy riri e LLLIU
11
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m " Find the number of groups of 3 students which can be chosen from a class of 10 students.

120,

Solution The number of such groups is C(10,3) = o _16-D.8
i aro-3  3.2.1

TR 18 11 are 8 fruit pieces of different kinds including an

apple on a tray. How many selections of 4 pleces of fruit
can we make if we have to include the apple?

Solution I we have to include the apple, we need to select three
pieces of fruit from the seven remaining: C(7, 3) = 35.

m 19 There are 10 players in a list. A basketball coach will choose 6 players from the list for a school
tearn and make one of them the captain. In how many ways can the coach form the team?

Solution The coach can choose 6 players in 210 ways [ﬂ{‘ﬂ,ﬁ}= EET{iIif‘:l—_ﬁ]] = Elﬂ}
Additonally, any one of these six chosen plavers can be the captain, By the multiphication
property, the coach can form the team in CO10, B) - 6 = 1260 ways,

10 In a group of 9 children, 4 children will be given apples, another 3 children will be given or-
anges andthe others will be given peaches, In how many ways can these fruits be given?

9
. We can choose four children from nine in | | [ ways and from the remaining five children we
Solution 4

gan choose three in [ } wavs. There will only be one way to choose the other two children.

J

50 the total number of possible groupings is [ﬂ : [3

Mote that we can also solve this problem by reating it as a arrengments with some

]-1=IEHD.

identical elements.
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21

Solution

0 22

Solution

Coanpie p

Solution

A cafe offers chocolate, lemon, sour cherry and vanilla
Ravors of ice cream. A customer can choose one, two or
three scoops but the flavours must all be different, How
many different possible ice creams can a customer
order?

There are four types of loe cream,
4% 14y (4
The number of possthle ice creams is [] J+[E)+ {LJ= d+6+4=14.

Notice that

o) ] et (-5

Classes 10A and 108 have 12 and 18 students respectively. A basketball team of 5 players will
be formed by choosing 2 students from 10A and 3 students from 108, How many different
teams can be formed? ——

The basketball team has five players.
12
We can choose 2 students from 12 students in [ 9 J Ways.

8
We can choose 3 students from 18 students in [] 3 ] Ways.

i 14
So the team can be formed in []ﬂﬂ]( 2 ] =66 B16= 53856 ways,

How many three-digit numbers abe can we write which satisfy the condition ¢ < b < a?

Notice that the digits a. b and ¢ must all be different. So any three-element set of digits
{a, b, ¢} will be enough te form a valid number, because we can just arrange the digits to
satisfy the conditien. For example, the digits set is {0, 1,2. 3, 4, 5,6, 7, §, 9} and from the
chosen subset {3, 5, B} we can form the number 853, So we just need to find the total
number of three-digit subsets of the set of digits: C{10, 3) = 120 different numbers can be
Farmed.
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m 14 A watchmaker has 7 different jewels. He wants to

Salution

%1/
choose four of them to decorate the quarters — 1 4
{3, 6, 9, 12) on the face of a clock. How many - :
different decorations are possihle? ¢J.|' vl

i
The watchmaker can choose four jewels in [‘J different ways and set them around the quarters

T
on the dial in 4! different ways. S0 the total number of possible decorations is L]-d!: 840,

{Motice that we cannot use circular permutation in this problem. Can you see why?)

m 2’ Seven peinis are given as shown in the adjacent figure. g

Solution

a. How many lines can be draw which pass through at least - b

two of the peints?

b. How many triangles can be formed using the points as

...... R T . e

vertices?

a. 'lwo lines are already given. There are three collinear points on the top line and four collinear

points on the bottom line, Other lines can pass through one of the top and one of the bottom
points. There are 3 - 4 = 12 such lines. Including the top and bottom line, there are 12 + 2 =
14 possible lines.

For any triangle we want to draw, there are two cases: R

Case 1: A side is on the upper line and the vertex is a point
on the lower line Since two points determine a side, there

can be G]d =1% such triangles.

some of them are shown in the figure.

Case 2: A side is on the lower line and the vertex is on the
upper line There are (;] .3 =18 such triangles.

Some of them are shown in the figure,

In conclusion, we can form 12 4+ 18 = 30 triangles.
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A. Combinations of r Elements Selected
from n Elements

1, Fvaluate the expressions.

b, C(6,2) + C(8,3)

2. Simplify the expressions.
a. 90(4,2) b, %’5‘% e.Cin, 2) + Cln,n-2)

3. Solve the equations.

a Cin, 2) =15

4. List all the three-element subsets of the set
G=1k | mur}

3. How many subsets of at least 4 elements does the
setK={%, @8 & 0O 0 F 8} have?

=

. How many of the three-element subsets of the set
H = {a, b, ¢, d, e, f} include the letter &7

7. In how many different ways can one novel, one bi-
ngraphy and one poetry book be chosen from 3
novels, 4 bographies and 5 poetry books?

B. Snow White wants to choose 3 of the 7 dwarfs o
clean her house. How many different groups can
she choose?

5. A computer programmer wams to set a key
combination for an operation in a program, For
this purpose, he will use two of the keys Shift, Cul
or Alt together with one of 26 letters. How many
different key combinations can he choose from?

10. In & group of 10 people, evervhody shakes hands
with evervbody else. How many handshakes are
there?
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BINOMIAL EXPANSIC

A. PASCAL'S TRIANGLE AND BINOMIAL EXPANSION

Look at the picture opposite. A mouse §s moving from

cirele to circle from left to right across the page. After o :
each circle there are two ways for the mouse to 1
proceed: right and up or right and down. The A S
number in each circle is the number of P L . 4
ways in which the mouss can | =3 3
reach that circle. T . A R
The numbers in the cireles. 20— (8 7 z ;
show a pattern which i known ™~ 1 ] . 3 o
as Pascal's triangle. This triangle e .
has many interesting properties. To ! ~ &
understand them, let us move the ™~ 4
triangle to an upright position,
N
1
Row Sum
1] | 1
1 1 1 2
2 1 2 1 4
3 1 R 3 1 B
4 ! 1 i 4 1 16
5 1 5 10 10 5 1 32
b 1 6 13 20 15 b 1 o4
T 1 T 21 35 35 21 i 1 128
! | 8 28 a6 70 34 28 8 ! 256
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A eanstant teym in &n
expression is a e thal
dies vinl Change with the

variatlk

First notice that each row begins and ends with 1.

Secondly, notice that the sum of any two consecutive terms in a row gives us the term between
them on the next row. For instance, the number 15 marked in red in the sixth row i the sum
af the 10 and 5 located above it. We can extend the trlangle infinttely downwards by using this
rule.

Notice also that the first row is row zero. For convenience, when we count the positiens of the
numbers in each row we also begin with zero (not 1), For example, number 21 marked in
green Is the second entry (not the thivd entry) in the seventh row. The entries in Pascal's iri-
angle are related 1o the coefficients of the expansion of a binomial with a non-negative integer
power. To understand the relationship, kook al some binomial expansions with the first few
powers and notice their coefficients.

(a+b) =1
(a+b)'=a+b
=la+ b
(a+b) =a* +2ab+ b
=la* + 2ab + b
(a-b)y =a’ -3a'b+3ab’ - b
=la" = %a'b+ Jab® - 1B
(z+29) =x' +8x"y + 24y’ +32xy’ + 16y
=Ta" + 40" 2y + G (20 + 220" + 120"

We can see that the coefficients in each expansion are the same as the entries in the
corresponding row of Pascal's triangle.

The expansion of a binomial expression to the n' power has the following properties;

= There are n + 1 terms in the expansion.

= The coefficients of the terms in the expansion correspond to the entries in the n row of
Pascal's wiangle.

= The power of the first term in the binomial expression begins at n in the expansion and
decreases by 1 in each lerm down to zero.

= The power of the second term in the binomial expression begins at zero In the expansion
arwd increases by 1 ineach term up Lo n.

= In the expansion of {(x + y)". the sum of the exponents of x and y in each term is n.

= The sum of the coeflficients of an expansion can be found by substituting 1 for each vadable
in the binormial expression.

= [f the binomial expression is a polynomial then substituting zere for each variable in the
hinomial expression gives us the consiant term of the expansion,
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e 26

Solution

Exzm 27

Solution

exampLe fp 1.1

Solution

Exzn 29

Solution

Solution

How many terms are there in the expansion of (x + y)'*?

Since the power §5 12 (n = 12) there will be 2 + 1 = 13 terms.

Expand (2x + )",

The primary coefficients of the terms in the expansion will be the entries in the sixth row of
Pascal's triangle: 1, 6, 15, 20, 15, 6, 1.

The first term of the binomial is 2. To avoid any mistakes, let us keep 2t in parantheses to

begin with:

(2x + )" = (20)° + B(2xY¥y + 1520 + 2(20%° + 15200 + 6207 + o
= 647" + B3y + 15(16079° + 20087 * + 15-4x%y' + 62ey® + 3
= 641° + 1920% + 2400 + 1600%" + ly® + 1207 + o,

Expand (x* - 3y)*.

We will use the entries in the fourth row as the coefficients: 1, 4, 6, 4, 1. If we write
consider (1% - 3y)" as (0 + (=32} then
(a* = 3y)* = () - 403y + B0 3y)° - 40 (3y)" + (3y)°

= 1 - 12y + Bgyt - 40%27y + Sl

= x*— 120 + Sdo'y- 108x%" + 81y

Expand [”ﬂ?'

Use the seventh row:

et DR R F R AR HEH

:u7+?n“l+211:5 Eﬁu'l+35n’—+21n‘i+?u L
n ]'! FI 1'I ﬂl ﬂ
=n +7n" +21n*+35n+35+21+ o ]
‘ﬂ: 1'1 tl

Find the sum of the coefficients in the expansion of {(3x + )"

If we substitute 1 for each varfable in (3x + %) weget (3- 1 + 1% = 4% = 4006,
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m 3 Find the comstand term in the expansion of (Tx + 3.
Solution Substitute zero for each varable in {7x + 3)% (7 04 3)" = 35 = 244

Check Yourself
Expand the binomials.
a
1 s
Lz +y) 2 [1- ;] 3. (2-42)°

Answers § 4
181! + 08¢ + 54+ 1208+ 2. "J':”“'I'F 3,232 - 16442

B. FINDING BINOMIAL TERMS USING COMBINATION

A laboratory mouse has been exposed o five types of virus. A scientise wishes to find out how
many viruses are now present in the mouse. In how many ways could the mouse have been
infected?
Infected with no viruses: C(5,0) = 1 (mouse is clean)

Infected with | type of virus:  C{5,1) =35

Infected with 2 types of virus:  C(5,2) = 1D

[nfected with 3 types ofvirus:  C(5,3) = 10

Infected with 4 types of virus:  C{54) =5

Infected with 5 types of virus:  C{5,51 = 1.
Can vou see the similarity between the number of combinations and the entries in the fifth
row of Pascal’s tiangle?
Perhiaps one of the most interesting characteristics of Pascal's triangle is its relationship with
combination. We can describe this relationship simply: entry number r in row n is the
number of subsets of r elements which can be taken from a set with n elements.

This gives us another interesting characteristic of Pascal's triangle: the sum of the terms in

the n™ row of the triangle is 27 (can vou see why?).

The symmetrical property of Pascal's triangle can also be related to the combination rule

1 i i
[ ]=[ ] (m, T, non negative miegers0 < r=n )
rl \n-r
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For example, the third entey in the elghth row of the tdangle ks the same as the Gfth entry in
the same row since C(8, 3) = OB, §) = 56,

Let us mow redraw Pascal's triangle using combination:

; o
0

i
It

0 G 6 0

I o A A

a0 0 6 6 6 6
/ \

Using the above triangle, we can generalize the expansion of a binomial to any power 1 as

oo e e

Notice that the coefficient 1 in the first and last terms of the expansion is obtained from [EJ

: o

and [HJ respectively.
n

m 32 Expand (x + )" using comhination,

e corots G e fons

=2 + By + 1500y + Ay + 158" + By + o
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EOEE 33 eoend a2

Solution (2a-b) =(2a) + ( ]{Er:]“{—b]|+[ ]{ﬂu}”{—b}’ +[ ]{Ea}r (-bY' +[ }l:zu]“{—b}'ﬂ—bj‘

= 32" -5-16a"'b+10-8a’b* -10-4a°h" + 5 - 2ab' - b°

= 32" —B0a'b + B0a’h —40a"h' + 106k - b’

exampie | . JS— [JE%]?.
Solution [-Ji + 5 =(Jx) +[:]{£?[%J+[;]{HGT +E]‘5‘E’q [%] *[:]{H[g
+[;](ux;[ ] [J{u‘i}[ J []]

=\|IF+T\'II_B£+21J.FlI+I>JFL+EEL4+2!E%+T&ILE+%

=+ T +Jl~.'"+% ‘W'_ 21, N, i
I I‘ I

The relation between combination and Pascal's triangle helps us to caleulate any particular
term in a hinomial expansion without writing out the entire expansion.

For example, suppose that we are asked to find the third term in the expansion of (x - 2y)".
Using our knowledge of the properties of hinomial expansion, we can say that 2y will have ex-
penent 2 in this term and x will have exponent | since the sum of the exponents must be 3.
Now we onlv need to find the coefficient, which we can calculate as [;)- A,

So the third term is (;]I(?.y]* = x4y = Iﬂxyi- We can easily check this against the full

expansion: (x - 29" = ' -6ty + 1 2pu® - &y,

W can formulize our findings as follows:

190



The r entry in the expansion of (x + )" is (T“ J g [rﬁ ]]fl-m o

m 3’ Find the ninth term in the expansion of (a + b)™.

Substitute # = 12 and r = 9 in the formula; [91_2 ]:t"'"“y’ = 495a")"

Solution !

m36 Find the sixth term in the expansion of (2x + y)".

Solution Wewillusen =9andr = 6. 501 -1 = 5 and the sixth term s

m 3 What is the coefficient of the fourth term in the expansion of (2x - 437

r=4 meansr -1 = 3, So the fourth term is [;J{Ex}”{—-f}y}a =35 16" (-64)y”. From this
wee can calculate the coefficient to be -35840.

Solution

(]
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____PRUDADBILILY

EXPETimENL, oULCHmE, sample space, event, simple event

An experiment is an activity or a process which has observable results. For example, rolling a
die s an experiment.

The possible results of an experiment are called outcomes. The eutcomes of rolling a die once are
1,23, 4 5. 0r 6.

The set of all possible outcomes of an experiment is called the sample space for the experiment,
The sample space for rolling a die once is {1, 2, 3, 4, 5, 6}

An event Is a subset of (or 4 part of) a sample space. For example, the event of an odd number
being rolled on a die is {1, 3, 3}

If the sample space of an experiment with n outcomes is § = {¢], ey, €3, €4, ... , ¢y} then the
events {eqk, degt, {eqh .., depy b which consist of exactly one outcome are called simple events,

m:a What is the sample space for the experiment of

tossing @ coin?

Solution  There are two possible outcomes: tossing heads
and tossing tails. 5o the sample space is {heads,
tails}, or simply {H, T}.

m39 Write the sample space for tossing a coin three .. .

imes.

Solution The sample space is {HHH, HHT, HTH, HT'T, THH, THT, TTH, TTT}.

m4o The sample space for an experiment is {1, 2, 3, 4, 5,6, 7, 8, 9}, Write the event that the result

{5 4 prime number,

Solution The eventis {2, 3.5. T}

192



union and Intersection of events, complement of anevent

The union of two events 4 and B is the set of all eutcomes which are in A and/or B. It is de-
noted by 4 U B.

The intersection of twe events A and B is the set of all outcomes in both A and B. It is
denoted by A B,

The complement of an event A is the set of all outcomes in the sample space that are not in
the event A. It is denoted by A° (or A%).

5 5 5

AUB ARE N
{anion of & und B) {intersection of 4 and B (compement af A}

BT A Consider the events A = {1, 2.3, 4}and B = {4, 5, 6} in the experiment of rolling a die. Write

Solution

Definition

the events Av B, A Band A"

The sample space for this expedment is {1, 2, 3, 4, 3, 6}, Therefore,

AuwB ={1,23 4,5 6} (the set of all outcomes in events A and/for B);

A B = {4} (the set of all common eutcomes in A and B);

A" = {5, 6} [the set of all outcomes in the sample space that are not in event 4).

mntually exclusive events

Two events which cannot ocour at the same time are called mutually exclusive events. [n other
words, if two events have no cutcome in common then they are mutually exclusive events.

A .

Hand B are mutwally exclusive sveniz
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For example, consider the sample space for rolling a - S
die. The event that the number rolled is even and the S g |
event that the number rolled is odd are two mutually 233 2%=2f "-'_hﬂ' o

extlusive events, since £ = {2, 4, 6} and 3.':_:'4-:. ‘E. .

0 = {1, 3, 5} have no outcome in common " . ki '{;.:] ]
. ’

MNowr we are ready to define the concept of probability of ' :.- o’

An event

probakility of an event

Let E be an event in a sample space § in which all the outcomes are equally likely to occur.
Then the probability of event E is F{E]- “{Ej , where n(E) is the number of cutcomes in
event E and (5} is the number of outcomes tn the sample space 8.

m42 A coin is tossed. What is the probability of ob-

Laining a tail?

Solution The sample space for this experiment is {H, T}

and the event is {T}, soniS) = 2and n(E) = 1.

So the desired probability is P(E) = m{g; 5

BT A3 1 1o a die. What s the probability that the

number rolled is odd?

Solution The samplespaceis § = {1,2, 3, 4, b, 6} and the

event that the number is odd is E = {1, 3, 5.

So the probability ts P(E)="r= 3. 1

ns) 6 2

PETIETI 44 4 coin s tossed three times. What is the
probability of getting only ene head?
Solution The sample space s -

= (HHH, HHT, HTH, HTT, THH, THT, TTH, TIT} and the desired event is
E ={HTT, THT, TTH}. So the probability is P(E) = g,

"
%
‘I
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4’ The integers 1 through 15 are written on sepacate cards. You are asked to plek a card at

Solution

EXAMPLE 46}; child is throwing darts ai the board shown

Salution

random. What is the probability that vou pick a prime number?

There are fifteen numbers in the sample space. The primes in the set are 2, 3, 5, 7, 11 and

13. So the desired probability is % = %

Since the number of outcomes in an event is always less than or equal to the number of
outcomes in the sample space, 'EE] i alwavs less than or equal w 1.

Also, the smallest possible number of outcomes n an event ks zer. So the smallest possible

ity mE) 0 _
probability ratio s o(5) oS

In eonclusion, the probability of an event always lies between Oand 1, 1e. 0SP(EY £ 1

in the figure. The radii of the circles on the
board are 3 ¢m, 6 cm and 9 cm respectively
What is the probability that the child's dari
kands in the red cirele, given that it hits the
board?

We know from geometry that the area of a eircle with radius r is nrf, Hence the area of the ned
circle is nd® = Ox cm? and the area of the pentire board is 2% = 8ln cm?,

We can consider the area of each region as the number of outcomes in the related event,
nired) !}z 1
a(board) Blr O

As the probability of an event gets closer to 1, the event is more likely to occur. As it gels

So the probability that the dart Llands in the red circle is P{red) =

closer to zero, the event is less likely to occur. In the previous example, the probability is close
to 2ero s the event s nod very likely, However, nete that é dewes not tell us anvihing about
what will actually happen as the child is throwing the darts. The child will noe necessarily hit
the red circle once every nine darts, He might hit it three times with nine darts, or not at all
But if the child plaved for a long time and we looked at the ratio of the red hits, o the other
hits we would find that it is close 10 ;—
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certain event, impossible event
An event whose probability fs 1 is called 2 certain event. An event whose probability is zero is
called an impeossible event.

I 47 A student rolls a die, What is the probability of each event?

a. the number rolled is less than 8 ﬂ
b. the number rolled is 9 | ll

Solution The sample spaceis §= {1, 2 3,4, 5 6},
4. We can see that every number in the sample space is less than 8, [
SotheeventisE = (1.2,3, 4,5, 6}

Theretore the probability that the number is less than 8 is

HE}=§ =1, which means the event is a certain event.

b, Since it is not possible to roll 2 9 with 4 single die, the event is an
empty set (E = &), So the probability is P{E'Jwg =0, which

means the event is an impossible event.

m 48 A small child randomly presses all the switches in the i 3 q
o R
circuit shown opposite. What is the probability that the =
bulb fights?

Solution Each switch can be either open or closed. Let us write O o
mean an open switch and € to mean a closed switch. Then
the sample space contains 2 - 2 2 = 8 outcomes, namely

00,0, 00,6, 0L, 060, 600, COL, CCO, GLC).
The bulb enly lights when all the switches are closed. So the desired probability is %
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m 49 In a game, a plaver bets on a number from 2 to 12 and rolls two dice. If the sum of the spots

Solution

on the dice is the number he guessed, he wins the game. Which number would you advise
the plaver to bet on? Why?

There is na difference between rolling a die twice and rolling two dice
together. Let us make a table of the possible outcomes of rolling the

dice:
08S0BBH

(L 13 (1, 2) (1, 3) (2, 4 (2, G)/CH 6}

E[‘a’aﬂl (2, 2) (2, 3) (2, HAL BIL, 6)

Frohabiliey (553

[
EH, 1D (4, Y4, 3304, 1) (4, 5) (4, 6)
E{a | il
.. 1406, 2) 6. 3) (6, ) (6, 5) (5. 6) :
] 2 3 45 67 & 8 101112

We can see that there are six ways of rolling 7 with two dice. This is the most frequent
sutcome of the game, so the player should bet on 7. As there are 6 - 6 = 36 outcomes in the
sample space, the probability of rolling 7 is

L]

§ .%  which is the highest probability in the

BAIME.

Check Yourself

| A family with three children is selected from a population and the genders {male or female)
of the children are written n order, from oldest o voungest, If M represents a male chikd
and F represents a female child, write the sample space for this experiment.

2. A student rolls a die which has one white face, two red faces and three blue faces, What is
the probability that the top face is blue?

3. Two dice are rolled wgether. What is the probability of obtaining a sum less than 67

4. Abox contains 15 light bulbs, 4 of which are defective. A bulb is selected at random. What
is the probebility that it is not defective?

5. Three dice are mlled together. What Is the probability of rolling a sum of 157

Answers

| MMM, MMF. MFM, FMM. MFE. FMF. FRMLEFRY 2.1 3.8 4 1 5 8
2 "8 1B 108
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Solution

Solution

In this section we will learn seme rules of probability which are frequently used for solving
problems,

riiles of probability

For evervevent E, 0 < P{E) £ 1.

For a sample space 5, P(5) = L.

For two mutually exclusive events A and B, P BY) = PIA) + PiBE).

For any two events A and B, PLA W B) = PA) + B - PA nB).

. For any event A, KA) +PA7 = 1. In other words, FA" = 1- PA).

Note

Many problems in probability are written in natural language. The key word for recognizing
the union operation () in a written problem is ‘or’, When we use the word ‘or’ (A or B) In
mathematics, we mean A or B or bath,

The key word for recognizing the intersection operation {n} in a written problem is “and’,
When we use the word “and’ (A and B) in mathematics, we mean both A and B,

e 0 B

A die is rolled. Find the probability that it shows 3 or 5.

Let T mean the die shows 3 and F mean the die shows S. Then ‘3or 3’ means T w F.

Since T and F are mutually exclusive events, by the rules of probability we can write
PiTwFy=PT) + P(F)
1.1 1

]
=_+_=—, Sothe jllty is —,
66 3 peohabltly e =

A die is rolled. Find the probability that it shows an even number or a prime number.

The possible prime numbers are 2, 3 and 5 and the even numbers are 2, 4 and 6. Showing an
even number (E) or a pnime number (P) are not mutually exclusive events, since the
outcome is in both events,

Since F{ﬂj=é. P{EHP}=%-

So the probability of E or P is BEw Py=KE)+ KP)- KEnP)
L:

=—f———

2 B

5
=,
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£ 52

Solution 1

Salution 2

EXAMPLE Jb 3

Solution

EXT 54

Solution

An urn contains five blue marbles, four red marbles and six vellow marbles, We want to take
ene marble from the um. What is the probability of taking a red or a vellow marble?

Since a marble cannet be both red and vellow, drawing a red .
marble and drawing a vellow marhble are mutually exclusive events. G e

e
So the probability is .
HHUH=P{H}+P[¥]=£+E=E=% . .

15 15 15 3 ﬁ. ﬁe

We can also solve the problem in another way, Let E be the event

that a red or yellow marble is drawn. Then the complement of . G. . .
E (written E') is the event that neither a red nor a yellow marble is

drawm. In other wonds, E™ is the event that a hlue marble is deawn.

We also know that EE)+ KET) =1.
i
e £

So the probability of drawing a red or yellow marble s P(E)=1- P(E =1_% :%.%

We have twenty cards numbered from 1 to 20. A card is drawn at random, What is the
probahility of drawing an even number or a number divisible by 37

Let the event that an even number s drawn be E = {2, 4,6, 8, 10, 12, 14, 16, 18, 20} and the
event that 2 number divisible by 3 is drawn be T = {3, 6, 9, 12, 15, 18}. We can see that
EnT=1{612 18}

A coin is tossed four times. What is the probability that the coin shows tails at least once?

The sample space contains 2' = 16 outcomes. If E is the event that we .

gt tadls at least once then E' is the event that we get no tails. In other

words, E' is the event that we get heads three tmes (can vou see why?),
Since there is only one way to do this, P{E‘}=%. ‘. _
nog 1 _18
So AEY=1-PEn=1 e e
We can check this result with the sample space:
§ = {HHHH, HHHT, HHTH, HTHH, THHH, HHTT, HTHT, THHT, TTHH, HTTH, THTH,

HITT, THTT, TTHT, TTTH, TTTT}.
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m ” A group of 6 people is selected at random. What is the

Solution

probability that at least two of them have the same birthday?

First let us assume that there are 365 days in a vear. Then the
sample space for one person’s birthday has 365 outcomes because
thene are 365 possible dates for a contains, Let the desired event be A,
Then A' is the event that none of these six people have 2 common
hirthday,

S0 A' contains 365 - 364 < 363 « 362 . 361 . 360 ourcomes.

Let E be the sample space for the experiment. Then E contains 365" passible outcomes, be-
cause there are six people,
A" _I_HEE:- 364 - 363 - 362 - 361-360 _

005,
wE) 5"

So the probability of A i 1-

Check Yourself
1. A die is rolled. What is the probability that the die shows a number greater than 3 er an
even number?!

2, A number is drawn at random from the set 4 = {1, 2, 3. ... ,100}.
2. What is the probahility that the mumber is divisible bv both 2 and 37
b. What is the probability that the number is divisible by 2 or 37

Answers
1.2 9244 b 87
3 25 104
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R EXERCISES (5-0)

. An urn contains 5 red, 3 yvellow and & white
marbles. We draw a marble from the wurn at
random. What is the probability of drawing a red
or a vellow muarhle?

2. An urn containg 3 black, 4 red and 2 blue

marhles. What is the probahility that a marble
drawn at random is not blue?

. A fair die is rolled. YWhat is the probahility of rolling
an even number or a prime number?

4.

A falr die s rolled. What s the probability of miling
a number which s less than 5 or greater than 27

. You draw a card from a well-shuffled deck of 52

cards. What is the probability of drawing a king or
a fqueen?

. Two dice are rolled. What is the probability of ob-

taining 4 sum of 6 or 107

. A bag contains 4 red balls, 3 vellow balls, 5 green

balls and 2 black balls. Find the probability that a
Ball drawn at random & neither black nor red.
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Chapter 9

MATRICES



A. BASIC CONCEPTS

Three car dealers each sell three models of a car. The table below shows the number of cars
each dealer sold in a given month.

5 7 4
3 4 ]
< 0 1

We can organize data like this in 2 matrix. The matrix for our car dealer data is
0, D, D,

Maddd [ 5 T 4
AsMoan| 3 4 8|
Meddc| 2 0 1

c c c c c Two large square brackets contain the numbers in the matrix. This matrix has three rows and
The pharal form of matris | hree columns.

is matrices, promounced

‘may-irih-sees’, 3

The column |3 | represents the cars sold by the first dealer. The row [5 7 4] represents all
2

the model A cars sold by the three dealers.

Matrices give us an effective way of erganizing and manipulating data in different problems.
We can begin our study of matrices with a more formal definition.

__Definition [

A matrlx s a rectangular armangement of numbsers in rows and columns,

fy @y Oy ﬂn-
Uy Oy Op. @,
Oy Gy O 0y, 1R TOWS

[ PTG

i columns
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The horizontal lines of numbers in a matrix are called rows and the vertical lines are called
columns. The number of rows and the number of columns determine the dimensions (also called
the order) of the matrix. A matrix with m rows and n columns has dimensions m x n and i called
anm X # {read as “m by n') matrix Notice that the number of rows is always gven first

Each number in 2 matrix is called an entry of the matrix. 3 means the entry in the ith row

and jth column of the matrix A.
m :’{ 'H { calumi
Y Y k. Y Y .
mws ¥ columns 2 5 4 -
ﬂ= 630 Troww  Matrix Afsa 2 x5 (“two by three”) matrix.
-
“3 : .
¥ .4,, A 254 ity is the entry in the first row
lst row  3rd column = ﬁ 3 [} and the third column: ayq = 4,

Write the dimensions of each real matrix.

{ 9 1 05 2041
c._cce.c a A= h. B=|x -1 = c. C=|-2 d D={5907
4 7 2
If cach eriry of 2 matrix 7 1 0489
is & real number then the
pmairix s called a real ma-
i
Solution & [Algyoisa 2x2 matrix b. [Bl]ygisa 1%3 matrix
C0CCCiciClaxisadx matri d. [Dl3yq is a 3%4 matrix

Al sy mcans a matrix A

with m pvsand v columrs. 2041

A=|5 89 0 7| is given. Write each matrix entry.

§ Pu

i 431 b. a9 C. a4 d. figg

Solution a 1 b. 0 c. B d o
-3 0 5
I 3 Grenas| g 3] Ind2e3-30; -dags
2

g <2
ko We have a, =5, a, =3 and a,, E.a:thr:cmﬁﬁml:mumm

(2:5)-308) - (4-3)=10-9-6= 5
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B. TYPES OF MATRICES

¢eeee

pow, siech as {1 3 2, is
catled] o o TEAUT

Likewise, o cohimn
1

matriy such &= [3] has
4

ol emee column,

¢eeee

The matn diagoral of o
Ay omtrs  always
ruaris froen sop deft to bot-
o right
[ﬁt. }

wain diegonal

1. Square Matrix
A square matrix is a matrix which has the same number of rows and columns.

' H ﬂ

and [0 0 0] are all square matrices, We say that a square matrix has order n if
060
it has n rows and » columns,

2. Zero Matrix
A zero matrix is 3 matrix whose entries are all zeros. We write 010 mean a zero matrix.

0] - | A Il I
g of ™o g of areallzero matrices.

3. Identity Matrix

A sguare matrix whose main diagonal elements (from top left to bottom right) are 1 and whose
other entries are all zero is called an identity matrix. Ye write [ to mean the identity matrix.

100
1 0 01
[]l.[ﬂ l]and 0 1 0|are all identity mairices. [] ﬂ‘iﬁmtanidenutyma!ﬂx-
001

4. Diagonal Matrix

A square matrix in which all the entries except the matn diagonal entries are zero is called a
diagonal matrix.

[‘]"}1 200
0 8

and [0 5 0] are diagonal matrices.
000
5. Scalar Matrix
A square matrix whose main diagonal elements are all equal (7] = 299 = agy = ..) and
whose other entries are all zero s called a scalar matrix.

£ 0 T00
18],
0 -5

and |0 7 0] are all scalar matrices.
007
Notice that a scalar matrix is a type of diagonal matrix.
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Answers
I.oa 3% 1, column matrix b, 3 = 3, square matrix, diagonal matrix, scalar matrix

c 4 4, square matrix

Loapg=Ha=3ay=1

C. EQUAL MATRICES

Cawerc I

Solution

| ExAMPLE B

Solution

equal matrices

Two matrices are called equal matrices if they have the same dimension and their corresponding
entries are all equal, We write A = B to mean that two matrices A and B are equal,
1
Notice that [I 2 3]#|2|, because these matrices do not have the same dimension:
3
(Fx3) 2 (3x1},

Find a1, @9, a9| and agg in the matrix equation.
y, thy " 2 -l
fy | [-3 0

Since the two matrices are equal, their corresponding entries are equal, and so
ap =2 app=-l,
gy =4, apa =10

Xty =2 - is given. Find x, yand z.
3 z-3 2r+dy

Singe the two matrices are equal, their corresponding entries are equal. So
+y=1 (1)
r-y=2x+dy=x+dy=0 (2]
2

Solving {1} and (2) for x and y gives us x-% e
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D. OPERATIONS ON MATRICES

1. Matrix Addition

Although we can always add two real numbers wgether, we cannot abways add two matrices.
In fact, we can only perform matrix addition on mairices with equal dimensions. To add or
subiract two matrices A and B, we simply add or subtract corresponding entries.

A + B

S

5 0 4 221 1 A : : o
6 J!._LE 2 —l]‘ﬂ_lﬁ 3 'i'] andﬂ—|:3 U]mgmn.Wmﬂmemam:Eb.

8 A+B b. A-8 . A+C

@+ ¢ (b + .r:l]
€ + 9 W + k)

Solution a. Since the matrices have the same dimensions, we can add them.
5 0 4] [2 2 1]_[5+2 042 4+1]_[? 2 5]

2 3 a)"[s 3 7/7|245 343 a+7|7|7 6 6

b. Since the matrices have the same dimensions, we can subtract them,
50 4] 2 2 11 [5-2 0-3 4-1 3 2 3

2 3 1| [5 37 |2-53-3 1-7] |3 0 -8

Notice that A-B=B-A.

o. A+ Cis undefined, since A and C have different dimensions.

m 7 Find each matrix sum or difference.

[1.2] -1 2] (1 2] [0 0] [1 2] [2 -1]

a. + b. + £ -
4 3] |4 -3 4 3] [0 0] 3 5|11 3
1 2] [-1 2] [o o 1 2] o 0] [12

&, £ = b. £+ e

Solution 4 3 (-4 3] (00 4 3 |0 0| [4 3
. (1 2] [2 1]_[ 3
"3 5] [1 3] |2 -8
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T 8

Solution

B 9

Solution

2. Multiplying a Matrix and a Scalar
In matrix algebra, a real number is often called a scalar, To multiply a matrix by a scalar, we
multiply each entry in the matrix by the scalar. This operation is called scalar multiplication.

2 a b _|ea c-b
b d| [cb e-d

12 4 2 00
Thematrices A=|-3 0 -1|andB=| 1 -4 3|aregven. Perform the matrix operations.
212 -1 3 2
a. 3A b. -B c. 3-8
132 4 31 32 34 3 6 12
a JA=3{-3 0 -11=13-(- 3.0 3-(-D|=(-4 0 3
e B 32 31 32 63 6
2000 -2 0 0
b, -B=(-I)} 1 4 3|=|-1 4 3
-1 3 2 13 -2
[ 368 12] [-2 0 0 1 6 12
c JA-B=3A+(-B)=|-8 0 -3|+|-1 4 -3j=|-10 4 6
(63 6 1 3 2 70 4
from from b
Solve the matrix equation for x and y. 9 3128 + 7 Wil I8
6 4] [-2y 3 6 14
Simplify the left side of the equation:
3 2x] [-3 5]} [0 18]
2 * =
6 4| |3y 3]} [6 14
3-3 2c+5] [0 18]
fi-dy 443 |6 14
0 Ax+10] [0 18]
12-6y 14 6 14)

Equate corresponding entries and solve the two resulting equations:

32 +10=18 12-6y=50
fr=1§ by =&
x=12 i=1.
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A
IFAsanmw ¥ = i
arxl # 5 an v ¥ p matriy
ther the prodwt A iz an
m X p BN

A - B=AB
i #l-' I'N.'-' Mg
-h:::l.dMJ

Ex 10

Check Yourself

6 -1 4 1432
Given the matrices ﬁ“’E 4 3] ‘““dﬂz[_j 5 ﬂ]’ﬁﬁd
a -A b, 24 - 38, ok
Answers
T Lo 12 NERE-
|24 e 2 La®m B

3. Matrix Multiplication

It is important to check the dimensions of two matrices before we start to multiply them, If
matrix A has dimension m x 5 and matrix B has dimension p % g, then the product AB enly
exists if # = p. Furthermore, the product will have dimension m x g

.-i:lﬁp_!

mxn pPXg

vy o préwce ow v g

We obtain each entry in the matrix AB (the product of A and B) from a row of 4 and a column
of B as follows: multiply the entries in the ith row of A by the entries in the jth column of B
anduddmemsultstugatu!jindﬂ.

i coburmm of B
b rawald | =4GR =17
i/ -1 ‘
13 2| [*4 = 17
[
> 2
~p N 115
A= 3 © B andB=|-2 0 6| aregiven. Find the producis,
3 2 4
a. AB b. BA
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Solution a. The product AB is defined because A has dimension 2 % 3 and B has dimension 3 x 3.
Moreover, the product AB will have dimension 2 % 3. Look at the procedure for caloulating

the product:
[ 2-141-(-2+{D-3=-4]
21 97|} 1O s
1st row, 1st column IE | _5]. 9 0 6 =[ ]
3 2 4
Lﬂ-{r1]+l-|}'+1"‘ll'2=--ﬁ_'l|
1 -1 &
15t row, 2nd column [i 1 i] 9 0 G =['E = ]
3 24
L 25416402 4=4 |
2 1 2'-] 15 (-6 431&'
1st row, 3rd column g1 _5 12 0 6|=
3 2.4 L -
: 1 -15] .
Ind row, 1st column i 1 _2._2 06 .;g £ b
: ERXI R
L 3-1+1-L—£1+5-3=]ﬁ_1
T h L
2nd row, 2nd column : _E'._g 0 gl o B
41 5 3 4 16 7
i
| BED41.045.2=7 |
o1 9|10 15 3
2nd row, Jrd column “lle o gl=l
41 b 4 9 4 16 7 41
/|
| F-3+1-645 4=4] J
1 215 .
So the product is s _2~—‘2 06 ] E.
3 1 B 1 9 4 16 7 41

b. Since the dimensions of B and A are 2 ® 2 and 3 ¥ 2 respectively, the product BA s not
defined. This shows us that matrix multiplication is not always commutative: AB = BA,
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Check Yourself

Find the products,

=2 4 2
10 3 3 410 124 2

Wilaoy o] 2 809 " |2 sllo 1 “hi1a
114

Answers

4 -5 7 - b 34 & 1 0

‘136 6 |2 s LA

11 Ehenﬂ1emuﬁ:esﬂ=[nz g] mw=[; ¢ | show ha 4B < B

Solution Using the definition of the product of twe matrices, we get
[ 0 3][—1 T'_' O-(-1+3-2  0-7+34 ] [ 6 12]

ee—p ‘le Aﬂi;& 6l 2 4] L2)--D+6-2 {—Ej-?+ﬁ-4_=_14 10
Mg ot [ o [ 1 ?]l 0 3]_[CD:047-(-2) (-D-3+7-6]_[-14 39]_

7 g 2 4)-2 6] | 20442 23446 | | 8 %0

Thus AB # BA,

m 12 The fnllowing table shows the probahilities of a tai fide ending at each of three ded inations
for taxis traveling among three sections of a city For example, the probability of picking up
arider southside and dropping him of f downtown is 30%.

‘Nerthside D% 206 | 30%

Downow  10% 0% 0%
Sutiside 0% 305 40%

Whatis the probability of starting downtown and being dowrntow naguinalier two tad ddes?
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Solution Let us represent the information we are given ina matrix
N D §

N{05 02 0.3

D01 04 05

5|03 0.3 04

Il
by - |

05 02 03[05 02 03] |036 027 037
Then PF=P-P=|0.1 04 05[] 01 04 05]={024 033 043

03 03 0403 03 04 03 03 04
The second eoumn of the podud mattx P shows the probabibty of ending up downtown
after two trips, given the ariginal starting point of either ¥, D or §. The Downtown to Down
town prebahility is in the middle; 0,33, or 33%.
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B 13

Solution

2 0 0 1
Give = = find XY, YX, X* and Y%,
nX ’1 _l]ﬂmﬂ!’ [‘2 _3], n

wo[2 O N_[ro+0-2 21+0:3)]_[0 2]
1 -1fl2 3] (10402 11+(-DD) |2 4
w0 T2 O[ 02411 00+16D T[T ]
12 ]2 2421 20431 |1 3

p[2 O]z 0]_[ 22401 2.040:1)]_[4 0

11|14 (12401 o+ En-en) |1
[P 1[0 _[ 00412 01413 ] [2 3
2 -3|2 3] [204(-3)02 2A+(-3)-(-B] |6 11

ez 14 s 7-[o 9

Solution First expand the lefti-hand side:

e |

14
7

4 x [4 x[4 x] [16-2 ©
x 4 x 4fl-z 4 0 16-2
Now equate corresponding entries:
16-x"=-1
X=17
x = £/17. This is the solution,

Check Yourself
|, Calculate the products.

3 13 -6
*1a alls 7

20 3
2 Given |1 0 1|,find A® and 4°,
020
3. Given the function flx) = #* - Bx + 21 where s the identity matrix,

2o
caleulate fiA) for :‘-—[4 5]-

[y —
B B B

-1

Answers
4 6 6 14 12 18

-1 2
nu] b. | & 2 A'=|2 2 3| A=|6 6 8 3.
-2 209 4 4 6
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E- DETERMINANT

This formula is one you should memorize: To obtain the determinant of a 2 b 2 matrix, subtract the prod-
uct of the secondary diagonal entries from the product of the main diagonal entries:

o2 oM S

To illustrate,
1 3
H[J .]"‘-'.”':4!-13'13?-'1

=@y ey — &y

A simple way to produce the expansion for adeterminant of a 3 by 3 matrix is first to copy the first and
second columns and place them after the matrix as follows:

By Ay |
L T
’j Boyiadlyy J
iy gy TR
Ay Ny By |8y
By Ay By | Ay

Then, multiply down along the three diagonals that start with the first row of the original matrix, and mul-
tiply up along the three diagonals tha start with the bottom row of the original matrix. Keep the signs of the

three “down” products, reverse the signs of the three "up” products, end add all six resulting terms; this gives
(*") MNote: This method works only for 3 by 3 matrices.

reverse thie signs of these products

keep the signs of these prosducts
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F- GRAMER 'S RULE

Cramers Bule

Consider the peneral 2 by 2 linear system
I'|| x 'I'IE.-' = hl\.

I.":[i_.l_'l -

Multiplving the first equation by a., the second by = ai2, and adding the results eliminates y and permits
evaluation of %

'I'II'.Il-'{ < Hy, i.‘J_"_ Ay hl

""'l.l*.'l-'{' i||ﬂn}'_ =Hyp .h,l

-I'I.‘l" - .l._lﬂ._.ll - H._‘hl - fiyy |.'||

by - by
F=

Ay By~ Dipdy;

assuming that &, a» — iz ay = 0, Similarly, maltiplyving the first equation by —a 21, the second by a L1,
and adding the results eliminates x and determines y:

R X - “:l"'n]" | h-

By X .l'.“.ll_'! -y hl

_'r'I-II'-J' Sy b= nllh." L hl
ay by -ay by
= iy gy iy iy

again assuming thal a,, gz = @2 a5 # 0 These expressions for x and v can be written in terms of deter-
minants as follows:

h| .ll |
3 aby - ayh, b My
e =
iy iy Wy iy By Uy
nl] nll
and
nl|| llI|
I'||b; - n?lbl iy, |1_,
- =
Ajj il - Byrily Ay By
‘Jl ‘:J

If the original system is written in matrix form,

w2 [5]-]

then the denominators in the above expressions for the unknowns x and v are both equal to the determinant
of the coeficient matrix. Furthermore, the numerator in the expression for the first unknown, x, is equal to
the determinant of the matrix that resulis when the first column of the coefficient matrix is replaced by the
column of constants, and the numerator in the expression for the second unknown, v, is equal to the determi-
nant of the matrix that resalts when the second column of the coefficient matrix s replaced by the column of
constants. This is Cramers Rule for a 2 by 2 linear svstem.

Extending the pattern to a 3 by 3 linear system,

B[] ]
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Cramer'’s Rule says that if the determinant of the coeflicient matrix is nonzero, then expressions for the un-
knowns x, v, and = take on the following form:

|
I'1I LR ay bl iy iy Wy I"'.
by oay ey dy | by oy dy g by
I'“'.' Byy By gy bl- iy iy Wy I"'l

o e Yu Sa
iy 4y Ay dyy gy "'ll: iy gy iy
Wy 45 Hp iy iy Ay il By iy
g iy fy By iy gy iy gy iy

'The general form of Cramers Rule reads as follows: A system of n linear equations in n unknowns, written in
matrix form A x =bh as

LT e A, -l':I h.
dy, My '™ g, p L Iy
nll l’l! all "‘\--| I

will have a unique solution if det A = 0, and in this case, the value of the unknown x j is given by the expres-
Ei0n

e A

Y det £

Examplel:
Finde the solution of the linear equation:
2x -3y= -4 y IX+y=2

solution:
4 -3
detx 2 1 -4+6 2
X = = = =
det 2 -3 2+9 11
1

dety |3 2] 4412 16
det 2 3] 249 11

e
Il
Il
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Example2:
Finde the solution of the linear equation:
X+ 3y -z =1

2x +2y+z=10

I+y+2z=-1

:-;:Jlutiﬂn:]wi ﬁn]ie the det of variables

det= |2 2 1 |=4

3 1 2
1 3 -1
det X = 0 2 1 = =7
-1 1 2
11 -1
dety= |2 0 1 [=2
3 -1 2
1 3 1
dete= |2 2 0 |=0
3 1 -1
detx 2 -1
h = —-  —-
det 4 2
dety 2 1
= = =
det 4 2
detz ]
= =i = {)
det 4
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- EXERCISES CHAPTER 9 -

D. Operations on Matrices

1, Caleulate A + 8, 4 - B, 24 and 24 - B for each pair
of matrices.

‘1 2] . [3 2
- d__E 1"5_[4 ‘2]

=] 1 4
JB=-1 &

6
h, A=] 2 4

3 % 110
B

e |"I=.'3].

2. Find cg) andcyq if € = 34 -28,

e 1]

Ll 05 1

3 Fmdn:?_-.]andfﬂifl?:ﬂ.-’.{-ﬁﬁ,

4 11 9 12 7
A=| 0 3 2| and B=|-4 6 11f
3 1 1 -6 4 9

4. Solve the matrix equation for a, band c.
o b bel |4 a
P B L

Find k, m and n if

P

e

Il =n
m k|

6. Solve the matrix equations for o, b, ¢ and d_
. [a-b b+c _ 51
- c-2b a+d| |5 5
b a+h b+e]| [0 3
la-e b-a) |32
7. Calculate AR in each case.
2 -1 [0 0]
' H'__l 4] ﬂ'_s 3
b= 1 -3
1 3] 3 1]
1 -1 [ 1 4]

1
1 1
(1 -1 7 1
i A={2 -1 E‘, B=|1
1
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e A=[3 2 1,B=|3
ﬂl
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8, Caleulate AB in each case.

BB 0 -10
2 A=|-2 4| B=|d4 O 2
16 Bl W
0 -1 0 2
h, A=j4 0 2| Bm|-3
8 -1 7 1
-1
e A= =I—5,ﬂ=|:] E:|
g 07
[10 0 1010
d A=|0 4 0}, B=|0 10
0 0 -2 0 05

00 -5 [6-114 I
. A={0 0 3| B=|p 16 4| EA=| ) B=]0
o0 7 |0 oo ¢

o

E - Determinant:

9 Find the det,

5 4 713 =be 5 ¥ 0
il g P i) |5 = i) |1 0 1 ivl |4 0 7
5 01 30 8
F - Gramer’s Rule
10, Find the solution of the linear equation: by using Gramer's Rule
i) 2x=3y+4 ijeL-7K =0 iii) -x+ 3y +z=0
S5y = -4x -1 4L+ 3K =10 n-2y-z2=1

x+y+2z=0
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