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Chapter 1

LOGARITHM



~_____ LOGARITHM

Consider the relation ' = N. Imagine that we are asked to find one of the three numbers a,
x or N given the other two numbers. Three examples of this are shown below.

Case  Soluon  Method

P=p a2 ratise 2 to Lhe Sth power
pP=27 3 take the 3rd root of 27
=3 ! ?

We can see that we cannot solve the last example with the algebra we have studied so far We
need to introduce a new concept: a logarithm.

A. BASIC CONCEPT

T |

Solution

The logarithm of a number N to a base a is the power to which a must be raised in order to
ohtain N. We write this as log, N. In other words,

Ca® ¥ = N where a' = N and x = log, N.

This equation is called the fundamental identity of logarithms. In this equation, the base of
the Jogarithm (i) 1s always positive and different from 1, and the number whose logarithm is
taken (V) is positive. In other words, negative numbers and zero do not have logarithms.

logarithm, angument, base, exponential form, logarithmic form
Fora=0,a=1 and x>0, the real number y which is defined by

y=lgrea'=x

iscalled the Jogarithm of x to the base a. In this notation, x is called the argument of the  log-
arithm.

We say that the equation @' = 1 is in exponential form and log, x = y is the same equation
in logarithmic form.

Write the equalities in logarithmic form,
a P=8 hE=1 ¢ 3*;%

By the definition of a logarithm, a* = x & y = log, ©. Therefore,

L2=8e3=logy 8 h.ﬁ°=lﬁ-ﬂ=lngﬁl.
& 1

F=— > -2=log, -

“=g ety



m ﬂ Write the equalities in exponential form,

a loggp100=2 b mgﬂ-;?ha ¢ logg1=0

Solution Again we use the definition log; x = y < x = ",

a. loggg 100 =2 & 100 = 109 b log, =Bt =3

27 27
£, I-ugg] =T =

m 3 Solve each equation for x.
a logg 27=3 b }ng,::=% C logglo=x

]
i bog 2T=3ex' =T az=1 b, |ng4x=1.mi=xﬂ==9.
Solution 2

c. log, lb=xof =licl =4, cr=2

m § Calculare the logarithms.
1

a. logo 4 b qu;;13 c. loggilegy 9)

Solution a. Letloggd = y.
Thenloggd=yeW¥ =4V =Teay=2wlgd =2

E E E E E b. Similarty, hﬂﬂé'ydﬂﬂ’ﬂéﬂﬁ'rﬂ*:&yn—i

Remember:
fEatsrr=y c. Letlogg 9 =m.Then 3* = 3" = ¥ <m = 2. 5o we need to caleulate logy 2. Starting

T the bective propery - = = ], = 1.
il with logg 2 = m, we get 2° = 2 which gives us r = 1, Thus, logy(loga 9) = 1

B Calculate the logarithms.

a Iugaé b log, 3BT ¢ loglave 4 loggilog(loeg 81))
i

a. By the definition of a logarithm, we can write Ing, %=yc:~3'=%c:- =3 oy=-1

S0 hg,%=—].

Solution

| ! 1
b, Ing]_#lﬁ=g{:r{%}'=l[ﬂl]“ e =) el =Pay=

'-".ﬂj-h-



c. log, ﬁ-y#u’ -{w";}iﬂu'-imu_;}% ﬁu"-(a%]%#u'-a_;#y=%.

S0 ]ng'ﬁlu-.ﬁ = %

d, Starting from the innermost logarithm, we have
logg Bl =x e ¥ =8l =P =For=1
S0 we have ta calculate Iogy (logy 2), andlogg 2=y =2y =1,
S0 the given expression becomes logy 1, which is equal to zem:
logy1 =2 % =121=0. Inconclusion, log;(leg(logg 81)) = 0.

Notice that in these examples we were able t find the desired logarithm by writing the angument
as a rational power of the base, This iz not always possible, however: many logarithms (for ex-
ample: logg 3 and legg 5} are irrational, and cannot be caleulated in this way

6 Evaluate the expressions.

i ?‘JH h_ E-':It"‘F" . aﬂlr“j.

Solution o Bvthe fundamental identity of logarithms, % * =N and so 2*%* will be equal to 8. However,

let us oy to evaluate the expression in a diflerent way:
Let logg & = & Then we have to caleulate 2',
By definition we havelogy 8 =t & 2 = B Sp =i = §

_e_e_e_e b. Let log; 3 = 1. Then we have to calculate 25'. By definition, logz d =t & 5 = 1. S0
i = =0r=03r=0ie2d% =9

¢, Ina dmilar way, let logy 2 =  and let us cabeulate 39, By definition, lg32 =t 3 =12,
le 3" = (¥)'=2'=8 So2 il =8

‘ oy = ==

Check Yourself

1, Write the equalities in logarithmic form.

1 b |
a2=16 b10°=1000 c3=1 d 125 =5 c.3‘=% L{ﬂﬁﬁ-é
2, Write the equalities in exponential form,
& logg 0,01 =2 b, lug,?'fq c. logjg 10000 = 4
2



d.lngdal-im-l e logp A2 =5 £ log, 125=-3
5

3. State whother each statement is true or folse.

2 1 g
a.logs 729 = 6 b, log, ¥4=-2 ¢ log,, =
E3 E; 3 ﬂﬂ-, Iﬂ-.lrl_l] 9
. Ingm%=—% e log, yayada =; (a=0,azl)
4. Determine the logarithms of each set of numbers 1o the given base.
)4 9 1 1 1 |
. Rl el h. Eoyicr = hase —
a9l 5, 'ﬁ:@ ﬁtulme:!- 34,1 50 7 g0 82, ~Bhtobase o
5. Solve for x.
a log, 4=2 b log r-—-—% ¢ gy 125 =1
6. Caleulate the logarithms,
a. logs 25 b logg 1296 - Iug,,"% d logg(logy (logy 256))
7. Evaluate the expressions.
| I
g, 3l b (Yml g 95BN 4 -mﬂ_hni g, Dy, G, 3
Answers
1. n |l]g21|3="-1 b, lngmlﬂﬂﬂ=-3 C. I::rg31=ﬂ
1 | | 2
d. Ingm5=§ B IUEHE="3 L IUE‘I“EE-_E
2, a 10 =001 b Y =— ¢ 10 = 10000
2 16
1 | 3 = . l 1=
d. 3 -ﬁ e =32 [ {5} 125
3 a. true b. true . true d. false e, true
I3
4. a. 3.0,-2, '3 1 b, -1,-2,0, 1,2 5,-5, undefined
1 3
o @2 2 b E . E
l
6 a 2 h. 4 £ 5 d 1
| | 1
T - b, £ — d — ;
* 3 = " 100 3 G

10



B. TYPES OF LOGARITHM

1. Common Logarithms

Our counting svstem is based on the number 10, For this reason, & lot of logarithmic work
uses the base 10, Logarithms to the base 10 are called common logarithms. We often write
logx or to mean log)g x. In this module, we will use log x to mean logy g x.

Common logarithms are widely used in computation. Mathematiclans have compiled  ex-
tensive and highly accurate tables of common logarithms for use in these calculations, These
tables and their use will be discussed later in this module,

2. Natural Logarithms

0o o Logarithms to the base ¢ are called natural logarithms or Euler logarithms. We often write
)
Inz to mean the natural logarithm log.x.

Natural logarithms are widely used in mathematical analysis in the study of limits, derivatives
and integrals,

e= 271028

C. PROPERTIES OF LOGARITHMS

Property 1 If' the argument and the base of a logarithm are equal, the logarithm 1s equal 1o 1. Conversely,
if the lngarithm is 1 then the arsument and the base are equal:

:ﬂ=bﬂlﬂﬂaﬁ=1 =0, ezl) b0

Froof By the fundamental identity of logarithms we have a*% % = N. Setting N = g gives us
a*t =g = a', which gives us log; a =1,
For example, logz 3 =1, log 10 =1.lne = 1 and Iﬂﬁulinl-

Property 2 The logarithm of 1 to any base is zere;

'Iagqlsﬁ-

Proof a"'=1=4d"S0a"' =4" which gives us log, 1=0.
For example, logg 1 = 0, log, 1=0 andlog 1 =0,
2

11



The legarithm of the product of two or more positive numbers to a given base is equal to the
sum of the logarithms of the numbers to that hase:

logglx 3 =logg £ +loggy  (x.4>0).

Proof g9 =y.y Substitutingx = @™ and y = a"=* gives us
R gt L e gl b

Comparing the exponents of the expressions on both sides gives us the required equation:

logglx ) = log, x + log, y.
For example,

e_e_e_e_e_ logg 6 = logg(2-3) = logg 2+ logy 3 =1 + logy 3
I saaihol log 30 = loga(3 - 10) = logg 3 + logg 10 = 1 +logy 10
logy (1 + ) # logt + logy iEEED::éEﬁ}}:Iu:aEHD:IGE 3
logg 5 + logg 3 = logg (5 - 3) = logy 15.
Notice that we can generalize this property as follows:
=-lngﬂ{.r1--.1:2 -Xg o w Xp) = logg 1y 4 log, g + . +Jngu::1|;:':x1' ¥, X3 o 3 = 0).
Furmmple.wemnﬁnté. |

logy 30 = loga(2-3 . 5) =logy 2 + logy 3+ logy 5= 1 + Ingy 3 + logy 5,

BETIET T Calculae logg 2 + logy 8.

Solution logg2 +loggB=logg(2-8)=logqy(4 -4} =loggd+loggd=1+1=2

BT @ Cleuateogy 3+ gy + g,

Solution log, 34 log, 54 log, %-I%G-E-%j-hg, 1=0

12



Property 4 The logarithm of the power of a positive number is equal 1o the product of the power and the

logarithm of th ber. o
ogarithm of the num Ie_e_e_e._e

logg(x")=m:logy X (meR, x=0).

‘ (g1 1™ 2 - b 1

Proof  x" =a""" Afier substituting ¥ = a*4* on the left side, we get (2™ *)" = a*&*", which gives
us ¢ " = gt Sines the bases are the same on both sides, we can conclude

m - logy x = log, (x").
Fnremnpie,
hﬁ13=lﬂmﬂ1)=3 log, 9=3-1=1
| N 3=lngl?=|%{34}=_5.m33=_5.1=_5

mmmﬁwﬁkgm

0000 Qe

e =.1:i This PrOperty gves us the fnﬂmﬂng Spﬁ![&] Cases:
I L]
~ak 4a-lng‘:—.=—ﬂ-lngﬂx dh. hgl'!,f;;_'-i-hgl_n

m 9 Write each sum as a single logarithm.

B (2-logg )+ (3 logg ) - gy ¢ b. {éltg,u]ﬂﬂ- ku_g,!h}—{%luguc]

Solution We apply the property log, (x*) = m - log, 1.
o ~ W o,
I Ing:;ﬂj + 03 -]ugg b} = logg ¢ = logy{a®) + logg(b") + (-1) - h:ngg o

1 1
g0+ g+ ggte”) = ogga 1" ") = g, (1

b t-;--lnsuu:wwmn-c%Iuggca=lnsgu*+lug,b’+{-§:+-hzgm

log, va + log, !;r“+lu-g._.r:'_21 = log, Ja + log, b’ +]ngu{%}m-
e
Ja - b

log, (v -b’ﬂ]l-ﬂ} Im{Tm

13



CII 10 Calculate log, §2 - 8 - $16.
Solution lngﬁ[(';,-.,fﬂ-?."l_ﬁ=lngﬂ"ﬂ-‘|3-iﬁi=|¢g1“2.-,||5;1.|:g':|ili

Ll L] [H | "
= log, E-E-I%'E-J;=Im, 2.(29 ) = log, Y2 ¥
L 1]

= loe 195 = Jop @)= 12 . jou 2= 2
log, V2 hﬂ:ﬂ]iq@;_%m

Property 5 The logarithm of the quotient of two positive numbers is equal to the difference between the
logarithms of the dividend and the divisor to the same hase:

Iug,(i)*—“hg,x-lug_y | eeeee

logg, =
gty

ol ¥
Eei ['} [Fwe substitute © = a¥=* and § = a"¥ on the left side, weemmmr
Proof )

B o Y e ]"E-Eg}='”ﬂ- 1-log,

For example,
log, g= bz, 5 log, 3

g, (0.12) = g, - )=l (21 = logs 8- og, (%)= g, 32
logy 10 + logy 4 ~logy 5 = logg(10 - 4) ~logy 5 = logg 40 ~logg 5 = lugiif?ﬂ log, 8=

Motice that we can combine properties 4 and 5 to write expressions with addition and sub-
traction of logarithms as the logarithm of a single fraction, The addends form the numerator of
the fraction and the subtrabends form the denominator, for example:

b-ce

log, b + log, ¢ - log, d + log, e log, f = Ing'{i fj-
As a numerical example, consider

logg 15-logg 5+ Iogg 6~ logg 2 = log (") = logg 0 = loga(3) =2

Remember that this property only applies to logarithms with a commeon base,

14



m I I Express log 30 :.ndlnglﬁinternun’r"pgimnlugﬂ =y

Solution Since 30 = 3- 10, we get log 30 = log(3 - 10) = log 3+log 10=p+1.
e
» ]

Since 33= g we have log E'I-E=lug% =log 10-log 3=1-p.

m I ! (iven log 300 = 2.421';12. calculate log{0.0027).

log(0.0027) = l-zstﬁ} = Jog 27 - log 10° = log 3 - 4 -log 10
Solution
=(3:logd) -4 (1)

log 300 = log(3- 100) = log 3 + bg 10F =log 3+ 2-log 10 =2 + log 3. S0 log 3 = log 300 - 2.
E E H‘ﬁ Using log 300 = 247712, we get log 3 = 247712 -2 = 047712 (2)
log 10 = lgyl0 = 1 | Combining (1) and (2) gives us log(0.0027) = (3 - 0.47712) -4 = - 256864,

m I: Wilte each legarithm as a sum or difference of logarithms to base a.

b'e! Yib+c)
1IEEiE1F h-I":E- {d_E}E
n g Ty = log 57+ lig, - lagy gy 5= Blogy b + 2log ¢~ gy -5 i
Solution d'-¢ s
b, We have I%%ﬂ% ﬁﬁb+c}=-hgl{d-e}f’=lugd{b+ﬂj;-Elngd{d-a}

=%m,{b+c}-amg,{d L

Notice that logarithms cannot be distributed over addition or subtraction, and alsothat  log-
arithms enable us to perform simpler operations (addition and subtraction) instead of mult-
plication and division, This is why logarithms are so useful in computation.

15



A. Basic Concept

1. Calculate the logarithms.
" lngm% b, Ing=%
d. Jogyg 1 e lg52 £ log¥1000
g gl b logne) i Ine
} logg®lne’) k Inflog 107 L Inflog 10)

2, Solve each equation for x.

. Ine

£l

-

E

g =4 b 2+'=3 ¢ 31=9
d JF=4 e lr=5 £ 10-'=2
3, Simplify the expressions.
g ¢ b 10%7 ¢ 4w
d, 5w g gyest | (e
g aMed g gt g i _ g tid

b -log(log, ¥3) 1 %)H?J

B. Types of Logarithm

4, Calculate the logarithms, using log 2 = 0.30103
and log 3 = 04771,

5 log 18 b lg®0 e Jog ]E

5. Find the number of digits in each number if
log 2 = 0,30103 and log 3 = 0.4771.

..2* b9* 3P 417

C. Properties of Logarithms
fi. Write each expression as a single logarithm.

a %]ng x—log y+log 2°

1 | 1
b -=log x+—log y+—
Elﬂﬁ-t Elﬂﬂ ﬂlﬂﬁz

16



T

Write each expression as the sum or difference of
the logarithms of a, b and ¢

& logla'hc) b. Yo Yabe)

. Evaluate the expressions,

a logog 4 + logyy B
0 log 8 + log 25 + log 5

e |ug,“%+ log, 625+ Iog, EIH%%
d. logg 1000 - logg 125

. Calculate each bogarithm in terms of the varfablels)

provided, using the given relation(s).
i logg 3 logz2=a b log25legl=a
e logp 2l logg T=p d. logy18;logg 12 =&

G logyo 60; logg 30 = e and logy5 24 = b

10,

11.

12.

13,

o

14.
o0

logy ¥ = a is given. Express each logarithm in
terms of a.

2. lngr‘r' fy: b ]DEJE-'P f'yd
Simplify the expressions.

1
2 (log,625-log,, m"’“‘“ﬁlﬁ logy . 1024)

b. log, b*-log, ¢’ log,, d*-log,. a

Find 1 in each case.
e loppr=3-(2 logg 3) + (3 -logg 5)

b. log, % =2-+(3-log,5)- (2-log, )
Prove each eguality,
a log, % -log, xy-.-log, x=1

h! |'I-'= =
b x t.y *z b=l

Show that ifa* + b° = Tab (g, b > 0) then

hs?%ﬂnsﬂﬂﬂg b

17
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An interesting unsobved problem in mathematics concerns the ‘hailstone sequence’, which is defined as
follows: Start with any positive integer. If that number is odd, then multiply it by three and add one. If it is
even, divide it by two. Then repeat. For example, starting with the number 10 we get the hailstone sequence
10, 5, 16 8 4,2 1,4, 2 1. Some mathematicians have conjectured (guessed) that no matter what
number you start with, you will always reach 1. This conjecture has been found true for all starting values up
to 1,200,000,000,000. However, the conjecture, which is knewn as the ‘Cellatz Problem', *3n+ 1 Problem, or

“Syracuse Algorithm', still has not been proved true for all numbers,

Nurmber sequences have been an interesting area e
for all mathematiclans throughout histoery. _L':.mid"j.ﬁl:ﬂ‘l

Geometric sequences appear on Babvlonian

tablets dating back to 2100 BC. Arthmetic

sequences were first found in the Ahmes Papyrus

which is dated at 1550 BC. The reason behind ¥ Al E"IIH

the names ‘arithmetic’ and ‘geometric’ is that £ et

each term in a geometric {or arithmetic)

sequence 1s the geometrie {or arthmetic) mean of its successor and predecessor. 1f we think of a rectangle
with side lengths 1 and y, then the geometric mean «xy is the side length of a square that has the same area
as this rectangle. Finding the dimensions of a square with the same area as a given rectangle was considered
in those days as a very geometric problem, Although the arithmetic mean (x + 42 can also be interpreted
geometrically (it 1s the length of the sides of 2 square having the same perimeter as the rectangle], lengths
were viewed more as arithmetic, because it is easier to handle lengths by addition and subtraction, without
having to think about two-dimensional concepts such as area. Although both problems involve arithmetic and
can be interpreted geometrically, in ancient times one was viewed as much more gesmetric than the other,
therefore the names.

Zeno (490-425 B.C) was 2 mathematician whese paradoses about

motion puzzled mathematicians for centuries. They invelved the sum of

an infinite number of positive terms 10 3 finite number. Zeno wasn't the

enly ancient mathematician to work on sequences. Several of the

ancienit Greek mathematicians used sequences to measure areas and
valumes of shapes and regions. By using his reasoning technigue called the ‘method’, Archimedes (287-212
B.C.) constructed several examples and tried to explain how infinite sums could have finite results. Among
his many results was that the area under a parabolic are is abways two-thinds the base times the height.
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The next major contributor to this area of mathematics was Flbonacel (1170-1240). He discoversd a
sequence of integers in which each number is equal to the sum of the preceding two numbers (1,1, 2, 3, 5,
8, ...}, and introduced it as a mode! of the breeding population of rabbits, This sequence has many emarkable
properties and continues w find applications in many areas of moedern mathematics and science. During this

same period, Chinese astronomers developed numerical technigues to analyze their observation data and

el

used the idea of finite differences 1o help analvee trends in their data.

Oresime (1325-1382) studied rates of change. such as velecity and acceleration, using sequences. Two hundred
vears later, Stevin (1348-1620) understood the physical and mathematical conceptions of acceleration due
to gravity using series and sequences. During that time Galileo {1564-1642) applied mathematics to the

sciences, especially astronomy. Based on his study of Archimedes, Galileo improved our understanding of

until the middle of the 17th cemtury, mathematicians developed and analyzed series of numbers,

ﬂ“‘?‘ e W o e

1
|
1
. TJ hydrestatics. He developed equations for free-fall motion under gravity and the motion of the planets. Up
A

j MNewton (1642-1727) and Leibnitz (1646-1716) developed several series representations for functions. [ T
. ?l Maclaurin (1698-1746), Euler (1707-1783), and Fourier (1768-1830) often used infinite series to develop
new methods in mathematics. Sequences and series have become standand tools for approximating functions Li ¥

| and calculating resulis in numerical computing, \ e

~ " The seli-educated Indian mathematician Srinivasa Ramanujan (1887-1920) used sequences and power

| series to develop results in number theory, Hamanujan's work was theoretical and produced many important
% results used by mathematicians in the 20th century
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Real number sequences are strings of numbers. They play an important role in owr evervday
lives. For example, the following sequence:

20, 20.5, 21, 22, 23 4, 236, ...
gives the temperature measured in a city at midday for five consecutive davs. It looks like the
temperature is rising, but it is not possible to exactly predict the future temperature,
The sequence:
64,32, 16, 8, ...

is the numbser of teams which play in each round of a teurnament so that at the end of each
game one team is eliminated and the other qualifies for the next round. Now we can easily
predict the next numbers: 4, 2, and 1. Since there will be one champion, the sequence will
end at 1, that is, the sequence has a finite number of terms. Sequences may be finite n
number or infinite.

Look at the following sequence:
1004, 1106, 1210, ...

This 18 the todal money owned by an investor at the end of each successive year. The capital
increases by 10% every vear. You can predict the next number in the sequence 1o be 1331.
Each suecessive term here is 1105 of, or 1.1 times, the previous term.

Real number sequences may follow an
casily recognizable pattern or they may
not, Recently a great deal of mathematical
work has concentrated on deciding
whether certain number sequences follow
a patier (that is, we can predict consecutive
verms) or whether they are random (that
is, we cannot predict consecutive terms).
This work forms the basts of chaos theory,
speech recognition, weather prediction
and finaneial management, which are
just a few examples of an almost endless
list. In this book we will consider real
numbet sequences which follow a

Caw you recoguize the pattern? patlern.

21



SEQUENCES

by the =et of nataral
nursbiers we mean all
posttive  integers and
et this set by M,

Thati N=1{1,2.3,..1

ceeee

€€
[ & Funcibon s o melnkan
between two wets A and
(B that asslgrs 1o eich
element of set A exactly

|n||:-_-1n'|:n:nl i el B

Definition
[f sumeone asked you (o list the squares of all the natural numbers, you might begin by writing
1, 4, B, 16,25, 36, ..
But you would seon realize that it is actually impossible w list all these numbers since there

are an infinite number of them. However, we can represent this collection of numbers in
several different ways.

For example, we can also express the above list of numbers by writing

JULy, fi23, fi3), fid), AS), fl), ..., fim), ..
where fin} = v, Here f{1) & the first term, f(2) s the second term, and so on, fir) = o' s a
functon of #, defined in the set of natural numbers.

SEqUENCE
A function which is defined in the set of natural numbers is called o sequence.

However, we do not usually use fanctional notation to describe sequences. Instead, we
denote the first term by a,, the second term by a., and 50 on. So for the above list

Lo, =9a=16a=2.4a=36...9="0,.
a, is the first term,

=18 =
Here,
i, is the second term,

i, is the third term,

i, is the uth term, or the general term.

Since this is just a matter of notation, we can use another letter instead of the letter a. For example,
we can alsouse b ¢ d | ete. as the name for the general term of a sequence.

We denote a sequence by (a,), where g s written inside brackets. We write the general term

of 1 sequence asa_, where @_ Is written without brackets. For the above example, if we write

the general term, we write a, = ',

If we want to list the terms, we write (a_) = (1, 4,8, 16, .., %, ..).
Sometimes we can also use a shorthand way to vrite a sequence:
(@)= (n" + 4n 4+ 1) means the sequence (a ) with general terma_ = n" + 40 + 1,
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Solution

Solution

Solution

Note

An expression like a, , is nonsense since we cannot talk about the 2.6th term of & sequence.
Remember that a sequence is a function which is defined in the set of natural numbers, and
2.6 18 not a natural number. Clearly, expressions like a,. a | are also meaningless. We say that
such terms are undefined.

Note
In a sequence, ® should always be a natural number, but the value of o, may be any real

number depending on the formula for the general term of the sequence.

Write the first five terms of the sequence with general term o, = -i-

4

Since we are looking for the frst five terms, we just recaleulate the general term for

n = 1,23 4 3 which gives |,

1 r b |

I | =

L
2' 3 4

qn-5

ind a8, 0y,
in

Given the sequence with general term a_ =

We just have to recaleulate the formula for a, choosing instead of # the numbers 5, -2, and

100. 50 a, -%. and @, = % = % Clearly, @, 15 undefined, since -2 is not a natural

number

Find a suitable general term b, for the sequence whose first four terms are

| =D
= | s
o | d=

:
EI

We need to find a pattemn. Notice that the numerator of cach fraction is equal 1o the term

position and the denominator is one mere than the term position, so we can write b, = =in 23

n+1
Check Yourself

1. Write the first five terms of the sequence whose general term is ¢, = (-1)".
2, Find a suitable general term a, for the sequence whose first four terms are 2, 4, 6, B
3. Given the sequence with general term b, = 2n + 3. find b, b, and b,

ANSWers
l.-1, L,-1.1.-1 2 2r 3. 13 undefined, B9
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| tample [

Solution

Solution

| example J

Solution

_Example |

Criteria for the Existence of a Sequence
If there is at least one natural number which makes the general term of a sequence
undefined, then there is no such sequence.

_2n+l
a1

Is a general term of a sequence? Why!

No, because we cannot find a proper value for s = 2.

Is a, = I|% a general term of a sequence? Why?

4-n
Zn+1

Mote that the expression v is only meaningful when x 2 0. So we need 20 1o be true

for any natural number v, If we solve this equation for i, the selution set is l[—%~ 4], Le.nis

hetween -% and 4, inclusive. When we lake the natural numbers in this solution set, we get

(1,2, 3. 4}, which means that onlya, a,, a,, g, are defined. So a, is not the general term of
A Sequence.

n+l
I6 g, =

S a general lerm of a sequence? [fves finda, + a4, + 4,

g R meaningful onky when n = %e . Since a, is defined for any natoral number,

n-1
It ks the general term of a sequence, Choosingn = 1, 2, 3wegeta, =2, a,=1.a,= 08
B +a,+a =358

Given b, = 2n + 5, find the term of the sequence (b)) which 1s equal 1o

a 25 h 17 c. 96
Solution o b, =125 b b, =17 C b =9
2n+5=23 2n+5= 17 Mm+o=50
n=10 n=~0H n=455¢ i
10ih term Gth term nod 4 lerm
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The sequence in the previous example is called the

Fibonaced sequence, named after the 13th century ltalian
mathematician Fibonaccd, who used it to solve a problem
about the breeding of rabbits. Fibonacci considered the
following problem:

Suppose that rabbits live forever and that every month
cach pair produces a new pair that becomes productive at
age two months, [f we start with one newborn palr, how
miany palrs of rabbits will we have in the rth month?

As a solution, Fibonacci found the fallowing sequence:

1,1,2.3,5, 8,13, 21,34, 55,80, 144, 233 _ .

This sequence also oecurs in numerous other aspects of
the natural world.

We can make a picture showing the Fibonaced numbers if we start with two small squares whose sides are each one
unit kong next to each other. Then we draw a sguare with side length two units (1 4 1 units) next to both of these.
We can now draw a new square which touches the square with side one unit and the square with side two units,
and therefore has side three units, Then we draw anoether square touching the two previous squares (side five
units), and so on. We can continue adding squares around the picture, each new square having a side which is as

long as the sum of the sides of the two previous squares. Now we can draw a spiral by connecting the quarter
circles In each square, as shown on the next page, This is a spiral (the Fibonaccd Spiral), A similar curve Lo this
CECUES [N nature as Lhe shape of a nautilus.




A nautilus has the sane shape as the Fibomacct spiral
1443
. 2
bigger: This number is a spectal number in mathematics and is known as the golden ratio.

The ancient Greeks also considered a line segrment divided Into two parts such that the ratio of the shorter part of
length one unit to the longer part s the same as the ratio of the longer part to the whole ssement.

1 I

The ratic of two successive Fibonacei numbers L gets closer to the number

= 1.618 as the value of n gets

1 :‘E . Thus, the segment shown is divided into

This leads to the equation SR whose positive solution is x =
: r 1+x
the golden ratio!

A rectangle in which the ratio of one side to the other gives the golden ratio is called a golden rectangle. The Golden
Rectangle is a unigue and a very important shape in mathematics. It appears in nature and music, and is also often
used in art and architecture, The Golden Rectangle is believed to be one of the most pleasing and beautiful shapes
for the human eve.

Ihe palden ratio is freguently used in arclitectun :
£ ol el s e e Loy The ratio of the length of your arm to the length

from the elhow dowm to the emd of your hund 15
aprroximaiely equal to the golder ratio,




T T 0 1] o

Sequences
1. State whether each term is a general term of 2
SECUENCE 0T 1.

2 Gn-T8 b g B
i+2 . |

4 3 |
e 3 13 ¢ el
= Y] =3 e

g i3  h v+ i Jn*—n—ﬂ

n=-2

2. Find a suitable formula for the general terms of
the sequences whose first few terms are given.

51,35 b -1,3,-5

¢. 0,3,8,15 R LA
579

¢ 2,6,12,20,30

J. Find the stated terms for the sequence with the
given general term,
o @, =In + 3, find the first three terms and o

In+l
A—
. n+7

find the first three wrms and e,

e a,=yn' +6n, find the first three terms and a,

4. How many terms of the sequence with general
. term @, = 0 - 6r - 16 are negative?

E. How many terms of the sequence with peneral

lerm g =Mamtesslhan —I?

" 3n+b )
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Al the beginning of this book we looked at the sequence 1, 4, 9, 16, 23,36, ... . We

call the numbers in this sequence square numbers, We can generate the square

numbers by creating a sequence of nested squares like the one on the right.

Starting from a common vertex, each square has sides one unit longer than the

previows square, When we count the number of points in each successive
' square, we get the sequence of square numbers

(st square = 1 point; second square = 4 points, thind square = 9 polnis, etc.).

Polygonal mumbers are numbers which form sequences like the one above for different polygons. The Pythagoreans
named these numbers after the polgons that defined them,

Trangdarmumbers
— o E
o
\,
— O Y

Polvgonal numbers have many interesting relationships between them. For example. the sum of any two consecutive
triangular numbers is a square number, and eight times any triangular number plus one is always a square number.

Can you find any more patterns? Can you find the general term for each set of polvgonial numbers?

e R R A A R R R R R
28




ARITHMETIC SEQUENCES

1. Definition
Let’s look at the sequence 6, 10, 14, 15, ...

Obwiously the difference between each term s equal to
4 and the sequence can be written as @, ,, = a, + 4
where @, = 6.

Far the sequence 23, 21, 18, ... the formula will be
., =a,-2 where a, =323

In these examples, the difference between consecutive
terms in each sequence is the same. We call sequences

with this special property arithmetic sequences.
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sequacnae i i honet, sl thie cornmen d2Zecen-
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ETY
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sedjlietice nd o = 4.

b, ., =2 _sothe difference berseen each consecutive erm s e, - =27 -2 = 2"
which -5 nor constnal Thevedore. Ge ) s nob an arithnetic sequenoe,
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{H+-ﬁfri'+lll_ B
n+4
talking about a sequence), we have a, = 2 + 1. Therefore, a,,, = (n + 1) + 1, and the

d. By rewriting the general (erm we have o = -4 (since we are

difference between the consecutive termsisa ,, —a, = 1, which is constant. Therefore,
(a,) Is an arthmetic sequence and d = 1.

With the help of the above example we can notice that if the formula for general term of a
sequence gives us a linear function, then it is arithmetic.

Note
The general term of an arithmetic sequence is linear.

2. General Term

Since arithmetic sequences have many applications, it is
much berter to express the general term divectly, instead of
recursively, The formula is derived as follows:

If (2 ) is arithmetic, then we only know that ¢, = a, + d. Let us write a few terms.
a4 =

a,=a +d

a,=a,+d=(g+d)+d=a+2

a,=da, +d=(a+2) +d=a+3d

a,=a +4d

;IH=EI+I:_I'I- |

This 1s the general term of an arithmetic sequence.




Solution

EXT 11

Solution

Solution

Solution

GENERAL TERM FORMULA

-3, 2, T are the first three terms of an arithmetic sequence (a,). Find the twentieth term.

We know that a, = -3 and d = a, - a, = a, - a, = 5. Using the general term formula,
a, =a,+ (-1
a, =-3+ (20-1)-5=92

(a,) 15 an arithmetic sequence with &, = 4, a, = 25. Find the common difference and a,.

Using the general term formula,
a =a +(n-1d
@, =a,+ Td
MW=4+7d Sowe haved = 3,
g =a, +{101-1)d=4+ 1003 =3M

(m,) is an arithmetic sequence with a, = 3 and commaon difference 4. Is 59 a temm of this
sequence?

For 59 to be a term of the arithmetic sequence, it must satisfy the general term formula such
that # i a natural number,

g =a,+n-14
W=3+h-1)-4
89 =dn-1
w=15
Sinee 15 is a natural number, 59 is the 15th term of this sequence.

Find the number of terms in the arithmetic sequence 1, 4, 7. ..., 91.

Here we have a finite sequence. Using the general term formula,

g =da, +m-1
9l=1+(u-1)-3
n=431

Therefore, this sequence has 31 terms.
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B. SUM OF THE TERMS OF AN ARITHMETIC SEQUENCE
1. Sum of the First n Terms

Let us consider an arithmetic sequence whose first few terms are 3, 7, 11, 15, 19,

The sum of the first term of this sequence is obwiousky 3. The sum of the first two terms is

10, the sum of the first three terms is 21, and so on. To write this in a more formal way, let
us use §, to denote the sum ofthe first n terms, i@, 8, = a, + a, 4 .. + g, Now we can

Wrile:
§ =13
S,=3+7=10
S =3+T7+11=21
5,=3+T+11+15=3
5.,=3+T+11+15+19=55

m 14 Given the arithmetic sequence with general term g, = 3 + 1, find the sum of first three terms.

Solution 5, =a +q+a,=4+7+10=21

How could we find 5, in the above example? Calculating terms and finding their sums takes
time ard effort for large sums. Since arithmetic sequences are of special interest and
importance, we need a more efficient way of calculating the sums of arithmetic sequences.
The following theorem meets our needs:
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The sum of the of first # terms of an arithmetic sequence (a,) is §, =% .

Proof § =a, ta,+. +a_ *ta, er
s o=a,4+a,  +..+a+a;
Adding these equations side by side,
28, =(a ta)t{a,ta, )t Ha, o)t a,ta)
15 =(a +o)+{a +d+a,-d)+. . +(o-d+a+ d+(a,+a)

28, =(a +a,)+(0+a,)+.+(0,+a)+{0,+a)

T FLITrS

25, =la *a,)-n
o+,
=—

b
w4

15 Given an arithmetic sequence witha, = 2 and g, = 17, find §,

Solution Using the sum formula,

g =0 *E"" 6=(2417) 3=57.

16 Given an arithmetic sequence with a, = -14 and d = 5. find ...

Solution Using the sum formula,

a, + f
sﬂ='Tﬂfr-ﬂ7 requires o, = 1, + 264 = 14 + 26.. 5 = 116.

Therefore, 5. = '”'E“ﬁ 27=1377.
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17 Given an arithmetic sequence with @, = 56 and a,, = -14, find §,,

Solution Using the sum formula,
S = %i 15, so we need to find a,;, Let us caleukate using a,

ay, = a,+ 10d

-14 = 56 + 10d, so d = -7 and

i, = a4+ 14d = 56 + 14- {-7) = 42,
56 - 42

Therefore, §,; = 15=105.

m 18 If-5 + .. 4 49 = 616 is the sum of the terms of a finite arithmetic sequence, how many
terms ate there in the sequence?

Solution Let us convert the problem into algetraic language:
a, =-3, a,=49, and 8 = 616, and we need to find p.
Using the sum formula,

+a ]
Sv::E’i L. p, thatis, 616 = _D;‘m p 80 p =28 5028 numbers were added.

Since @, = a, + {7 - 1)d, we can also rewrite the sum formula as follows:

Check Yourself

L. Given an arithmetic sequence with ¢, =4 and a, = 13, find §
2. Given an arithmetic sequence witha, = 26 and d = -2, find §,,
3. Given an arithmetic sequence with a, = 9 and §, = 121, find d.
4. Find the sum of all the multiples of 3 between 20 and 50,
Answers

195 2494 3175 4345
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EXERCISES 2 e

A. Arithmetic Sequences

L. State whether the following sequences are
arithmetic or not,

ala)=mh (V2 V30 e a) = dneT

2. Find the formula for the general term a, of the
arithmetic sequence with the given common
difference and first term.

Ld:im&ﬂ h—d=ﬂ§1ﬂ|=1
cd=0a=0 d d._%m,.;g

gd=-l,a=0 f d=7a =3
L d=b+34,=3+7

3. Find the common difference and the general
lerm a, of the arithmetic sequence with the given
lerms.

Roa,=3a=5 ba=4a=10
toay=v2,0,=68 da,=-12a,=-2
e a,=8a.=8 f o,=6a,=-M
g a=1a=2

hoa,=2x-y,8,=x+2y

4. Find the general term of the arithmetic sequence
using the given data.
i B, =4, +?!'ﬂj = -3

b, @, =41,d=4

5. Fill in the blanks to form an arithmetic sequence.

i M, DS L, | 3: R, S S | 32—
bo13 . ., .45
I'I--_..,.,_.-l"
EFCH IEHE
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G, Inan arithmetic sequence the first term is -1 and
the common difference is 3. Is 27 a term of this

sequence’

7. Given that the following sequences are arithmetic,
find the missing value.

. M:? h;_ ﬂﬁ=ﬂ_|+?
2 2

B.Sum of the Terms of an Arithmetic
Saquence

8. For each arithmetic sequence {a.) find the

missing value

La=-0aq=18 §=7
b.oa=-3 a=12] 8§, =7
& g=T, 8 =232 d=7

d d=g. 8, =1173, o =?

foa =g, d=g, 5,=1700, p=?

B S5 = 10000, g, =198, a,="?
h.o =-5t-10, §, =17

L oa=3 a=%8§=5)p="7
j 5,=3840, g, =5, g, =7

k. a,=3, ay-o,=-b, 5,="

L oa,=1, §u-8,=238 a,=7
md=5 §,-5,=308 a,="?
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A magic square is an arrangement of natural numkbers in a square matrix =o that the sum of the
numbers in each column, row, and diagonal is the same number (the magic number). The
number of ¢ells on one side of the square is called the order of the magic squane.

Hem icne TR

Tt i a third onder magc 5 2 thit the numbers in each

rowy; colurmn, and diag

The femows Lo-Shu iz the oldest knoun magic wquare in the
world. According to the legend, the fipue above was found on
the back of o turtle which came from the rver Lo, The word
Sh' means ‘book’, 50 “Lo-Shu' means The book of the river Lo’

we fiomn the finite arithmetic




What kind of relation exists between the sequence and the magic number? Given any finite arithmetic sequence
of ' terms ks it abways possible to construet o maghe square? If the numbers do not form an arithmetie sequence,
is it possible to construct a magic square?

Try construeting your own magic square of order three using the numbers 4.8,12. ... 36.

There are mmfmﬁm& mmm;mm.mmlﬂwwmmﬂm in the
e ' m“ﬂm Yarg-Hui gave
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A. GEOMETRIC SEQUENCES

1. Definition

In the previous section, we learned about
arithmetic sequences, ic. sequences whose
consecutive terms have a common difference.
In this chapter we will look at another type of

serquence, called a1 geometric sequence.
Geomelric sequences plav an Important role in
matheratics.

A sequence is called geometric if the ratio between each consecutive term i common, For
example. look at the sequence 3, 6, 12, 24, 48, ...

Obviously the ratle of each term to the previous term is equal 1o 2, 30 we can formulize the
sequence as b, = b, 2. The consecutive terms of the sequence have a common ratio (2),
s0 this sequence is grometric.

For the sequence 623, 125, 23, 5, 1, ... the formula will be b,_,,-b,-%."Ihcmurrmnratiu

in this sequence is %

BEOIELTIC Sequence
If a sequence (b)) has the same ratio g between its consccutive terms, then it i called a
ZEHTELric sequence.
In other words, (b,) ks geometde F b, = b, - g such that % € N, g € R 4 is called the

common ratie of the sequence. In this beok, from now on we will use b, o denote the
general term of a geometric sequence, and g to denote the common ratio.

If ¢ > 1, the geometric sequence s increasing when b, > 0 and decreasing when b, < 0,
If0 < g < 1, geomedric sequence is increasing when b, < 0 and decreasing when b = 0.
If g = 0, then the sequence is not monptone.

What can vou say if § = 1? What about ¢ = 07

1 9 State whether the following sequences are geometric or nol. IFa sequence 18 geometric, find

the commimn ratio.
1 1
1,24 8., b 33, R R T [ R Ty P e
a 1,2 3,3 33 c 5 Bi~igt
Solution & geometric,g=2 b geometric,g=1 ¢ notgeometic  d geometrle, q=_%
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m 20 State whether the sequences with the given general terms are geometric or not. If a sequence

Solution

Is geometric, find the comimon ratle.
ahb =3 b.b,=n"+3 ¢ b =32 d b=3n+5

|
a b, =3" s the rato between each consecutive term s %L= '_3-_—=3, which is
canstant. 5o (b ) 1s a geometric sequence and g = 3. *

b. b, =+ 1)" + 3, so the ratio between each consecutive term s

b (r+D'+3 n'+2n+4

L Ea = - . . -

_Lb_ 13 - 43 + which i not comstant. So (b} i not a geometric sequence.
e b, =3-2° sothe ratio between each consecutive term is bi'}—"- :-i"' =2 which is

canstant. Sa (b)) is a geometric sequence and g = 2,
d. Since the general term has a linear form, this is an ardthmetic sequence, Tt is not geometric.

With the help of the above example we can see that i the feemula For the general term of 2
sequence gives us an exponential function with a linear exponent (a function with enly one
expanent variahle), then it 18 geometric.

Note
The general term of a geometric sequence is exponential.

LTI [evath i crjemrein

2. General Term

We have seen that for a geometrie sequence, b, | = b, + q. This formula & defined recursively
If we want to make faster calculations, we need 1o express the general term of a geometric
sequence mare directly. The formula is derived as follows:

If (b} is geometric, then we only know that b = b_ . g. Let us write a few terms,
b=b

by =bq

by=bhy «q=(b q)-9=b g

by=b,-g=(ba"va=b ¢

by =by g’

b, mby g
This is the general term of & geometric seqUence.
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B 21

Solution

G 22

Solution

E 23

Solution

BTN 24

Salution

GENERAL TERM FORMULA

The general term of & geometric sequence (b, ) with comman ratio g 18
| b=b gt

If 104, B0, 25 are the first three terms of a geometric sequence (b, ), find the sixth term.

We can calculae the common ratio as g = by =é1 = }- so by=100, g= i
b, b 2 2

- i A=l Ll ] hef __ 25

Using the general term formula, b, =& 4", so b, =100 L R

th,) s a peometric sequence with b, = % g=3. Find b,

Using the general term formula,

b, =b, -q"" Therefore, b, = % a+t=g

ib,} Is a geometric sequence with b = -15, ¢= :'5[ Find the
general term.

Using the general term formula, b, = b - " 7"

e (i (3 (- ]

Consider the peemetric sequence (b)Y with b,:% andg=3. Is 243 a term of this

sequence?

Using the general term formula,

b b iR =%-3'~'.

Mow 243 = _and =0 3" =3" Therefore, n=&.

i3
9 3
Since 8 is a natural number, 243 is the eighth term of this sequence.
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Solution

b,

AMPLE 25 In a monotone geometric sequence b, -b, =12, = =3. Find b,
4
b—9=3, that is b -q1 =3. Sogq =il.
b, b -q V3
Since the sequence is monotone, we take g = i
J3
b, -b, =12, thatis b, - b, - q* = 12.
g 1 s 1
b?.==12, thatisb, = 6+3.Sob, = b,-q = 63 - — = 6.
1 1 2 174 Ne

Why? Would the answer change if the sequence was not monotone? Why?

Check Yourself

. | ;
1. Is the sequence with general term b, = 3 4" a geometric sequence? Why?

3

2. T are the first three terms of a geometric sequence (b,). Find the eighth term.

*

o w

s
8

3. (b,) is a non-monotone geometric sequence with b =—, b, =16. Find the common ratio

1

-t
of the sequence and b,.

4. (b,) with is a geometric sequence with b, = -3, ¢ = -2. Is -96 a term of this sequence?

Answers

1. yes, because the general term formula is exponential 2.24 3.¢q=-2;b,=-2 4.no
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B. SUM OF THE TERMS OF A GEOMETRIC SEQUENCE

I 26

Solution

1. Sum of the First 7" Terms
Let us constder the peometde sequence with Orst few terms 1, 2, 4, 8, 16.

The sum of the first term of this sequence s obvieusly 1. The sum of the first twe terms is
3, the sum of the first three terms is 7, and so on, To write this in @ more formal way, let us
use 8, to dencte the sum of he imin teens ie 85, = b, + b, + ... + b,. Now,

S =1

§,=1+2=3
S,=1+2+4=7
S,=1+2+4+8=15
8;=1+2+4+8+16=13L

Given the genmetric sequence with general termb_ = 3 (21, find the sum of first three
LETINS.

S,=b +b+h=-6+12-24=-18

How could we find 5, in the previous example? Caleulating terms and finding their sums
takes time and effort for large sums. As geometric sequences grow very fast, we need a more
efficient way of calculating these sums. The follwing theorem meets our needs:
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The sum of the first n terms of a geometric sequence (b )is § = p, .1;9.. g#l
-q

Proof 8 =h+b +h+.+bh, 4+,
S bl thd b e D
g8 =b .g+b gt +b g+ 4 b -g"  4b g (D)
Subrracting (2) from (1), we get
5, -q-8,=b-b¢
5,:5,.%

m 27 Given a geometric sequence with by =E_ll and g=3, find 5.

Solution Using the sum formula,

sp =T R R |
=5 1-.;'5':'5" a1 1-3 B8l

m 28 Given a geometric sequence with 5, = 3640 and g = 3. find b,

Solution Using the sum formula,

g mb. "9 oo 2840mb %

l-¢ '

and so b, = 1{.

F

m 29 Given a geometric sequence with q=§I, b, =5 and 5, =1820, find b,
Solution Using the sum formula,

1

) LR =, -b - bt_ﬁl_
.1 q"= |!;.l|I ﬁ', ) =bl b_H-I =b‘| b. q,ﬂl]ﬂﬂ'ﬂ-‘- 3_11”%1 b= 1215,

1-4 1-4 1-¢ 1-¢ 11

3

S, =h,
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A. Geomelric Sequences

1. State whether the following sequences are B.Sum of the Terms of a Geometric

Eeomelric or net. Sequence
s ‘ 7. For each geometric sequence (b)) find the missing
i (2.-5 5 = b b)=04""" value.
Ry

b. b,=6 b =1825, =7
¢ by=1b, b=61h-b 5 =7
d §,=111,4"=4,8,=7

2. Find the general term of the geometric sequence
with the given gqualities.
1

b =5g=2 b b’=_3'?=ﬁ
8. The general term of a geometric sequence is
y b,=1mu,q=% d b=Bg=43 bo=3.2 Find§,,

e b=db=3 f !"=3"!’*=E]i

g b3=3‘2,|!:-,;=% B by = 5, by =5

L b =25 =8/2

3. Fill in the blanks to form a geometric sequence.

a 3-2.2, 3+9
b _._,3_.4

4. Find the general term of the geometric sequence
withb, = b, + 24 and b, + b, =6

D, Write the first four terms of the non-monoione
geometric sequence that is formed by inserting
nine terms between -3 and -720,

6. Given a geometnc sequence with
b,=4b, and b, b, = 1152, find b,.
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1. Which terms can be the general term of a 5. How many terms of the sequence with general

saquence?

. termu_nm"'] mlmﬂm%?
. 1.3 MLn'+2n+3
n-2
Al Hi 1l £y 2 M3 Fi4

N vT-n va YL.n'

AL I IO IV By I 11, IV VI

Cy 1, 10, I, V1 B 10, 10, V. VI

Ey LIV Y. VI

; 3n’ -5n
B. Given u_:[“+h_3} and &, = 3, find k.

A) 3 B 5 €) 3';;
¥ E E) £
2. Which of the following can be the general term of 3
the sequence with the first four terms 3, 5, 7, 97
Al dn =1 H)2n CiZn+1
M+ 1 Ein®+2
7. How many of the following sequences are
decreasing?
In-5
l. ] (a—— 1. = {n-3)
(a,) {H-I-Ej (b,) = {n-3)
3.leenn.,='2.mdn,—gﬁu—fnru?1 1
e I1L = (=1 IV -——
inda, (e =(=1% {d,) {H'I'Ij
A) 27 H) 25 )28 V(e )=(-—— l}
’ ] “ m+2
27 9%
B ok M1 BT O3 D4 B
4. How maney tés of the sequence ‘with gereral 8, What Is the mininmmm value in the sequence
g 2n+3
FEIE.. 2:+Eﬂm | vitiokerd formed by o, { ‘,|5"
AVS HiG Cy% 08 Eig A) -1 B) -3 C) -2 b -7 E -8
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8. Which one of the following is the general term of
an arithmetic sequence?

ARt 4+ Oy Ridn + 5 Chyn?
e 4+ 3 Ey g8
1 ]
10, If 7 a, b, £, 3 are comsecutive terms of an

arithmetle sequence, ind @ + b + .

T e 4B

AL gy . &l
24 24

fl B nB
16

( = B
16 45

11, {a,) is an arithmette sequence with a,, = 8 and
i, = 35, Find a,.

Al B Oi-16 D322 E)-28

12, (o) Is arithmetic sequence with a, = 7 and

common difference 13 Find the gereral term,

-
.'l||| o+ | L
dn + 4 =

13, {n,) is an arithmetic sequence such that
@, +a, = 23 and &, + a, = 37, Find a,.

A) 48 B 47 ) 45 ¥y 44 E)43

14. {a,} iz a finite arithmetic sequence with first term
;—. last term %‘ amd sum 8. How many tenms
are there in this sequence?

A9 iy 16 ()32 D48 L) 64

15, x-2. 2+ 8 3x + 2 form an arithmetic sequence.
Find x.

AL 12 Bi11 S e AR

16, {a,) Is an arithmetc sequence with
5 = 35, - 5)and a, = 1, Find the common

difference.
Al —i I_.I —E iy | E
51 Bl ol
) 13 ol
Al 51






A-Circles in the Coordinate Plane

Recall that a circle is the set of all points in a plane that are the same
distance from the center. This definition can be used to find an equation
of a circle in the coordinate plane.

(X, ¥)

Let’s start with the circle centered at (0, 0). If (x,y) is a point on the circle,
then the distance from the center to this point would be the radius, r. x is
the horizontal distance and y is the vertical distance. This forms a right
triangle. From the Pythagorean Theorem, the equation of a

circle centered at the origin is x™+y* =r’.

The center does not always have to be on (0, 0). If it is not, then we label
the center (h.k). We would then use the Distance Formula to find the
length of the radius.
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(X, y)

r=4(x—h)2+ (y — k)?
If you square both sides of this equation, then you would have the
standard equation of a circle. The standard equation of a circle with
center (h,k) and radius r is r’=(x—h)*+(y—k)".

B-Finding the Equation of a Circle

Find the equation of the circle below




First locate the center. Draw in the horizontal and vertical diameters to
see where they intersect.

From this, we see that the center is (-3, 3). If we count the units from the
center to the circle on either of these diameters, we find r=6. Plugging
this into the equation of a circle, we get:

(x=(=3))"+(y-3)" =67 or (x+3)" +(y-3)" =36.

C- Determining if Points are on a Circle

Determine if the following points are on (x+1)?+ (y-5)?=50.
Plug in the points for x and y in (x+1)%+ (y-5)2=50

a) (8, -3)

(8+1)2+(-3-5)% = 9°+(-8)% = 81+145 #50

(8,-3) is not on the circle.

b) (-2, -2)

(—2+1)2+(=2-5)*= (-1)*+(-7)*=1+49 = 50

(-2, -2) is on the circle
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Examples

Find the center and radius of the following circles.

Example 1

(x=3) % +(y=1)* =25
Rewrite the equation as (x=3) * +(y=1)* =5° |
The center is (3, 1)andr= 5.

Example 2

(x+2)*+y-5)"= 49

Rewrite the equation as (x—(-2))* +(y-5)*=7" .
The center is (-2, 5)andr=7.

Keep in mind that, due to the minus signs in the formula, the coordinates
of the center have the opposite signs of what they may initially appear
to be.

Example 3

Find the equation of the circle with center (4, -1) and which passes
through (-1, 2).

First plug in the center to the standard equation,

(x=4) " +(y=(=1))" = (x=4)" +(y+1)*=r"

MNow, plug in (-1, 2) for x and y and solve forr,

(<1-4)* +(241)? = (=5)?+(3)* = 254+ 9=r" = 34

Substituting in 34 for r*, the equation is (x-4)* +(y+1)* = 34
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D- Convert a Circle Equation to the Standard

Form

When the equation of a circle appears in the standard form, it provides
you with all you need to know about the circle: its center and radius. VWith
these two bits of information, you can sketch the graph of the circle.

The equation x* + y* + 8x — 4y — 3 = 0, for example, is the equation of a
circle. You can change this equation to the standard form by completing
the square for each of the variables. Just follow these steps:

1. Change the order of the terms so that the x 's and y's are grouped
together and the constant appears on the other side of the equal sign.

2. Leave a space after the groupings for the numbers that you need to
add:
x* 4 Bx+y' —4y =3

3. Complete the square for each variable, adding the number that creates
perfect square trinomials.

4.In the case of the x's, you add 9, and with the y's, you add 4. Don't
forget to also add 9 and 4 to the right:

CHBx+O4+y —dy+d4=3+09+4
When it's simplified, you have x* +Bx +9+y — 4y +4 =16

5. Factor each perfect square trinomial. The standard form for the
equation of this circle is: (x + 3)* + (y — 2)° = 16.
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1-Find the equation of the circle.
All you need for the equation of a circle is its center (you know it) and its
radius. The radius of the circle is just the distance from its center to any
point on the circle. Since the point of tangency is given, that's the point

Distance,._, =J[4-1}"+1ﬁ— 2)
=43 + 4
to use. =5

Now you finish by plugging the center coordinates and the radius into the
general circle equation:

{x-hf +[y-k]?=r:'
(x-4)" +(y-6) =5

2-Find the circle’s x- and y-intercepts.

To find the x-intercepts for any equation, you just plug in O for y and
solve for x;

[x—#]-:' +{r—ﬁ}? = 5°

(x-4) +(0-8) =52
(x-4) +36=25
(x-4) =-11
You can't square something and get a negative number, so this equation
has no solution; therefore, the circle has no x-intercepts. (Of course,
you can just look at the figure and see that the circle doesn't intersect

the x-axis, but it's good to know how the math confirms this.
To find the y-intercepts, plug in 0 for x and solve for y:

I_ﬂ-4|-?+{_y-ﬁ}:‘=52
16+(y-6) =25
(v-6)'=9

_-,--E=t~.lr§
y=13+6
y-.‘! ﬂ'g

Thus, the circle's y-intercepts are (0, 3) and (0, 9).
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EXERCISES -—

Find the center and radius of each circle. Then, graph each circle.

1. (x+5)% +(y-3)%= 16
2. x* +(y+8)*=4
3. (x=-7)%+(y-10)*= 20
4. (x+2)°+y*=8
Find the equation of the circles below.

€

B
N
ﬁ-?-r?*
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9. Determine if the following points are on (x+1)* +(y-6)*= 45,
a. (2, 0)
b. (-3, 4)
c. (-7, 3)
Find the equation of the circle with the given center and point on the
circle.

10.center: (2, 3), point; (4, -1)
11.center: (10, 0), point; (5, 2)
12.center; (-3, 8), point: (7, -2)
13.center: (6, -6), point: (-9, 4)

Find the equations of the circles
14, A(-12,-21),B(2,27) and C(19,10)
15. A(-2,5),B(5,6) and C(6,~1)
16, A{-11,-14),B(5,16) and C(12,9)
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Chapter 4
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JUCTION TO TRIGON(

A. ANGLES AND THE UNIT CIRCLE

I your previous studies you have already learned the hasic principles of trigonometry on the
umit circle and in right triangles. Before we begin our study of trigonometry, it will be helpful
tes review these basic concepis and definitions.

angle, directed angle

An angle is the union of two rays which have the same initial point.

If ome of the rays of an angle is called the initial side of the angle and other ray s called the
terminal side, then the angle is called a directed angle.

negative angle, positive angle

[[a directed angle is measured in a clockwise
direction from its initial side then the angle is
a negative angle. If the angle is measured ina
counterclockwise direction then itisa  pos-
itive angle. In trigonometry we use hoth
positive and negative angles.

negative angle: ¢ = -60° positive angle; a = 6{F
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We can measure angles using different units of measurement. The most common units are
degrees and radians. We write ® 1o show 1 degree measurement: one full circle measures 360,
We write R to to show 2 radian measurement: one full circle measures 22¥. We can also omit
the radjanaTtau'nn if it is clear that an angle is in radians: a =3E; means that the angle «
measures - radians.

We can use a simple formula to convert between degree (I and radian (F) measures:

E
R180° xB
For example, 3607 =En".5ﬂ}“=%. 45 = E

In trignnometry we ofien work with angles drawn in the coondinate plane.

standand position

Anangle in the coordinate plane is in standard position if its vertex is at the orgin of the plane
and iis initial side lies aleng the positive T-axs.

-
o
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Definition coterminal angles
If two or mare angles in standard position have eoincident terminal sides then they are called
coterminal angles. For example, 90° and -270° are coterminal angles. 1807 and -180° are also
voterminal angles.

Definition primary directed angle
Let f be an angle which is greater than 360° or less than (°. Then « is called the primary di-
rected angle of B if e bs coterminal with B and a e [0°, 3607). In other words, @ is the angle
hetween (F and 360° which is coterminal with B,

We can write: B=ath 360" ie  P=utlin

S il o

The circle whose center lies at the origin of the coordinate plane and whose radius is 1 unit
15 called the unit circle.

The coordinate axes divide the unit cirele into four parts, called quadrants. The quadrants
are numbered in 4 counterclockwise direction.

in degrees: ' in racisns: 4

|

/_ o
| Lal ind 1k
frrll.'".ir:l.lli quasdrant § quailrant | qoadrant i
k' 1 P
| ¥ 1 Al Ailu Thhg n \ Ard ik =1
Q ijimil il &ulnllll -|I|:-'|I'.|r||.

- e
] 3

I
e

vig
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Salution

B2ARR]

We virile ® 1o shew thal
fwn angles are colenmiral
a B fmeans thal aand
e poterminal.

Be carchull o & fi does ot
mean ¢ = [k For exanypbe,
T4 = 3 bue 7300 2 AF

quadrantal angles
The intersection points of the unit circle and the coordinate axes cormespond 1o angles meas-

ured on the circle. These angles are called quadrantal anples. [n other words, 0F, 0F, 180°,
2707, 3607, ... and 0, %, I %, 2r, .. are quadrantal angles,

In the unit circle, if o E{ E] then a is in the first quadrant, if a € [; }then it is in the

semndquadram.ifue[ ]I]'I.E]'l][ isin meﬂurdqu.adrantandsfue[ En]ﬂ'lenn

is in the fourth quadrant. The same applies to the equivalent intervals in degrees.

Il an angle is greater than 360° = 2x or less than 07, we can find its quadrant by first finding
{ts primary directed angle.

In which quadrant does each angle lie?
275 b3 3 AT e 442 s.%“ g—l??:
a 75" < O, soit is in the first quadrant.

b, 228 e (180°, 270°), 5o it is In the third quadrant.

¢ J05% € (270°, 360%), so it is in the fourth quadran.

d. T40° = 207 + (2. 360%) = 20° and 20° € (0°, 90°). So 740" is in the first quadrant.

g —442° = 278° - (2 - 3607) = 279" and 278° e (270F, 360°). So -442" is in the fourth

guadrant,
i T_;_%+ﬂ -- e [III1 E]' E isin the first quadrant.
E _?-__ﬂ O ],,_I %E[% :J, 80 —”?H iz in the second quadrant.
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Remember that there is a comespondence be-
tween the points on the unit circle and the
real number line.

Imagine the real number line placed  ver-
tically next to the unit circle, so that O on the
real number line coincides with A(1, 1) on the
unit circle. Then we can "wrap’ the real num-
ber line arpund the top and bottom halves of
the circle to see the correspendences: in the fig-
ure, we can see thal point D CoTTe-
sponds to X = 1.571 an the number ling, point
Fcorresponds (o Jil. point  Bia, )
corresponds Lo 1y, dand so on. The intercept
of one radian and the unit clrele corresponds
to 1 on the real number line.

! Find the real number which corresponds to the central angle 60° on the unit circle, using

N L
Solution From the formula 21 wee have £=E.S{I H=ﬁl]‘-::=£. Using == 3.14 gives us
3 180° = 180F 3
414

S 1.047, This is the required real number.
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€€ € €€ check vourself

W sometlmes use 1

T mesake o - Determine the quadrant for each angle

adentify the quidrants: d . - N — ’5e
quadrant [ = firs 175 b3 02T 4B e L= g ==

aquaricani
quidrant I = seeond |2, Find the real number which corresponds to each central angle on the unit circle, correct to

ejulrant
quadrat [f] = hin three decimal places.

euadrant
quinniV=path | 225 bI3F o8 4.2% o 15%
quadrant. 1] 3
Answers

Lol bIV eI dIV eIV £1 g IV
2 20436 b2356 c.-1396 d.13256 e 1675

B. BASIC TRIGONOMETRIC RATIOS

Look at the trangle opposite. By triangle
similarity we know that if # remains constant
then the ratios of the side lengths of the
triangle remain consiant, even I the triangle
gets bigrer or smaller These ratios are called
trigonometric ratios, and each trigonometric
ratio has a special name.

In a right triangle:

ppposite
side

A adjacentside B
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. opposileside a

” L{' » [ =gj E:—g =

e sine of angle # =sin hy :
dincent side ¢
the cosine of s T R
of angle 6= cos B iy :

the tangent of angle 0= mH=M=E

c E c C C adjocent gide ¢
S0 books write 1g 4 for ; ,
Lan 4, etz @ for cot A amd thgmhﬂgmggfggghﬂ:mﬁ:M:i
cosec fl for csc . | oppositeside @
the secant of angle B=sec lil=,wm'{—EE =E.
adjacenlside ¢
hypotenuse b

the cosecant of angie B=csc b=

oppositeside a
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DT 3 in the figure, AABC is a right triangle. Given :

that AR = 3, AC = 4 and m(£ACE) = 1., find
the stx trigonemetric ratios for x.

Solution Wecan find BC by using the Pythagorean Theorem:
PR =Fand B =16-9=7,2BC=y7. Nowg=3b=14, amdc =7, 0

3 37 VT 4 A7 4

3
SNX=—, (BX=—, LUNX=—==—, lX=—, ST =—m==— and scz=-—.
4 4 A 3

T 3
BETTTN 4 insrigh ciange, !I‘I.ﬂ::%- Find 22013

colx

Solution Let us draw the right triangle.
apposite side _ 2

—, 50 we can say that

hypotenuse 3
the eide opposite the angle has length 2 and

sinx =

the hvpotenuse bs 3. We can lind the adfacen:

side by using the Pythagorean Theorem:
+P=3mc=.b

So mxzﬁ, tan:.'!izgilg ani mt:sﬁ, which gives us
3 G5 F
b 25
m&x+1.mx_j+? =11'J§_ 2 _2
cotx 55 15 5 15
2
Check Yourself
: : | COSX -SiMX
1. Ina right triangle, tanx = —. Find ——.
ght triang] 2 ol x
2. Inthe figure at the right, AABC is a right triangle. Given that A
AC = 4, BC = 5 and m{£ACE) = x, find S0T-008X :
tanx +colx
Answers
L1 g 14 : :
5 (25
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C. TRIGONOMETRIC IDENTITIES

XL

An ey s an equitiin
which 15 iree for all
possible values of =
varalle|s),

ARRR)

O IR (O ) (s ),

T 5

Solution

The trigenometric ratios are related to each other by equations called trigonometric
identities. The properties of a right triangle give us the following identities:

l. sin®x + cos’x = |

From this identity we also get siny = | - cos’y and cos®x = 1 - sin'y,
L. tan‘x + 1 = secx

3. cot’x + 1 = cac’x

ginx
§ tanx=——-o
COST

& C08 X
J. oolr=
Sinx

G anx-ootx = |

From this identity we also get tanz = it and enly = ]—

cofx lanx
|
7. secx=——0
COs X
) |
B escx=—.
ginx

We can use these identities to simplify trigonometric expressions and verify equations.

Note

Simplifying an expression genetally means changing ratios In tan x, cot x, sec x and ese x to
ratios in sin ¥ and cos x, We can also factorize an expression to write it more simply.

sinx-cosx-tanx
CROX

simplify

Let us use the identites fanx = and cscx = L

IS SLIE
ginx
sinx-co8k-——
Then the expression becomes T 08 =gin'x
sinx

S0 the simplified form is sin'c,
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BEZIIE 6 ity S0

Solution

ETIT 7

Solution

SECX-US0X

Let us use the identities tanx = E, ml;-E, maq:.t:L and m;:#. Then

COsY gin x Coex sinx
sin Luﬁ.t sin’ x4 oos’ 1

BOYPONE M L L L
BOLX- O80T 1 sinx-cosT 1
ONsx sin:: sin.u:-ms:.

S0 the simplified form is 1,

Verify the identity tan’x - sin®c = tan®r - sin'x.

Let us work on the left-hand side of the equation.

2

sire x
fan®x - sin’ =X it
cos’ X
= sin’ x( ], -1 (take out sin®x)
cos” X
l-m:‘.\: (equalize the denominators)
X
2, oiod
i 1-:.'|1:| + {umse 1 - cos®x = sinx)
C0s" &
_sin -sin’ x
cos” x

= (an® x-sin° x. This is the requived result.

Check Yourself

I, Simplify each trigpnometric expression.
a sinx-colx-secx b. n?nx-m:+ain: 0 1+sinz
Lam x LELX 1+ ey
g lsina  cost {sin;c+msx}’ I
cosx  1-sinx {mn: cosx) -1
2. Verify the identiies.
e L. L _E——
l-sinx cosx |- cosx
Answers

Lalblcesnxyd0e-1 2 Hint: Work on the lefi-hand side of the equations.
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D. TRIGONOMETRIC THEOREMS

1. Basic Theorems

Theorem law of cosines

re_e_e_& In any triangle ABC,

Remember! a=b*+c*-2bc-cosA
| ais the side opposite B2 = + ¢

=a+¢-2ac-cos B
ZA, b is the side op-
posite ZB, etc. c¢t=a*+ b -2ab - cosC.
A
C b
B a C

m 8 A triangle has side lengths @ = 5 cm and b = 4 ¢cm and angle m(£C) = 60°. Find the length
of side c.

Solution By the law of cosines, ¢* = a* + b* - 2ab - cos C
=5"+42-(2-5-4-cos 60°
=925+ 16-(2-20- %}=21.Snc=\f2_1.

law of sines

e—eff If R is the radius of the circumscribed circle
Inscribed ﬁ of a triangle ABC with side lengths a, b and

" ¢, then

{ﬁ\

\ a b c
(

gnA smB @nC

2R.

B

i

The green circle is
the circumseribed
circle of AMBC.
The pink circle
is the inscribed
circle of AABC.
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m 9 In a triangle ABC, a = 5 cm, m(£A) = 30° and m(£C) = 105°, Find the length of side b.

Solution First let us find m(/B):
m(£B) = 180° - m(£A) -m(£C)
= 180°-30°-105° = 45°.

Now by the law of sines we have

a =b - 5 _ b
sinA sinB’ " sin30° sin45°
5 b
= —=— s0b=5/2 cm.
L)
2 9
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In any triangle ABC with side lengths o, b, ¢ and interior angles 4, B, C,

A+l mm:.ﬁ-!—ﬂ B+C

tan( tan{=——]

i+ b 9 ' a+te 9 ) bte_ 9
H—E}'
2

e TR IR T g S
a-b Lan{ﬂ—;E} a-c I.an{%?} b-¢

m.[:._

E. TRIGONOMETRIC FORMULAS

Property

Sometimes we can find the value of a
trigonometric ratio by writing it as the sum or
difference of more familiar trigonometric ra-
tine, The properties of a 30°-R0°.00°
triangle and a 45°-45"-90° triangle give us the
common ratios in the table at the right. We

can use these ratios with the fellowing
formulas.

1. Sum and Difference Formulas
sum and difference formulas

sin(x + i) = (sin 1 - cos i) + (cos x - sin )
sin{x — ) = (sin x - cos y) — {cos x - sin )
coslx +y) = (cosx - cos ) - (8in x - sin )
cos(x - ) = (cos 1 - cos i)} + (sin x - siny)

tanx+lany

tan{z4y)= Y ———

tanx - tany

tan{x - i)}=—87 2
(x-9) |4+ tanx-tany
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Nate

We can use the Identity etz =mnL to solve problems involving cot . Therefore we do not
a
need to remember the sum and dilference formulas for col v explicitl:

I 10 o7 -

Solution cos 75" = cos(45° + 30°) = (cos 45" - cos 30" - (sin 457 - sin 30
B 21 -

22 32 14

Corie B ) TR

Solution tanl05” = tan(B0°+ 45" = tan 45" +tantlr _ 1+43 _l"""ﬁ

T-tand5 -an6l* 1-1.43 1-43

m ‘! Gh'enﬂ'ua'lam.t-% and muy=§. find sin {x - g).

Solution  We can draw right triangles to find the other
triganometric ratios of the angles ¥ and 4.
By the Pythagorean Theorem, we pet
BC = V5 and DF = 4. So
Sin(x - y) =sin x - cosy -cos 1 -siny

23 J5 4 6-45

36 3 5 15

2. Double-Angle and Half-Angle Formulas
double-angle formulas
Substituting y = 1 in the sum and difference formulas gives us —
gin2x =2 .gnx - cosx
o8 21 = cos*y —sin®y
=2co8c—1
= | - Zsin*x
2lanx _
1-tan®x

These are called the double-angle formmulas.

an2x =
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If we replace ¥ with %,w&gml}mhulf-uglaﬁrmulm

gsinx=4 ﬂ'ﬂr c:usr
1y
WI=EU§§-Em‘E=Ew’%-I=I-Esl.n“%
Yan
tanx = E:r
1=tan* =
|

m l; sin.x=% 15 given. Find cos 21,

p 1 2 T
Solution cos2r=1-2sn‘xr=1-2.(-V¥=1-2=_,
I:.i}i g 9

m 14 Given that Ein.:+um:=§, find sin 2x.

Solution Squaring bath sides of m:+mx=§ gives us

sin’ x4+ (2-sinx-cosx) +cos’ 1 m%.

Use sin®t + cos®x = 1 and 2sin 1 - cos 3 = stnn 24, Then
h

o - - _i_ G
I+ﬂn2:—g.mdmﬂnﬁx g’l 5"

IETTE 18 find oo ifsinz =06

2

Solution First we draw a right triangle to find cos x,

usﬁlgain:=ﬂ.ﬁ=§.
By the Pythagorean Theorem, BC = 4 and so I

i It | r
eosx=—, .
5 :

Now by the half-angle formula cosx =2 cos® %- L, we have

4
N e
27 2 V2

0 10
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Check Yourself
|. Calculate each ratio.
a sin 15° b. tan 15° £, oog 105° i, cot Ve

BA

. Given that l:1|1.t=% and eot y =%, find sin (x + 1), cos(x - 1) and cotix - y).

4 cosdx= :- ks given. Find sin x© and tan X,

e

; : |
. Given sinx -msx=§, find cos 2x.

|

. §in 127 = a s given. Find cos 24° in terms of a,

Answers
1. .a "'IE_',._"E h2-43 ¢ M d.2-43
q 4
1 stnl{x+y}=§-§-, crs{;—y]wg, mL{:—y}=—% 3 m‘nx=%1 t.m.r:%
4, ﬂ 5. 1-2¢
4

3. Reduction Formulas

The trigonometric reduction formulas help us to ‘reduce’ a trigonometric ratio (0 a ratlo of an
acute angle, If the acute angle is a common angle, this technique helps us toe find the rado.
For example, imagine you need to find cot 300"

We can say that 200° = 27(F + 30°,

V3

By the reduction formula for the cotangent, cot 300° = -tan 30° = -T

Tor derive the reduction formulas, first we need to know the signs of the trigonometric

functions in each quadrant;

. sin % oS X tan x corx
first n
quadrant [II, E} * & ¥ &
second L3 " . B =
quadrant g "
third dx
quadrant (x‘ E] = 5 3 x
fourth
quadeant | 9" E‘J < £ = B
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2. If we have % or %‘ in the reduction formula, the formula changes sine o cosine and

tangent to cotangent. If we have m or 2z in the formula, the function does not change,
3. Now we can combine these two pieces of information to get the reduetion formulas:

L L, W, | W
lell::a—.t}-"tm.t. l.u.nil[E x) SJJ'I-.I.'.MIII:'E x)=ex

ain{%-i:]-c-usx, cm{E-f X)=-ginz, um{%+ r)=-colx

2

nh[';—:—r}=—ﬂcﬂr, m{%— t)=-sinx, l:ntﬂ—;—r} =mu_

-sin{%n+x}|= - COBX, ms[';fn+ r)=sinr, Bﬂ{%+x}=-—mt:

sin{x— x)=sinzx, cos{n— &) =- cosx, anin— x)=-lanx

sin{n+ x)=-sinx, cos(n+ 2)=-cosx, tan{e+ x)=lanx

gin(=-x)}=-sginx, cos{ -x)=cosx, tan{ - x) = -tanx

16 Simplify each expression, given that 0 < ¢ < %

2 ain{§+:]| h.msf.aEhtj :.m{%hﬂ d.sin{2r -z} esinir + x) foos(2r 4+ 1)

Solution a. Egﬂj is in the second quadrant, so sirtlig—+ I)=C0sy,

b, {§+:}hhﬂ1emndquadmnt,mcm{£+x}= -sinx.

E. {%+ 1) 18 in the fourth quadrant, so lﬂ.ﬂ{%-l-.t]l = —CLX.

d. (2z -x] is in the fourth quadrant, so cot{2z ~x) = —col x.
2 (% + x) 8 in the third quadrant, so siniz + 1) = -sin 1.
t, (2= 4+ x) isin the first quadrant, so cos{2n 4 1) = cos x.

! eos(90°+x)+ sin(270° -x )+ sin{ 1807 -x)
mm 17 i cos(-x)— cos{ 360" -1 )+ sin(90°+1)

Solution Let us simplify each term using the reduction formulas:

cos{M)" + x) = —sin 1, in(270" - 1) = —cos x,

gin{ 180" - x) = sin x, cos(-x) = cos X,

cos{ 360 - x) = cos 1 and sin(90° + 1} = cos x. So

cos(90° + 1)+ sin(270° - x) + sin(180° - 1) _ -siny-cosx4sing _ -cosx
omsl-2) - cos(360° - &) +sin (90" + 1) COSX—COSX #0081  COSX
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Periodicity and Graphs of the Trigonometric Functions

When an angle of measure § and an angle of messure # + 29 are in standard position,
their terminal ravs coincide, The two angles therefore have the same trigonometric fune-

hioi values:

cosl( + X)) = cosf sinlf + 27 = sin#

seoil 4+ 2x) = secl

cse(@ + 2w) = cac

tanlf + 2w) = tan#
got(d + 2w) = cot®

Similarly, cos{(# — 2w) = cos#, sin(f — 27) = sin#, and s0 on, We describe this re-
peating behavior by saying that the six basic mgonometric functions are periodic.

DEFINITION  Periodic Function

of f.

A function fix} s periodic if there 15 2 positive number p such that
fix 4+ p) = fir) for every value of x. The smallest such value of p i the period

When we graph trigonometrie functions in the coordinate plane, we usually denote the in-

dependent vanable by « instead of &, See Figure 1.73.

1 = COH A

A, . il

il S

; I//!! i \/]-T 2 } -i 3
| g2 2% 1 2 1 a
I |

Damain: —= < r <=
Runge: -l =v=1
Perfod: 2o

eamnin: —= < ¢ < =
Bamge: -l=r=<1
Pericdl; 2w

{a ihi

|\
WHA

Domaln: v #+%, + =

-
S

i
=

i
z Z

Domwin: x = 0L =7, =X, ..
| Range: ¥ =—land y= |
Pesid: 2%

T 1

Range: v =—| and v
Pegmd: 2w
il {1

y=crmx

Pomaln: v 2 0, =, +2%
Ringe; —=w < y< =
Peneal:

in

FIGURE 1.73  Graphs of the {a) cosme, (bl sine, (o) tangent, {d} sccant, {2) cosecant, and (f) cotamgent
Turctions usmg radian measore, The shading For each irigonomeine Runction indicates s persdicity.
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Fhﬁlﬂﬁmmﬂhi:

Fancions
Periel 7

Forbeil 27 :

i

o o, sin A ]

r ]

infnle + wh = @w
oatly + ®h = ol x
ikl = A=) = miix
sy 4+ Pl = comx
secir + 2ol = secy
pselr & o) = oy

fcom |'|'|

FIGUHE 1.74 The reference
iriangle for a peneral angle

Augowe cam see in Fioure 173, the iangentand cotangent functions have period p = .
The sther four Tunctions boave period 27, Penodic functions are impoestant because many
behaviors studied in scienee ore approximately periodic. A theorem from advanced caleus-
lug says that every pericdic funclon we want @9 vse i mathemabcal modeling con be writ-
ten 2= an algebroie combination of sines and cogines, Wi show how 1o do this in Section
Pl

The symmetnes i the graphs in Figure 1,73 reveal that the cosing and secant fune-
tions are even and the ciher four functions are odd-

Even Chaldd

okl —r] = s sl =) = —sin i

sec =1 = mcx il =x} = =tamx
cae{—x) = —oox
col{—x] = —gatx

Identities

The coordinates of any point £, v in the plane can be expressed i erms of the point’s

distancy from the omgin amd the ample that my €4 makes with ihe positive v-oxis | Figene
L6, Since o' = cos il and vie = sinl, we hine

¥ = reodl o= il

Wheeis = 1 we can apply the Pythagorean theotem w e reference rght orangle in
Figure 1,74 nnd obitain the eguoation

cos’ il 4+ sintl = 1. [

This eqantion, true for all values of &, 5 the most frequenily used wemtity in rgonometry,
Dividing this identity in turn by cos’ @ and sin 8 gives

[ tun® i = s’ ),
1k et = exc’ o,

The fillowing formulas hold for all angles 4 and # {(Exercises 53 and 54)

wafilbiion Favemalas

cosld = B = tos Acos & — sind sin & .
sl A+ B o= wind cos i b+ cosd sin i {2)

Substeraction Furmulis

el = i) = cos A cos § -+ si A sin

3
stnld = Bl =snAd ool — ¢osd sin B i3]
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i o= A, @ ain 1)

L B AR

FIGURE 1.75  The aquare af the distance
boiween A and B giede the low ol cogines

There are similar formulas fior cosi4 — &) and smid — 8) {Exercises 35 and 36)
Al the trigonsmetric identitics necded in this book derive from Equntions { | b and (27, For
caample, substituting & for bath A and & in the addation formubes pives

Il S mgle Formds
cos 29 = cos’ ) = san’ @

; E 13
s 2 = 2sm i oos &

Adbdtional Fermulas come fam combanting the cguations
cos i+ st @ =1, costd — sin®# = cos 2.

We add the two equations 0 get 2 eos™@ = | + cos 2% and subtmact the second from the
firstto pei 2sin’ # = | — cos 28, Thes resubis in the following identities, which are useful

i inbegral caleilus

Hulls Angle Formmlas
cos? = 1 2= ()
sint f = 1= C0s20 {53

The Law of Cosines
ITar, by, aiel e are shdos ol a treangle A8 and 008 3 the angle apposite o, this

cf = g? 4 & = Juboosd, (-]

This equaation & called the law of cosines,

W can see why the lnw halds i we introduce coardinte axes with the amgin ot £ and
the positive y-axis along one side of the mangle, ds in Figure 175 The coordinates of A
are (b, 0 b cocrdisass of & are (o cos &, o sin @) The square of the distance berween A4
and & is therefore

¥

ef = {ecomtl — B+ (asind)

atiees 8 4 elnt #) + B~ Zalicosd
i
a® + h* — Zhcosé,

The lnwz of r:n_‘;s-im pemeralizes the Pythagorean theosem. IF8 = /2, then cos @ = 0
wd et =gt 4 B
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B LRERCUNEY T

Angles and the Unit Circle €. Trigonometric Identities
« In which quadrant does each angle lie? 7. Simplify each tigomometric expression.
R i b. 228° c 185° g cosx-tanx-cscx b Bi“:ﬂ;mx+ﬂm'r
X SEC
; 2% 125x
i 530" e — o s |- cosx 1+cosx  sinx
3 fi c. d. -
1-secx sinx  1-cosx

o fanx+cotr)’-2 . sec’x-tan'z
(anx-cotx)* +9  ese'x-cot'x

. Find the value of the real number which Cor-

responds to each angle on the unit circle, Give

your answer to three decimal places.

g, 45° b, 105° ¢ -710°

i In Vo 8. Verifv each identity
s B — 3
T 5 L m-m:
SeCr-CceCX
2
s _ _ b 2 X1, anyoota) =
. Basic Trigonometric Ratios cos’ x-1
¢ sin®t + tan®t + cos'y = secty
. In a right triange, mt.t—— Find 20 11“1
+ In a right triangle, sin x =0.4. Find sin x + cos x. D. Trigonometric Theorems
9, In the figure. AD = 6, A
; DC=DE =BE = 3and
; ; sinx+cosx

. 1 tri = 3. Find —, -

n:ll'lgh angle,aacx 3. Find S—— EE'—E.FU‘PI:IH]E'EITEI.I‘I

Al = x.

. In the figure. MBC isa

right triangle. Given

that AC = 5, BC = B,

m{LACE) = x and { -

m{ABC) =y, find B ' ¢ 10. A triangle has side lengths 4 em, 5 cm and 7 ¢m.

(sinx -comx)-(any +coly) Find the radii r and R of the inscribed and

SECY+ 80T ! circumseribed circles of this triangle,
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11.

12.

13.

14.

15.

16.

17.

18,

In the figure, AC = 6,
mi£8) = 60° and

m{ 2C) = 45, Find the
length AB = x and the ra-
diss R of the triangle’s

circumscribed circle.

i £

The sides of a triangle ARC are a, b and ¢ Wrile

sind -sinfl

the ratin ——— in terms of & and b.
sind +sinf

The sides of a triangle ABC are a, b and ¢. Find
m{ZC) in degrees if ¢* = a* + I* + alab,

Calculate each ratle,
atan 75" b, sin 105°
. eos 15° d. cot 105°

find

Given that l:n:=% and mty=%.

sin (x 4 y) and cot {(x —g).

In the figure, ABCisa A
right (riangle. Given
that AR = 4, BD = 3
and DC = 4, find tan x.

tan x = 2 Is given. Find sin 2x + cos 2x.

sin2x = é is given, Find sin x, cos x and tan x.

80

10, Find sin 2x if sinx+cosz -g.

200, sin |8 = a is given, Find cos 34" in terms of a.

1

21, Find sin 2x if a[n%s

22, Caleulave each ratio by using reduction formulas,
2 simn210° b, cos 150°
d. cot 30 e sin B0°

c. tan B25°







A. LIMIT OF A POLYNOMIAL FUNCTION
Consider the polmomial function [{x) = 2r. We are asked to investigate what happens o the
value of fx) as x gets closer 1o 2. We could begin by choosing a value of x which is clnse 10 2, for
example 1.5. We can caleulate fT1.3) = 2 - 1.5 = 3. Now we choose a value which is closer 1o 2,
far example 1.75: [{1.73) = 3.5. Continuing Hke this, we can mike a table of values of fix) as x
gets closer tn 2,

T | R _Lﬂ_,_l_-_’r:lf"lgﬁ 2| 2.05- _:Jg_]_ ‘I _g_g__-;gﬁ_i_;;& ‘

-'hﬁﬂ‘!‘ 441451 5

|
|

8¢ | 2l sg-t-aet ‘Hfﬂljf,a 19

@ Using this tahle, we can guess that as r gets closer to (ie. approaches) 2, the
value of fix) approaches 4. We say that 4 is the limit of fix) = 2v as x ap-
proaches 2, and write lf,z“[h} =4, In this notation, the armow symbol ()

means ‘appreaches’. x — 2 means x approaches the number 2.

Notice that for flx) = 2z, lj*“}f{'t}ﬂfﬂ?‘ = 4, which is the same as f{2]. Similarly, we can
caleulate lrllllml flx)= IIJ'IHE::- 6= f(3) and Ekm flx)= I'LLEJIE.I =24 = f(12), etc. In ather
words, in each case ]ﬂlﬂx} = fle}. In fact, this result is true for any polynomial fanction.

limit of 2 pelynomial functien
‘The limit of a polynomial function f{x) s  appmaches a paint ¢ s fTe): lli!:'::f{:t} = fie).

In other words, for fix) = ax® + a,_ 13 + .. + ag, bim f(x) = fle) = a0 +a, ;' + ..

+ iy
For example, let ws caleulate the limit of fTx) = 2x when 1 approaches 3;

lim f(x) = lim2x = 2.5 =10

m 1 Calculate the lmits.

a lim{4x-1) b !iﬂ{:’+3.1:+2] L |tj_11';b[3¢—t’}

bS]
Solution  These are all polynomial funetions, se we can use lim f{x) = f(c).
o limdx-1)=4-2-1=7
F e
b. ]!ml{.t” +3x+ =1 43.(-DN+2=1-3+2=0
i IIJ'E[:..':'.I!—F}=3-4—-F=IE—IE=—4.
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Check Yourself
1. Given flx) = 4x - 1, complete the table to find the limit of f{x) as x approaches 3,
x |20 |475| 28 | 28 | 296 | 306 | 31 | 32 | 325 | 35

fixy | 9 12
4, Calculate the limit of each polynomial function,
1 ﬁﬁx b. Eﬂ—:} e, ]Iil'rﬁl'l:;u-“a-l—lﬁ}
d. Lk . 2oy £ L
lim2x(x-+ 1) e lmdt(2e-) lim7
Answers

220 b-3 3 d%*4+2 e-18 [7

a3
‘1‘ ll' ﬂ-"':i
m ! Given the piecewise function fi R =R, fix)=1 2 if I=§,ﬁnd Iinr?_f[x],
.l-li
h
-1 1if .'u:‘.'arE

Solution Let us first draw the graph of the function. As
WE Can See, ¥ =—2— is 4 crucial point in the graph. |

When we approach g from the right-hand side

{i.e. when & is greater than %} we use the

C Q Q C C function fix] = 2x - 1 and get lim(2x-1)=4.

A point 5t which we meed 1
to chieck the vgh-hand | So we can say that fapproaches 4 from the right- |
ane the lefi-hand lmiis |
af a Functien is called a| hand side, When we approach x from the lefi-

cruclal polng of the |

Fanctian. hand side {i.e. when x is less than gj weuse the |
function f{x) = 4, which is constant, [ts limit is |
4 when 1 approaches from the lefi-hand side_ As |
5
a result, fapproaches 4asxappuachﬂ5§&nm .
both sdes,Le. liy )= 4.
8
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| exaMpLe JE

solution

AR

As xogels loeer in g 'Puinl
e, althouph thie linll exdss
ond ppproaches o num-
ki, ot the palat € a Rase.
tim may haoe a
cliMesresit vabise, or may
inot even be defined
What happens at the
givem  painl  is  nol
imigrortant for tee Bl al
Lhits point

Given the piecewise function f: R R, flx)=

Let us draw the graph of fix).

-z-1if xw2

if

1 = 2 is a crucial point. Notice that fi2) = 3 but |
3 is not the limit of fat 2. This is because the limit |
is the value which f{x) approaches as x ap- |

proaches 2. And in the graph we can see that the |
limit of fix) when x approaches 2 is -3,

84

x=2

, find I.il’;‘ fix).



£-3 0 x<-2
DTN @ A piecewise function fx) is givenas fRoR, fid=] 2 I x=-2,

: +h f x>-2
Find Hf{x}.

Solution  First we draw a graph of the function. Netice that
1 = -2 isa crucial point, We need to examine what
happens at the point x = -2 when we approach
it from the left and from the right.

When we approach -2 from the right-hand side,
the function s fix) = r + Sand !l:ﬂ.t-l-ﬁ‘—‘.'i
50 [approaches 3.

On the ather hand, when we appreach -2 from
the lefi-hand side, x is less than <2 and we use

Je) = (2% - 3) 50 m{f—E}-L

We can see that we get different results if we ap-
proach x = -2 from different sides. For this rea-
som, we say that at this point the limit does not
exisl.

Note
17 wee get different resulis for a limit when we approach 1t from the right and from the left, we
say that the limit dees not exist at this point.
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Check Yourseif
Graph each function and evaluate the given limit.

L. FR=R, fix) =3, !‘i_]ﬂf{.t]-

2 fR =R fix)y=-x=-1, !uﬂ fix)

4 fR=R f(n= [

I FRR J1)=

Answers
1.3 5 %4

2 fxme-2 i )
A IS
1 ifx=-9 %

I WWx=1, limfx)

4+ if x<]

4. does not exist

B. ONE-SIDED LIMITS

As we have alieady seen, sometimes the limit of a lunction can have two different values: one
value when © approaches xq from the right, and another when x approaches g from the left,
When this happens, we call the limit of [ as x approaches xp from the right the rght-hand

limit of f at 2 and write it as lim, f(x),
£-4%

We call the limit of f as x approaches xq from the lefi the left-hand mit of f at zg and write

itas lim f(x).
a3y,

For example, consider the function y = fix)
shown opposite. Let us find the left-hand and
right-hand limits at the points 2, 5 and 6:

Mlﬂ;}n.’land Egj_ﬂ[;}nﬁ
| JE.TIEI}:E and :IJllT]f{.IFE
c :l!I“ll'lﬂI]=3ﬂt'IE| !!E}ﬂx}dmnmmn.

since [ is not defined for x > 6.

In other words the Jefi-hand and right-hand
limits as x — 2 are different; as ¥ — 5 the

lefi- and right-hand Hmits are the same, and as x — 6 only the lefi-hand lmit exists.
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DT existence of a limit
The limit of a [unction f{x} at a peint xy exists il and only if the right-hand and left-hand
limits at 1 exist and are equal

[ other words,

,ﬁﬂ‘.ﬂ"}"[' = [irqf{x}-Lmd

pecee lim fix)=L
The lefi-hand limit and| For example, in the figure the function | has a
ﬁ,;m qit.':;“; m: limit at point xq, but it has no limit at point x)

ﬁ-:]iﬂ limits of the | hecause the left-hand and right-hand limits at x
i,

are different.
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-1 if 2
[ exaveie 1 AR fm-{x 7 i gven, Find lim (0.
-x+3 if x<2 B

Solution  As we can see from the graph, the point 1 = 2
is the crucial point of fix).

Therefore, let us examine the one-sided limits at
this point.

lim fx)=lim(x-1)=2-1=1

HI{I}= l_lﬂ{—.ﬁE} =-2+3=1

Since lim f(x)= lim f(x)=1, they exist

and are equal, and so Hf{x}=1.
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C. LIMITS OF SPECIAL FUNCTIONS

Solution

We have now learnt the definition and basic concepis of the limit of a function, and studied
one-sided limits. [n this section we will look at the limit of seme special functions: the absolute

value function, the sign function and the floor fanction.

We know that at a given point. the lmit of a function exises if the right-hand limit and the
left-hand limit exist and are equal.

We can evaluate a fimit of an absalute value, sign or floor function at a point by reating the
function as a piecewise function and checking the one-sided limits at the point. If the two
lirnits exist and are equal, then we can say that a limit exists at the given point,

fiR-{2} =R f{.ﬂ—l 2|+:+3 is given. Find lim f(x) and lim fix).

Since the function [ involves the absolute value expression |x - 2|, xg = 2 is a crucial point
For J,

Let us begin by writing the function as a piecewise funciion,

fr=2x-2>0andso [x-2| =x -2 Therefore

fay==2] =

+r43=2 3= 1443044,
-2 x-1

Similarky, if x < 2,
y-2<and |x-2| =—{x-12}and so0

=223 B

=-l+x+I=1+2

x+4 if x>2
[n conclusion, f(x)=
x+2 if x<2.

S0 the limits are
lim f(x)= lim(x+4)=2+1=6
lim f(x)= lim(x+2)=2+2=4.
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ounee Jy BT

Solution x — 1" meansx is less than 1. Therefore, x -1 < 0o |x-1| =—{x -1} =1-x and

I-x?ﬂmll-ﬂ*]-x-
So lim 5= i % < i1 1.
r—|-1'|]_ xl = ]-x el

Check Yourself

Evaluate the limits,
I lim{x* |x+1]) 2. llm—I+}I| 3 !imlul‘q
P el X il x-2
4 Imlf—ﬂx+2|
el x-1
Answers

LI 20 3.4 4.1
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Calculating Limits Using the Limit Laws

Histomical Essay®

we psed graphs and caleulaors to guess the values of lmits. This section

Limaits

presents theorems for caleulatmg limits and fnd limits of podynomials, rational functions,
and powwers. The fourth and [ifih prepare for cabeulations kater in the text,

The Limit Laws

The next theorem tells hovw to calculate limits of functions that are anfthmetsc combina-
tions of functions whose hmits we already know.

THEOREM 1 Limit Laws
IfL, M, camd k are real numbers and

Imfirl=L and lmglxl=M then
I-H i

1. S Rule: lmifls) + plxll =L+ M

The fimit of the sum of two ﬁmr:iiﬂns;ﬁw s of their limits,

L, Difference Rule: Imifix) - gz}t =L - M

The limit of the difference of two I'mcEm 1 the difference of their limits
3, Product Rule: Jﬂﬂ fix)glxl) = L- M

The limit of 2 product of two functions 1s the product of their Limits,
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d. Constant Multple Bule: Imiis fix)) = &+ L
A r

The limit of & constant bmees a function 5 the constant mmes the Hmit of the
fumction,

A
5. Ouestiend R I M - L &0

in .
v pix] M
The hmit of o guotient of two functions 15 the quotient of their limiats, provided
the limit of the denominator is not zers.

6. Power Rule: IF r and 5 are integers with no common factor and & # 0, then
lim{ flx)f™ = L%

L7

provided that L™ iz a real number, (I £ is even, we assume that L > 0.}

The limit of & rational power of a function is that power of the limit of the func-
non, provided the latter is a real number.

It is easy 1o convinee onrselvies that the properties tn Theorem 1 are wrue (although
these miutive arguments do not constitute proofs). 1 s sufficiently close to ¢, then fix)
is ¢lose to L and gix) is close to M, from our informal definition of a limit. 1t is then rea-
sonahle that f(x) + w(r) is close to L + M, fix) — pix) i= close to L — M fixgix) is
elose to LM &fix) is close to kL; und that fix)/zix) is close to L/ of A 15 not zero. We
prove the Sum Rule in Section 2.3, hased on a precise definition of limil Rules 2-5 are
proved in Appendixy 2, Rule & is proved in mere advanced texts,

Here are scme examples of how Theorem | can be used to find limits of polynomial
and rational functions,

EXAMPLE1  Using the Limit Laws

Usa the observations lim,—. & = F and lim,—_x = ¢ and the properties of
limnits te Find the following limats,
[ PR
(a) limix" + 4~ 3 (b) him 1:;,1'—]
¥ 4+ 5

L TE

Solution
(&) Ei|11.-[,lc1 + 4! — 31 = lim .t1 + Tim 4¢* — lim 3 Sas ] [ifersms Wailos
r—=p = I R
=+ &7 -3 ety mnad Mndapie Rk
I lim{z* + £ = 1)
{'h_l Iim ,f _'_|;:_ .S._ - '_","'-! {_I > 5—} Ohiitan il
=i E imir®
Kt
limx* + limxf — lim 1
I J=y F
= 1. 0 i\ I-il-t-l q g ppd P HITrmemy el
m X .
LT =
= g% 4 o -1 :
= T Mywaer o Pk Keile
i
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EXAMPLE 2 C(anceling a Cemmaon Factor

2 —
Evaluste & *x— 2
i+l ¥ —T

folution  We cannot suhstibule © = | hecsizee i makes the denaminnior zemo, We test the
numerator (o see i L oo, B 2ero ot v = 1L I8, 00t hes a factor of (v — L) in commaon
with the densminstor, Canceling the (x = 107 gives a simpler fraction with the same val-
ues 35 the ongmal for v 2 13

.'r1+_t—1=lx- l,ll:.r'i'Z'!:x.rz
¥ —x x— 1 ¥

Lismg the simpler fraction, we fnd the lms of these valoes s v== 1 by subsiiation:

x|

X +x—2 i
larn ; =l
e -y |

Sew The Figure L]

X

B o

T i 3,

EXAMPLE 3 Creating and Canceling a Common Factor
Evahuste |, Wil + 100 - 1o

=il o

Soletion  We canmot substitute © = 0, and the numerstor and denominator
have no obwious commen fers
We can creabe 3 commmen_factor by mualipdsing both nomemter and denomnsanos
by the expression Wx® + 100 + 10 {obtained by changing the sign after the square rood).
The prelimmary algebra sationalizes the nurneraton:
W+ 00— 10 _ VA + 00— 10 VT £ 100 + 10
5 ! Vit + 100 + 10
'+ 100 — |00
Vx4 100 + 10)

— I‘l
T Vel £ 100 + 1)

- —l— Cmeel Hif
Wt 4 0 4 10

i jiEmpE T

Therelone,

rull

Vit e b= 10 . [
- = |im 3
! el N a0 4+ 10

1 Lz faarmvinades
7

T e sl (] &
Wlls <+ 100 <+ 1 i
r LI
3 0.0,
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Limits Invelving {sin #),/#

A& venmral Got about ©sin fr}l.."-l.l s that i radiam measure its lineic as & == {0 5 1. We can sec
this im Figure & «1 and comllinm # algebmically using the Sandwich Theomm

= 228 sy

"
| e |
T -_:E‘---ﬂ-r | - a— TS ¥
¥
WET I SCALE
I _:I' FIGUARLE 351 The grgh ol J8 = (sl a0
-
THETREM
. sim #F
i | e L i ralsans) !
sin il ==h
L r “ﬂ -
] [ Al

Peoof The plan s to show that ibe rghi-hand and left-hard Bimits are both I Then we
1 will ! knovar thit the pea-zaded limin i 1 ae well,

; HT PR o i
FIGURE 5.1 The i i T 5 T:I::n:.-}ﬂ.::}n?ﬂl-hmd lirnit &5 [, wy bezin with pasitive values of @ less than 72
Thoorem 7. TA/CH = tand, ban 04 = 1, B0 3=0 ) Nofle

o A = 1an i, Areie AT =< aren gector DAP < area A0OAT,

| Busiion (23 i wiwes ridinn msie W can express these areas in terms of s follows:
comgs it The nres of socior CHP s #2

bl 1O iensatedd A radinnis Areg ACAP = él:u-:u « height = :J.__;H:l[tin-ilr - -;mn
1 i
Area sector (4P = % = 24170 = § (2}
Area AOAT = 3 hase * height = ]::t|nmnu+ =1 g,

Ysinf < 48 < Lund,
Thas last imequality poes the same way i we divide all theee terms by (e naimbes
(/21 sin i, which is positwe sinee 0 = 6 =<0 @2
i |

| == m L m
Taking reciprocals reversas the inegualities:
sinf _
| = b wos i,

Since lim—q- cos = | the Sandwich Theorem gives tmlm_g%” =1,

==l
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Recall that sin® and # are both odd functions . Therefore, fi#) = (sinf)/8
15 an even function, with a graph symmetric about the y-axis (see Figure 2.29),
This symmetry implies that the lefi-hand limit at 0 exists and has the same value as the
right-hand limt:

50 liMgp (sin 6)/8# = 1 by Theorem 1.

EXAMPLE 4  Using lim 30% =
g—n @
. . cosh— 1 _ sl 2
Show that (a) ,rftnu—}: 0 and (b) 1.!'—13:- 5. :

Solution

(a) Using the half-angle formula cos i = 1 — 2sin“(#/2), we calculate

; W I ) 2 sin® (h/2)
im —— = lim — —
=i} fi t—0
= - lim E'-E-Esin i Let# = k)2
f—sn B
= ={1)0) = 0,

{b) Equation (1) does not apply to the onginal fraction. We need a 2x in the denominator,
not a 5x. We produce it by multiplving numerator and denominator by 2/5:

i sin 2y ’ (2/5)+ sin2x
0 3 g (2/5)+5x
g . 8N 11_' Mia, Eg. 1]} mpplics with
5 :]E-l};u 2y i = 2y
e
=~ =3
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Limits Involving Trigonometric Functions
The trigonometric functions have important limit properties;
limsink =0
x=0
limcosx =1
x=0
s x

lim =1
X0 X

l—cosx
=0

lim
=0 x

lim tanx = 0

x=:0

lim 208X _y
=0 ax

You can use these properties to evaluate many limit problems involving
the six basic trigonometric functions.

e L SOSX
Example 1: Evaluate lim =3
Substituting 0 for x, you find that cos x approaches 1 and sin x - 3
approaches —3; hence,

. cosx 1
.hf': sinx=—3 3

lim cotx.
Example 2: Evaluate « - o

Because cot x = cos x/sin x, you find . "% “***"* 11 numerator
approaches 1 and the denominator approaches 0 through positive values

because we are approaching 0 in the first quadrant; hence, the function

increases without bound and .IL":-cnlx = and the function has a

vertical asymptote at x = 0.
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. gindx

Example 3: Evaluate e

Multiplying the numerator and the denominator by 4 produces

. gindx _ 4 gindx
1}1-[-} x _..Iﬂ 4x
=(|1m-i Jim 4042
) =+l g
=4-1
g sindx _ 4

lim secx = |

Example 4: Evaluate .-, ==

Because sec x = 1/cos x, you find that

Exercises:
Evaluate:

1. lim

T p—) xtanZx
tandx+iandz

Linsx

3 3x 1—¢os6x
3. ]J.I'T[Sfitzx v siniy ]

. ; Famndx
4. L]_]:Ié[SITLEI+ o

sintdx

2. lim
x—0
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Continuity

,_
=
Fa =

I'-I:-I.'-IJH 5— E n'H: 'rII.I'H:IIIJﬂ n.l}l}q'q.uull:‘ull
on [, 4] exceprm y = |l = 3, and
v = & (Examphe | L

Coanlisliy Twear wialcad

Frestm tha righl o iy Caminugy
wnm lel
I 17 =Mk
I
i
i r i

FIGURE 5 4 Conimusiy = poinis a, &,
piwl £

Continuity at a Point

To understand contymitby, wi meed fo constder o fusclion like the one in Figure § =3 whose
lipmite s irvestigated in Example 2

EXAMPLE 1 Inwvestigating Continuity

Fiarel the points at which the function s Fiyguee 2,50 65 cominuous and the points st which

s disconbinues,

Solutian  The functoen [ i3 continuous ol every point b s domain [, 4] except ot
= Ly = 2 and x = 4, Ai these paints, there are breaks in the graph Mate the relation-
ship between the ol af £ and the value of § ot gach pomit of the funchion’ domazn.

Proinis pi which § is conginneas:
Atx =1, Iimw fixh = fl0y.
ALy =3,

J=Iu_na Ss) = 3L
ALl < e d,r 1,2, I[l_r:': Jizy = fed
Poinds it which § is disconiimsus:

Alr=1, E fix ) ddoes not exist.
Ay =2,

Alx = 4,

liui fizy=1.but I # f{2).
—
:!-’f'} flch = |, bad | o fld},

Ate = [0,¢ >4, these poants are pol in the domain of f,

Tov deline comtimuity o1 @ point in a function’s domiain, we need fo defing comtimeity w

an fnterior polog (whicl fovodves o tvo-sided lmic) and continuity b an esdpodot {which
invodves o ene-sided limat ) Figure 5 = 41,
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FIGURES-5 A funcifon
thit | conmliaimiis il @ery
iomain paint | Example 2 )

LRl L]

|'_||"_ i
FIGURE B8 A Function
st f& Aghi-contimious,
bl mio B Ni-eomiinigo s, i
the omgm, [t has 8 jumgp
discaminadty ibere

(E xmmigHe 3,

DEFIHITION Continuaws al » Polmi

i praints A finction v = flx]) b conlinmes @l an inteciar poind o o i0s
domnin if

||l11 Jix) = flel.
Epdpoinr A function v = f(x) b5 continusas at a feft emdpolat @ or s
continras at a rizht endpaint & of s demain it
lem fixh = fla) ar |ir|:'|n Hxh = Jlb)  respectively,

If'a fenction § ¥ ned canlinuous 8o poinl o, we say lkal s diseontinuods af c and o
is i point of diseomtinubty of £, Yot that o need not be i the domain of f

A function s right-vontimeous (centingous Mom the right) ot a poing = c s ils
domain iF lim,— fle) = el It s lefi-continaeus (continwons from the left) oo Gf
lim— - flxd = Je) This, a function is comfinuows ai o lefi endpoand @ of its domain if it
t5 right-comtineeas st o and continumes at o right endpeant b of s domiin 1f i s left-
contimusns af &, A funciion is contimmons ab an menor pomt ool s damain of end onky of
it = hotl fght-comtismons: and Ie=contmueus al e (Figune 5-4 ),

EXAMPLE 2 A Function Continuous Throughout Tts Domain

The fanetboi f{x] = Va4 = ¢ s continusus aib gvary poent of 18 dosmain, [ =2, 2] (Frgure
55 meluding v = =2, where frs dight-continumiz, and & = 2 whero [ s bef-contmsous
[ |

EXAMPLE 3  The Unit Step Function Has a Jump Discontimuity

The umst step fupciion Lxk graphed @ Figure 5= 6, 65 nghtacmdmoous at o = 0, bul is
peather lefl-commuess norcontisuous tee 0 has o jusmp discomtinuiy atx = 0, ]

Wi summarize conmgimudty 81 a padet aethe Torm of o fest.

Condinaley Test

& function flxkas continnows o o= ¢ iFand only it it meets e ollewing three
comditions.

1. fie) exists A Fies b gl dboimain of f)

Lo M., JIx7exists 1 f bas & i a8 8 —=0c)

L lim— flxi = fiel  (the limii equals the fnctien valee)

For cmeesided contivnty and commuity at an endpoist. the Limets i parts 2 and 3 of
the test chould be replacead by (e appropraste one=sided Hmils
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PIGHRE S - T The lincimn v = | /¥ n
CORTiMamIE Al eueny valk Ol exis
o= b Bars a ponnl el discontinusty ol
=} (Exampio 5p

Continuous Functions

A function b= eantinsons on ae fsterval if and cnly (70 i contimmons @ every paint of the
initeraial, Por eximple, the semicirele fomction ghiphad in Figure 5= % 1% continssas on (b
interval [=2, 2], whach e it doman, A comtimecas fanction 15 ane tha 5 contmuoos o
every point of it dommm. A continuous function reed nol b continuoes on every interval,
For exomple, v = 1/ s notcontimeses on [—1, 1] (FigereS =75 but it is comtimuens over
it dhomain {—20, B LY Ol o)

EXAMFLE 4  [dentifying Continuous Functions

(w) The lunction v = /v (FigwreS =71 a contimeos function bacaose 8 iS5 continios
al every poing ol its domam. It has o poist of discontinuity sl @ = 0, however, because
it i5 not defined there,

{b] The idemity function flx) = 5 and constant functiens are continucos sverywhere by
Exomple 3.

Algebrasc combinabons of continmms funcbons are continueus wherever they arc
ibafimed.

THEQRE™ 3  Properties of Continmows Functisns

Ttk functions § amd g ane contimois at v = o then the fallowang éombinations
ire Lomlinuous alx = o,

1. Swms F+ax

2. Diferenies, F—=z

X P Foq

4, Convtens mpftiples. e f, Tor any number §

5. (andivmin flg provided gic) = 0

6. Fowvrs: 7%, provided o defmed o0 oan apen milesval

contnming ¢, whene ramd & are infejers

Nhowsl of the resells im Thearem 3 are Elli.'il_l,' |'H.'I.'|'I.'Il"|! Trom 1k liemit rubes in Theorem |,
Section 112, For instimce, bk e e saim prupsriy we barve

:li_q:-i I gz} = -“—“i"* fix) + gz

Hm fleh + limogled, o Nisks Tisswmm 3

-”'!-:I +g|.f=' Cimimiy @l F, g il o
(f +gliel.

Thiz shemes that f + g 18 confinooas,

EXAMPLE 5 Polynomial and Raticnal Functions Are Continuous

{w) Every polmomml Pir) = g™ + a0+ o0+ 15 comtimons hecause
tm Mx) = Mol by Theorem 2, Section 2.2,

T
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(b} If Pix) and (XNx) are polynomals, then the rational function M{x)/ (N x) is continuons
wherever it is defined (Q(c) # 0} by the Quotient Rule m Theorem 9.

EXAMPLE®  Continuity of the Absolute Value Function

The function flx} = |x| is continuous at every value of x. If x == 0, we have fix) = x,a
polynomial. If x < @, we have fix}) = —x, another polynomial. Finally, at the ongin,
tim.—g|x| = 0 = |0].

The functions ¥ = sinx and v = cosx are continuous at x = () by Example 6 of
Both [unctions are, n [act, continuous everywhere . It follows mom Theorem 3 that all
six trigonometrc funclions are then continuous wherever they are defined,

For example, y = tanx is continuous on --- U{—#/2, w/2} U
(/2. Jarf2) +ov,

Continuous Extensions

1. Define g(3) in a way that extends gix) = = 9)ix — 3w
he continems at x = 3.

2. Define f2) m g way that estends i) = (¢2 + 3r— 100(r — 2)
to he continuous at r = 2.

3. Defime f(1)in a way that extends f{s) = (5" — 1)/{z" — 1} to
be contimeous at s = 1.

4. Define g(4) in a way that extends gz} = (v* — 16)/
(x* — 3r — 4) 1o be continuous at x = 4.

i

For whint value of o

- I, #=3
Xl =
M {Em.. =3

confinucgs il every 1Y

B, For what value of b s

l}—[I'
A b, r= -2

Conmnuous a1 every 17
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R UERIVATION

A. TANGENTS

The word 'tangent’ comes from the Latin word tangens, which means ‘touching”, Thus, a
tangent line to 2 curve is a line that “just wouches” the curve. In other words, a tangent line
should be parallel to the curve at the point of contact. How can we explain this idea clearly?

Look at the fignres below,
_!,I'JI.
fﬂ'l.'_’.;"—#.-—'
F
-; 'l
A tnngery IJIlL' b3 & Curve  secant ine o a coree
A A
B
original curve zoomed in onee
A
zoomed in twice
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Aswe zoom in to the curve near the point A, the curve becomes almest indistinguishable from
the tangent line. So. the tangent ling is paralled to the curve at the point A.

How can we i the equation of & tangent to a curve at a given point? The graphs below

show one approach,

eeCee

|'The dlope of the line is
[the targent of the angle
| hetween the line and the

| percitive T-axis.

A%

[l [HTUTEI T

.||.:|.-

i
' _FA
.
| —
] ni
.\.:_. .H'

The first graph shows the curve y = fix). The points Ala, fla)) and Blx, fTxy) are two points on
this curve. The secant line AB has slope mAR: where
f)-f@)

-
Now suppose that we want to find the slope of the tangent to the curve at point A, The
second graph above shows what happens when we move point B closer and closer to point
A on the curve. We can see that the slope of the secant line AB gets closer and
closer to the siope of the tangent at A (line t). In other words, if m is the slope of the
tangent line. then as B approches A, my g approaches m.

My, =
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tangent line
The tangent line to the curve y = fix) at the point A{g, fia)) is the line through A with the
slope

m=lm{® =@
U S
provided that this limit exists.

DT | Find the equation of the tangent line to the curve y = 1* at the point A(1, 1).

Solution We can begin by calculating the slope of the Langent.
Here we havea = 1 and f{x) = 1% so the slope s

m=|im‘r{'ﬂ-ﬂ”=]jmx1-l

lc_e eee" T TR

| The equation of o line (x-Dix+1) :
theough the petnt (xy, [T = S0 79T lim{x+1)=1+1=2.
']r;lmil.l‘:i]up:m:

| =y = mix=1x)

INow we can write the equation of the tangent at point (1, 1)
y-y =mix-11)

y-1=2x-0

y=2x-1

| Example | t Find the equation of the tangent line to the curve y = ¥ - 1 at the point (-1, -2),

Solution Here we havea = -1 and fix) = 7 - 1, so the slope is
N [ () SR Ol () i ML)

_E_e_e_e_e_ sl ox- (-1} el x+1 wasl g 4]

x+ 1) x4
P4 =l Pialayl) | M= m{ I:H 1) |

m=lim(e' —x+1)= (17 (1)1

m=1,

So the equation of the tangent line at (-1, -2} with slope m = 3is
Y-y =mix—x)

- (-2)=3{x - {-1}}

y+2=3x+3

y=3x +1.
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We can also write the expression for the slope of a tangent line in a different way. Look at the
graphs below,

Ha

y=flx)

W 5|:_f'|1,}|

—f—> i 3
]
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THE SLOPE OF A TANGENT LINE TO A CURVE

The slope of a tangent line to a curve y = f(x) atx = tis.

m = limd @1~ @)
3

m 3 Find the equation of the tangent line to the curve y = «* at the paint (-1, =1},

Solution Let flx) = x*. Then the slope of the tangent at {-1,-1) is
4 W= PR TC Rt
f-14 ) f( 1}=E—rﬁ( 1+hy' -(-1)

g h h

CCCO00 . crssamecri-cy

{4y = Ay Aty [

4
m=mw=mﬁ_3&+h*]=3,

] ﬂ_

Sa, the equation of the tangent at point (-1, -1} is
y - (-1} = 3(x - {-1))

y+l=3+3

y=3x+2
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| Example I

Solution

¢eeee

ity -ty = =1
The product of slapes af
the tangen line and ibhe
normad lne ot o podnt
erquals <1

. : 2
Find the equation of the normal line to the curve y=— at the point (2, 1),
x

Recall that a normal line is a line which is perpendicular 1o a angent. The product of the

slopes my of a tangent and wy, of a normal is -1.
Let us begin by finding the slope of the tangent.

- (R 2
m‘=nmﬂi+hj'fcl}=”mﬂ+h u-:]miﬂ'l'&
] ] h (] h
L 2-(2+h) =k , 1
= Jn =l T
TN HReY) i hh+2) AA24h
1
[} EI
We have m; - my, = -1
Sﬂ,m_=;t=;:'=2

The equation of the normal line passing through the
point (2, 1) with the slope m,, = 2 is

U=y =mylr=xp)

g-1=2x-2)

r=2r-3.

Check Yourself
|. Find the equation of the tangent line to each curve at the given peint P.

i fix) = x*-1 -1, 00

b fliti=x"+1 M0, 1)

]

cw=e A5
2, Find the equation of the normal line at peint P for each curve in the previous guestion,
Answers

Lhay=-2x-2 boy=1 cy=-dx+4

. L i
E;I.H=£I+§ nx=10 £ﬂ=£1+%
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B. DERIVATIVE OF A FUNCTION

Up to now we have weated the expression w as a ‘difference guotient’ of the

funetion fix). We have calculated the fimit of a difference guotient as k approaches zero. Since
this type of limit acours so widely, it s given a special name and notation.

dertvative of a function
The derivative of the function fTx} with respect to x is the function f(x) (read as */ prime of 1)
defined by A

The process of caleulating the dervative is called differentiation. We say that fix) is
differentiable ai ¢ if "(c) exists.

Thus, the dervative of a function f{x) is the function f'(x), which gives
1. the slope of the tangent line to the graph of fTx} at any point (x, flx}),
2. the rate of change of [(x) at x.

FOUR-STEP PROCESS FOR FINDING f'(x)

| Compute fix + h).
2 Form the difference flx + h) - fix).

: flx+k)- fix)
J. Form the quotienl A :

4 Compute f(x) =i &1

hail fi

B Find the derivative of the function flx) = +*

Solution  To find f*(x), we use the four-step process:

L flx+k)=ix+k*=z1"+2ch+ [
2 flx + k) —flx) = o+ Txh + B2 x* = 2ch + A2

5 fleth)-fix) _ Deh + b* _ b2z +h) _
& : T 2r+h

4. lim(2x+h) = 2x
(=]

Thus, *{x) = 2.
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| Example Y]

Solution

| Example [y J

Solution

Find the derivative of the function flx) =x*-8x + 9 at x = 1.

We apply the four-step process:
I fix +hy=(x+hy¥-Bix+h) + 9=+ Wwh + k- Bz -8Bk + 0
2. fix # W)= fix) = 2% + Zuh + k- B —8h + 9 (1* - By + 9) = 2uh + K- Bh

3 flcth)-f)_ K +2xh-8h

= -8
i i fe+

i Hw— lm(h + 22 -8) = 228

So, f(x) =2x -Band f(1)=2.1-B=-B

This result tells us that the slope of the tangent line to the graph of fix) at the pointx = 1is
-6, It also tells us that the function f{x) is changing at the rate of —6 units per unit change in
ratx =1

Letfi) = 1.
I

a. Find f*{x).
b, Find the equation of the tangent line to the graph of fix) at the point (1, 1).

1 1

o JEEDfR) o AR ok 3
L f=lim—— = lim &S S =lin— =

b. In order to find the equation of a tangent line, we
have to find its slope and one point on the
tangent line. We know that the derivative gives us
the slope of the tangent. Let m be the slope of the
tamgent line, then

m=ﬂ1}=T1=-1.
So, the equation of the tangent line to the graph
of f{x) at the point (1, 1) with the slope m =<1 1s
y-1=-1{x-1)
§ ==k + 2.
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“eampic |

Solution

The function fix) = v is given. Find the derivative of fix) and the equation of the normal
line to fix) at the pointx = L

fixy = lh“.ﬂx'l‘h} - fix) _ \'F ¥z =lim Jerh-x Jerh+fx

h - WU Jxthtye
T+h-Xx h |
)= = lim =lim
e Eh{JHHE} T e S = e
fw=—=

Remember that if m; is the slope of a tangent and m,, is the slope of a normal at the same
point, then my - my, = -1. So, we can find the slope of the normal from the slope of the
tangent. Then we can write the equation of normal line to f{x) at the peint x = 1.

The slope of the tangent is

m=f)=g =g

The slape of the normal is

|'|'|"=—l=—l=—i|h
m |

2
The equation of the normal line is
i =Yg = iy (X -x)
y-1=-2x-1) (Note that g = flxg), thatis yp = K1) = 1)
y=-2x + 3

Check Yourself

1. Find the dertvative of the function f{x) = 2x + 7.

Let fix) = 2¢ - 3.

. Find f'(x).

b. Find the equation of the tangent line to the graph of f{x) at the point x = 2.
3. Find the derivative of the function f{1) = x*-

4 fz)= ﬁ.ﬁr&dﬂmd&ﬂmme of ().

Ko

Answers
1

1,2 2.2 d4x-3 by=Br-8 3.32-1 4 - :
2 fz+2y
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C. LEFT-HAND AND RIGHT-HAND DERIVATIVES

T 9

Solution

When we were studying limits we learned that the Hmit of & function exists if and only if the
left-hand and the right-hand limits exist and are equal. Otherwise the function has no limit,
From this point, we may conclude that the derivative of a function f{x) exists if and only if

i) = lim LIS ing ey i LD e andare equa

These expressions are respectively called the left-hand derivative and the right-hand
derivative of the function.

Show that the function flx)= Jx does not have a derivative at the point x = 0,

Here we should find the lefi-hand derivative and the right-hand derivative. If they exist, then
we will check whether they are equal or not.

Let us find the left-hand derivative:

m.}=mf{u+&;-ﬂn] - lin ﬂi-ﬁ -l %

Since b < 0, Jh is undetined and this limit does not exist. So the left-hand devivative does
not exist either.
Thus, the function fix}= v has no derdvative at the point x = 0.

- ]
miﬂ T T i

Solution

95-2, x<l
Does this funetion have a derdvative at the point x = 17

We will find the lefi-hand and the righi-hand derivatives,

w; Iir||%-_-2

s [N A0
Fi)= s e

= ||
A

fil+h)- J"Ll - lim (14 k) <1=10 et [ !
h e b hi-sb*

J{I' y= lim = lim{p+2)=1
A-sd” sl '

The left-hand and the right-hand derivatives are equal to each other. Thus, the derivative of
the function at the point x = 1 exisis and

=M= =2
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D. DIFFERENTIABILITY AND CONTINUITY

Solution

Recall that if *{c) exists, then the function f{x) is differentiable at point c. Similarly, if f{x) is
differentlable on an open interval {a, b, then It s differentiable at every number in the
interval (a, &),

Where is the function f{x) = | x| differentiable?

We can approach this problem by testing the differentiability on three intervals:
x>0 x<0andx =0
L Ex>0thenr+h>0and [x +h| =x+ k.

Therefore, for x > 0 we have

o |x k| -fx|  xbh-x b
P{I}_]ihﬂ k —|.I_ILi h _i.mz_aml_l'

S0, ["(x) exists and f(x) is diferentiable for any x = 0.

2 Ifx <0, then |v| =—xvand [x + k| = —{x + k) if we choose k small enough such that it
is nearly equal to zero.

Theretore, for ¥ < 0 we have

)= ]ﬂth ﬁ;}: -| z| ““m-{:+ ﬁ}_{_;}'ﬂmﬂtl}l_‘l]l[—]}l i

Tl h b+l |y

S0, ['(x) exists and fx) is differentiable for any 1 < 0,
3. Forx = ( we have to investigate the left-hand and the rght-hand derivatives separately:

ol L P ) I, B R
bt h R I

|imM=[ﬁu‘|Lﬂ=m:ﬁ=ﬁm{—1}=v]
bl h sl bWr f§ hewr

Since these limits are different, {'(x) does not exist. So, f{x) Is not differentiable for
=0
In conclision, f{x) is differentiable for all the values of x except 0.

Alternatively, from the graph of fix), we can see that {x) does not |
have a tangent line at the point x = 0. So, the derivative does not
exist,

Mote that the function does not have a derivative at the point where
the graph has a ‘comer’,

i =Jix)
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‘c—C—c— If a function fix) is differentiable at a point, then its graph has a non-vertical tangent line at
A function fis this point. It means that the graph of the Ranction cannot have a “hole” or ‘gap’ at this point.

““:t.“ﬂj:]:’;r’ | Thus, the function must be continuous at this point where it is differentiable.
e f(x) = fia).

Note
If fixy is differentiable at g, then flx) s continuous at g

The converse, however, & not true: a continuous function may not be differentiable at every
eoint.

For example, the function fix) = x| is continuous at 0, because Elljg flxy=0= (.

But It is not differentiable at the point x = 0.

=3
The piecewise fumction flx) is given as fix)= {8, x=2.

-2 x<?
i, s fix) continuous at x = 27

b. Is f{x) differentizhle at x = 27

Solution & Since HII:I-I:J.‘} = f{2), fix) is continuous at x = 2.
b. Let us find the lefi-hand and the right-hand derivatives of the function fx) at the point r = 2.

f{2}= .Iﬂ.l-fm'l'h:_f(ﬂ} = lil'l ['2+ k}l_ﬂ _'E

i ® 4 !
hjrz"'”:h"'aﬂ +h - "u ﬂlﬂ+ﬁﬁ+h

|-_

h
= [i Iy
lim(12+ 6k + k) =12
fi2h)= PJ‘M .;u,“i”'t(hh}—ﬁ
g 2R 2 h6_ | +BR+2H 206
= h ' h

h{T+2h) .
. -.IE;{HE;;-?.

Since f1(27) = f1(2), the derivative of the function j{x) does not exist at the point x = 2.
So, the function is continuous at x = 2, but it is not differentiable at the same point.
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We have seen that a function fix) is not differentiable at a point if its graph is not
continuous at x = a. The figures below show two more cases in which f(x) is not
differentiable at x = a:

L

a discontinuity

¥

il &

d COTTIer

4

~
\—

(1 X

L

a vertical tangent
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CRITERIA FOR DIFFERENTIABILITY

For the following cases the function is not differentiable at a given point:
I the graph has a discontinuity at the point,

1. the graph has a ‘corner’ at the point,

3. the graph has a vertical tangent line at the point.

Example 13 Explain why the function shown in the graph
givin below is not differentiable at each of the
points x = a, b, ¢, d, ¢, f, g.

Solution The function f(x) is not differentiable at the
points x = a, b, ¢ because it is discontinuous at
each of these points. The derivative of the func-
tion f{x) does not exist at x = d, e, f because it
has a corner at each of these points. Finally, the
function is not differentiable at x = g because the tangent line is vertical at that point.




Check Yourself

x=1 x«<l 2
'y - show that the derivative of f{x) does not exist at the point
y ¥

|, Giventhat  f{x)= i

¥ =1
2. fix) = |x*—4x + 3| is given. Find the derivative of fix) at the point x = 3,

3. The graph of a function (s given below. State, with reasons, the values at which fis not dif-
[erentiable.

Answers

|. compare /(1) and f'{1').

i
&

e maot exist,

X = -1, comer; x = 4, discontinuity; x = B, corner; x = 11, vertical tangent.
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A. Tangents
1. Find the slope of the tangent line to the graph of

each function at the grven point.

g fixy=05-1;x=3

b fix)=4-Tx; x=2

e flxy=xt<1; x=-1

d lix)=3*-2-5;:2x=0
Ge fix)=x'-dx+5;,12=1

2. Find the equation of the angent fine to each
function at the given point.

e fix)=2+5a (2,9
b, ix)=x*+x+1 a (L3

118

C. Left-Hand and Right-Hand Deriva-

tives
fix, h<x <8l

dlet fix)=
e {91—24. §<x
Does the function have derivative at x = 87 Why

ar wiy not!
4 Given that f{x) = |x~ 1], find f (1)

D. Differentiability and Continuity
5.

E

The graph of f{x) is given. At what numbers is f{x)
noi differentiable? Why?

4+ Tx, x£1
B.let flx)= { —_—
[oes the function have derivative at x = 17 Why
ar why not?

r>1



TECHNIQUES O

A. BASIC DIFFERENTIATION RULES

| campie B 1

Up to now, we have calculated the derivatives of functions by using the definition of the
derivative as the limit of a difference quotient. This method works, but it is slow even for quite
simple functions. Clearly we need a simpler, quicker method. In this section, we begin to de-
velop methods that greatly simplify the process of differentiation. From now on, we will use
the notation f{x) (f prime of x) to mean the derivative of f'with respeet to x. Other books and
mathematicians sometimes use different notation for the derivative, such as

o 89
@y =y =2 =D,(ftx)

All of these different types of notation have essentially the same meaning: the derfvative of a
function with respect to x, Finding this derivative is called differentiating the function with
respect 1o 1.

In stating the following rules, we assume that the functions {'and g are differentlable.

Cur first rule states that the derivative of a constant function is equal to zero.

THE DERIVATIVE OF A CONSTANT FUNCTION

[f ¢ is any real number, then ¢ = 0,

We can see this by considering the graph of the constant o,

function fix) = ¢, which is a horizontal line. The tangent line to i

a straight line at any point on the line coincides with the straight s

line itself. So, the slope of the tangent line is zero, and therefore -

the derivative is zemo.

We can also use the definition of the derivative to prove this re- T

sult: The sloge af L tangent (o
+h the gragh of fix) = ¢, whime ¢ is

o -tin DD €y g_g onstat

a Ifftx) = 13, then "(x) = (13¥ = 0.

b ﬂr}=—%. then _:"‘{::}:[_%] -0,
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Next we consider how to find the derivative of any power function fix) = x'.
Note that the rule applies not only o functions like fix) = &, but also to those such as

gixy= 4" and ﬁx}=%=1'".

THE DERIVATIVE OF A POWER FUNCTION {POWER RULE)

If# is any real number. then (x")' =me"-1,

g If fiz)=zx, then f{x)=x'm]- 2 =],
15

b, Il flx)=2", then f(x)={"Y=2-2"" =2

(i |ff{;_']=f_ then r{I.'J:[I:'J'zE..r“I-I =3_'[Hl

Note
To differentiate a function containing a radical expression, we first convert the radical

expression into exponential form, and then differentiate the exponential form using the Power
Rule.
=H E ] 2= i

el r_E _-u:=guu
JTx)=¢ J—EI"’ Zh

b. If J’txj=%, then flx)=x" in exponential form

m] =(x I}|=_] ox -1 =_x.1 =_-;'
I




Froof

| eample By

The proof of the Power Rula for the general case (n e U} s not easy to prove and will no be
given here, However, we can prove the Power Rule for the case where n is a positive integer,

Power Ruls) If ﬁ:ljl = X7, then .FTIJHHI{x-}h;uf{:}ﬂ ijj*-li-];(x'l'hi'_f.

Here we need (o expand (x + h)* and we use the Binomial Thearem 1o do so:
[.-.:' e ﬂ;ﬂf“ﬂ § ook k™ +h‘] L
)= lim

h

n-z" i+ BN .{;_1}:"’&” +ot nxh™ R

fix)= IF_E I {rrery levm includes & as @ facion
2o h's cgn be iimplifisd)

fix)= lﬂﬂ[ﬂf" 'I'w:l"ﬂhi*--ﬁi.ﬂ"l -I-h"']] =n.x""
I+l 2 i =0, thet gwery tevm induding
f s @ foctor will be 2o

Check Yourself
Differentiate each function by using either the Constant Rule or the Fower Rule.

LAx =2 2.y =05 3 ﬂ;].:_% 4.;&}:%
5. (%) = & 6 fley=94 R § B, frry=
o.fix v () = fix) I
Answers
Lo 20 3.0 40 52 6 T-2 §—0

J x EE

The next rale states that the derivative of 3 constant multiplied by a differentiable function is
equal to the constant times the derivative of the function.

THE CONSTANT MULTIPLE RULE

[e-f)]'=e-fx) | ceR

o 1If flx)="1x, then ()= (3x)' = 8- (x) =3-1=3,
b If flx)=3x", then f{x)=(2x'y =3x'yY =3 (da")=12x",
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Proof anstint Multiple Role) If gix) = ¢ « fix), then
ﬂ'(:t]:]iiﬂﬂ'{-""jﬂ}'ﬁﬂ ¢ flx+h)=c- f{x)

=||$| h

I B
flx+h)- fix)
h

glx)=c-lim
gix)y=c- fx).
a. If flx) =—E, then fi{x)= (-2 ") = -2y =-2(-3x ) =6x" = %.

BT 18 g

b s War¥ o [ SN 1 L l -1f2 =E |:z=i
I 60 =5, then ) = Gy =5 =5{ 3" =2 =

Neat we consider the derivative of the sum or the difference of two differentiable functions.
The derivative of the sum or the difference of two functions is equal 1o the sum or the
difference of their derivatives. Note that the dilference is also the sum since it deals with ad-
dition of 4 negative expression.

[y Egn)] = f)Tg(x)

Note

We can generalize this nile for the sum of any finite number of differentiable functions.

[T g Fh)F..] = Fx)FoE)FhE)F..
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Now, let’s verily the rule for a sum of two functions.

Proof  (Sum Rule} IFS(x) = flx) + glx), then

S0) = nmﬂ:n&:l 8(x) _ po LfGeH B+ g+ ][ flx) + 9]
hu [

S0 < 80T+ b))
o !

iy = i L TS0 gl h)—glx)
S = fim———— -+ lim =

§1x)= [1x)+gTx).
o I flxy=2+7, then O = +T) =+ =2 +0=-22"

| Eample B

b. Hg{t}——+ . then g'(lh= [ +5r=] [5]+n’,ﬁr‘}*=%{r’3'+m"‘}*.

ﬂt}'=§:{ﬂt“ 452t

= s 2 10
Ly = 1 ]{]1 [Pty
i) s

Natice that in this example, the independent variable is ¢ instead of x. So, we differentiate
the function g(t) with respect to (.

By combining the Power Rule, the Constant Multiple Rule and the Sum Rule we can
differentiate any polynomial. Let us look at some examples,

m !u Differentiate the polynomial function fix) = 3x* + 4 - T + 3x + 6.

Solution f{x)=(3" +42" - 7" + 3z +6)
Sy = (3" + (A" + (7o) + (3x) + (B
Sy =3y + A"y =Ty + By + (B
Fiy=35" 4440 -7 2x 43140

fi)y=15c"+ 162" -14x+3
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!'I It is estimated that x menths from now, the population of a certain community will be

Solution

Pix) = x* + 20x + BOOO.

a. At what rate will the population be changing with respect to time fifteen months from now?
b. How much will the population actually change during the sixteenth month?

a. The rate of change of the population with respect to time is the derivative of the

population function, Le,
rate of change = P(x) = 2x + 20,

Fifieen months from now the rate of change of the population will be;

P'(15) = 2 - 153 + 20 = 50 people per month,

b. The actual change in the population during the
sicteenth month s the difference between the
papulation at the end of sixteen months and
the population at the end of fifteen months.
Therefore,

the change in population = P(16) - P(13)
= Bo76 - B35
= 2l people.

Check Yourself

1. Find the derivative of each function with respect to the variahle.

4 g -
1, = b, fir)=_xr’
Jix) 5 Fir) 3
d fix) =322+ 5 -1 P f{ﬂ:idiﬂ
TR il
2. Find the derivative of f(x)= L*f‘"
-~
4. Differentiate f{x}=w.
wWr+x
Answers
3 0l —
t.-ﬂ.. —E h ‘:ll'[rﬂ L =0 E d 'E.l +a £: _E_"_E‘F]

29%%-2 3.1
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B. THE PRODUCT AND THE QUOTIENT RULES

Now we leam how o differentiate a function formed by muliplication or division of
functions. Based on your experience with the Constant Multiple and Sum Rules we learned
in the preceding part, you may think that the derivative of the product of fanctions is the prod-
uct of separate derivatives, hut this guess is wrong, The cormect formula was discovered by
Leibniz and is called the Product Rule.

The Product Rule states that the derivative of the product of two functions is the derivative of
the first function times the second function plus the fest function tmes the derivative of the
second function.

THE PRODUCT RULE

[f(x]u'{x}_]'=ﬂx}ﬂle+ﬂxh‘{z}:

Be carefull The derivative of the pmd'i:-:l of two funictions is not equai to the product of the
derivatives:

We can easily see this by locking at a particular example.

Let fix) = x and g{x) = x*, Then

6L @)= =4 )= 1and gx) =2x

[Fexig)f + Flxte) Ifix)g{x)] = 3 Flx)gle)=1-2x=3x

| flxglxl = fa)gtx)

m !! Find the derivative of the function fix) = x(x + 1),

Solution By the Product Rule,
fixy=x-(x+1)+{x) - (x+ D=2 1+1 (x+1) =2 +1.
We can check this result by using direct computation:
fixy=xlr+ 1) =% + 250, f(x) = 2x 4 |, which is the same result
Note that preferring direct differentiation when it is easy to expand the brackets is always sim-
pler than applying the Product Rule.

Example Differentiate the function fix) = (2¢* + Di{x* - 1),
23 fix

Solution f'(x)= t_i!._:" +1} - [It“.l'j‘i fﬂf-i—]}:::‘ -£T
fx)= (4x)(x* - )4 (2" +1)(2x - 1)
flxi=dx’ —drd dy’ - 2" + 22 -1
Fx)=8x" -2 - 21
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m !‘ Differentiate the function f(x) = (x* + x -T2 + 1)

Solution

Froof

Ceampie BT

Solution

First, we convert the radical part into exponential form:
fix)=(a" +x- 22X +1) = (" +x-2)-@ 4+ 1),
Now, by the Product Rule,
Fx)y=(c"+x-2Y @' + D+ (" +2-2)- (2" +1)
Fi=0E30" + D@ + D+ (0 +0-2) a7 = 6™ + 3 + 20 +14 2% 4 a0 -2
Fe)=T72" + 3 + 3" -2 1.

Let us look at the proof of the Product Rule.
(Product Rule) IF Plx) = flx)gix). then
pio= BP0y, SR+ - )

[ k
By adding -f{x + kygix) + flx + bglx) (which s zero) to the numerator and factoring, we have:

Py = i L8O+ ) o)+ o+ gl - )t

= h

S+ Wgla+ ) - gle) ]+ gl [ Jix+ ) - )]
h

AP DS R TS

P =l S+ ) g SO0 gy L6 0 I)
Pla)= 1) ¢10) 400116 = @)+ [l @)

Pix)=lim

Differentizte the function fx) = (x* + {3 - 5x)(x + 20 4 4)

In this example we have a product of three functions, but we ave only able 1w apply the rule
for the product of two functions, So, before we proceed we must magine the funclion as
a product of two functions as follows:

fi)=(x" + 1%’ -Gy + 2t + 4)

Flay=[(a"+ 13" -5x)] (& + 22" + 4+ (" +1)(3x" - 5x)(2’ + 24" +4)

muﬂh{-‘*mm

Fla)y=[2003c" —Sx)+ (" + (122" -5))(x" + 22" + )+ (2" 4 (3" —5x) (3" + ).
Our aim is to intreduce this method and because any further simplification is time
consuming, we will stop at this point.
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The dervative of a quotient Is the denominator times the derfvative of the numerater minus
the mimerator tmes the derfvative of the denominator, all divided by the square of the de-
neminator. Or,

[ mimestor ]r_ derivative of the mumeralor » desominatar- namerator = dervative of the denominator

denominater) the suare of the denaminator

THE QUOTIENT RULE

f)) _ fiagi- fiogi
[9(1]] = W]}F : glxy =0

The quatient rule is probably the most complicated fornmula vou will have to learn in this text.
e E e E E It may belp if you remember that the quotient rube resembles the Product Rule.

{Ejt@ Also note that like in the Product Rule, the derivative of a quotient is not equal to the
fx)) 1% | quatient of derivatives,

Find the derivative of the function fa) = o2t

I 26 Rl

Solution Using the Quatient Rule:
B+ 1 {22 -0 -G+ DL - 1)

Fix)= {2.]:—1}2
G S2x-1-(3c+1)- 2 o Gr-Jd-6x-2
f® (-7 (2 -1
o b
flxy= T

i
Differentiale the rational function f(x)y == +x-21

I 27 =1

Solution According to the Quotient Rule,

={2:+]]|~|{.t—l}—{;’ +x-21)-1

fix)

(=17
W —x-1-x" -x42] 2 -2+ 20
i
' -2x+20
_1"!th}=—Jr= >

127



Solution

Proof

| example B3

Solution F{x)=

2+ 3x+1

Difterentiate the function fix)= >

Before trving to use the Quotient Hule ket us simplify the formula of the function:

W +iat]l 2 - i

L GO0 U
% I 2:"2: ety
In this example, Ancing the dervative will be easter and quicker without using the Quotient Fule.

- Lo _L -1
fixi=1+0 il e

fix)=

Note
We do not need o use the Quotient Rule every tme we differentiate a quotient. Sometimes

performing division gives us an expression which is easier to differentiate than the
quotient.

Let us verify the Quatient Rule.

(Quotient Rule) Let Q)= % anid Q{x) be differeriable.

We can write f{x} = Qix)g(x).
If we apply the Product Rule: F'{x) = Q(x)g(x) + QLxig'(x)
Selving this equation for Q'{x), we get

fix)

Fo-29 e
_rw-ewew_ ™ g
7 o)
) - F
- L8 Se)

fix) = v - gix), where gid) =2 and g'(4) = 3. Find f'{4).

(Ve 900 = (T - g0)+ V-0
Fw=32 4k g

sﬂf’{ﬂ—“‘ﬁm gt =2 42-3=2,
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Check Yourself
|. Find the dervative of exch function using the Product or the Quotient Rule.

a firy=Ixix*+x 4+ 1) b fix) = (x?= D{x*-2)
e, f{:}=(lg+xJ(l+tJ d f{I}=[4'E+1}[1“+L]
x x Jr
_2x+4 -1
¢ f=tt =Y
= i ¥
¢ fi=220 h. flgy= T3 B0

2. Iffix) is a differentiable function, find an expression for the derivative of each function.

C

A ¥ = xifix) boy==3 =i

3. Suppose that fand g are two functions such that fi5) = 1, [%(3) = 6, g(5) = -3 and

§'(3) = 2. Find each value.

8. (fa)(5) b. [i]m ¢ [EJ ®
g I
Answers
l.aBrl+4x+2 box'-61-2r ¢ l—i-i d. Exﬂ";+ir——!-
' ' © 2 Dz
T b g Bl o 3Ll
(3a-1f : Jr(vx+ 1) b (x+ 1y i 3

; - -fixa B -)
9.2 duftx) + ) b, L If f(x) hﬂ?rq:%:] i :I‘El

3.0-16 b —% g 20
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C. THE CHAIN RULE

We have leamed how to find the derivatives of expressions that invalve the sum, difference,

product or quotient of different powers of x. Now consider the function given below.
hixi=(x*+x -1

In order to differentiate hix) using the rules we know, we need to expand h(x), then find the

derivative of each separate term, This method is, however, tedious!

Consider also the function m(x) = 'x* + x-1. This function is also difficult w differentiate
using the rules we have learned. For each of the two functions h(x) and wm(z), the
differentiation formula we learned in the previous sections cannot be applied easily to
catculate the dertvatives &'(x) and m'ix).

We know that both k and m are composite functions because both are built up from simpler
functions. For example, the function kix) = (v* + x - 1)* is built up from the two simpler
funetions fx) = x* and gix) = 2¢ + x - 1 like this:

hx) = figCx) = lg(e)f* = (* + 2 -1)"
Here we know how to differentiate both fand g, so it would be useful to have a rule that ells
us how to find the derivative of & = fig(x)) in terms of the derfvatives of fand g.

THE CHAIN RULE

LfteG)I = [atx)- gx)

amganmd deeurive of  durieative of

Finctiin e theaues e apgoneti
wew

For example, if k(x) = flo(x)) = (v* + « - )™, then
By = fgle)y =300 + 3 - D% (2r + 1)

Common Errors




m sn Differentiate the function flx) = (31* + Su)*™

Solution  BY the Chain Rule, f(x)=2005(3x" +5x)™" -(3¢" + 5x)' = 2005(3x" +5)"™ - (6ix +5).

BTN 31 suppose mix) = flg(x)) and g(1) =5, ¢°(1) = 2, J{5) = 3 and ['(5) = 4 are given.
Find m'(1).

Solution By the Chain Rule, m'(x) = [(g(z})-g '(x). Som (1) = [{g(10) ¢’ (1) = ['(5)-2=4-2 = 8.

Note
The Chain Rule can be generalized for the composition of more than two functions as follows:
Iy Ua{faldC) D00 = [ Ul it Sula) 0 - (Ul fgfe) ) - U e hecd) - - gl

Using the Chain Rule we can peneralize the Power Rule as follows:

GENERAL POWER RULE

| (YT =y 1)

By using this rule we can more easily differentiate the functions thal can be written as the
power of any ether funetions.

Differentiate the function m{x)=Jx' +x-1.
Example 3!

1
Solution We can rewrite the function as m(x) = (x* 4+ x - 1)* and apply the General Power Hule:
1
m'(x) -%1‘;’ +r-Ddf +z-1Y

1
m'l{x}-%{x‘-l-::—lj L.(2x41)

2x+1
Wl +x-1

mix)=

Differentiate the function f{z)= L

ol

=T 33

solution flx)=[(x"+3) ") ==1x" +30)* (x" +3x)
fix) ="|[IH+ ot - (2 +3)

2x+3

r{-t}:—m
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]
;4 Differentiate the fanction f{x) = (26" + 27~ 15) 7,

Solution ru}=-%mf+f-15;5-mﬂ+f-lar

1 1

Tx)y=—- <(Gx* +2x

F9=—3 e o ( )
fix* +2x

- recmry

#
Differentiate the function flx)={(x+1) *+5x)",

Example 35

Solution [Tx)=-X(x +1}_: +52)7 - {(x+ I]'.|'lE + )

H“‘}=‘3‘:‘1""|}_: +51)7 -E-%{nl}_: (x+1)+5)
P =+ 459" -{5—%(“ )
m 36 Differentiate the function f{x)=(2x- 37 ﬁ

Solution The function is the product of two expressions, so we can use the Product Rule:
fley=((2x-3)") - Jx' -2 +(22-3)" - (Ju* 2

Sla)=5-(2c-3)" 2. {r* -2 +(2c-3)' -%-ix’—‘-’-ﬂ?l‘ (22-2)

ey =102~ e 23 Q-9

Bxt -2y




X 37

Salution

Solution

Differentiate the function gt} = [ﬂt +3]] .

(2+17 [EH-]]
By =4 —
4 L 1-3 t-3 (byy the Power Rule)
J=7( 2] 2031 @)
-3 (t-3)° (bij the Quatient Rule)
f 3 Y <+ |
g=122 ) 202
W1-3) (-3 (simplify)
A2t 4+ 1)°
] et et
git) =3y

Remember that if y = fix), then we can denote its derivative by y" or i—y.

If y = fig{x)) such that y = flu) and & = g(x), then we can denote the derivative of flg(x))

:.rT .u'y el
wy' =gl -g'ix)ory' =f(u) II“WrLL_ﬂ'u =
The notation ﬂ- ﬂ —E“ is called Leibniz notation for the Chain Rule,
R i vl ’

Given that y = u*~ 1 and w = 3a + 1, find % by using the Chain Rule.

By the Chain Rule,

o du
du dx
i{u’ I]I-—l:d-:+]’.l {fine the derivative of the first function with respect to w

dx and the secomd fumction with respect to x)

du
(2u=1)-3

|-E' BlE E‘Inﬂ' B &

2 =@-@ean-1-3

ﬂH
=18x+3.
dx
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Check Yourself
1. Find the derivative of fix) = (2x + 1)%.
2. Differentiate y = (x'— 1™

3. Find ['{x) given f(z)= ;
N 1+l
4. Find the derivative of glx)=) I_I - 1.
X+l
s o o e O
3 ” and n—-ﬂ—larﬂgwn.[rmdm.
Answers
162t + 1! 2, 3002~ 1)@ T
' +x+ 1)
g Lx+lg 6 . - 3
4 x'=1" (&' +1} © (-1
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B EXERCES e
A. Basic Differentiation Rules

1. Find the derivative of each function by using the
rubes of differentiation.

a flxy = 2
]

h: ﬂ]’::l _ﬁ
¢ flx)=e

i
d. fz)= 12:’
& flz) = 28

_9
E. _ﬁ:}—d:
& ﬂx}=%
h flx) = 0.3x%
L fx)=ToH
} flr)=5x"=-3x+7

k f)= x’+ﬂx; +x-1

m. flz)=+z+ix+4z
. fl[:}=\lr;+:%+-l£

1.3
1 P2y T S
0. f(x) 7
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EAER why
B. The Product and The Quotient Rules

2. Find the derivative of each function by using the
Product or the Quotient Rule.

B fix) =5e{x?-1)

b fix) = (2x + 3)(3x - 4)

¢ fix) = 1003x + 1)(1 - 5x)

d flx) = (- Dix + 1)

e )= -2+ x-11+2)
£ fix)=(1+4002e-3)

A f{-r}-

+4

Rl EH

L ﬂﬂ'ﬁ

A
x4+

©+2
P4+l

.t*HE

k fl)=

L fw==

3. Given that fi1) = 2, f'(1) = -1, g(1) = -2 and
(1) = 3, find the value of k'{1}.
& h(x) = flx) - glx)
b hix) = (x! + 1) - glx)

xf(x)
x+gix)

Hx)glx)
8. B= fla)-gix)

e Mx)=
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4, Differentiate the function f(x)= “'jf"r‘:' by
X

stmplifving and by the Quotiesn Rule. Show that
beth of your answers are equivalent. Which

method deo you prefer? Why?

D.fi3) =4, g(3) =12, ['(3)=-Band g(3) = 5 are
given. Find the value of the following expressions.

a (f+g)(3 b. {fgy(3)
e d. [J—]fs
(o o

f-1
The Chain Rule
. Find the derivative of each function.
a fix) = (3x-1p
b fix) = (x* +2F
e fir) = (x* -3 + 67
d. flx) = (x-2)*

2
W=y

£ f)= g

g flz)=(Vrtl+zy
oh. fix) = (x- 1" (3 + 1)

e (=3
oL SRy

o =G

ok flay= 2

ol fix)=3x + 220+ (' + 1)
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7. hix) = gflay)and fi2) =3, /() =-3, g(3) =5
and g'(3) = 4 are given. Find i'(2).

8. By using the Chein Phﬂe,ﬁlﬂj—ifnreuch function.
L y=u-lu=2x+1
bhy=v'+m+2u=x-]

a

-5 H=n, =X

d. g=ﬂ+:}:.u =1i-x



D- DERIVATIVES OF TRIGONOMETRIC FUNCTIONS

Let us begin by looking at the derivatives of the sine and cosine functions,

DERIVATIVES OF SINE AND COSINE

(sinz)’ = cosx
(eosx)’ = -sinx

m 39 Find the derivative of the function f{x) = (sinx + cosx)”

Solution [1(x)=2sinx+cosx)(sinx+cosx)’  (by the Cenernl Power Rule)

flx)=2ginx+cosx)cos x-sinx) by the sum, derivative of the sine and costne)
p e_? e Fx)=cos™ x-sin 1) (xtmplify)
cos 2y = cos’ ¥ - sin” 1 ﬂ;}ﬂcmﬂx (by the trigonometric identity)

Now let us derive the formula for the derivative of the function fix) = sin x.

Proof (Derimtve of Sine Funiction)

By the definition of the derivative, we have
u2 .I"EI'”'I]—J'{-I"J“ site x + &) —-sin x
c c c c c )= Iuﬂmn.tmshﬂm:smh —sin x Im(slmrcmh siny | cos xsinh
[Et] h ﬁ'

= . X

flx)= l'm Ll Sa ] + CO8 X sink ] lim l-I-limcuu;'.ax-Ilria-'m'I
L T = bt w3l
k- h

rfl'.l=ﬂm:-ﬂ+m:-'_=ml_

I 4() Find the derivative of the function fix) = x - sin x.

Solution By the Product Rule

Firy=(x -sinx)'=(x)"sinx+ 1 {sinx) "= sin x+ xcos x
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CHAIN RULE FOR SINE AND COSINE

(sinflx))’ = oosfiv) ()
(eosfla))’ = -sinflx) - f()

| Exampla | A1 Find the derivative of the fanction flx) = cosx’ - ).

Solution  §{x)=(cosix"—x))' = —sin{x" —1) (x" 1) "= —sin{x" —x) (32* )

T A2 Find the derivative of the function fix) = sin'y’

Solution In this example we have the composition of three functions.
flx) =sin® ¥* = (sin(x' )}
We apply the Chain Rule beginning from the outermost function;

.HI} (st z® ¥ Y = Hsini(z* ) f,:.".i.'l.':'}’
eeeee,

sin 21 = Jsin x cos ¢ -frl:x = fsin{x’ )} -cos( )’

f )= Hsmix*)) cos{x) 2

F(x)=10xsin{x*)cos{x"}
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Chek Yourself

Find the derivative of each function

1. f(x)=-3sinx 2. fla)=xcos x 3. fla) =
4. f(x) = cos2-(x"+a-1)

Cos

l+cosx

Answers
1

l+cosx

1.1-3cos x 2. cos x-rsinx 3.

4.sin(22%+2r-2).(2x+1)

DERIVATIVES OF OTHER TRIGONOMETRIC FUNCTIONS

43 Find the derivative of the function f{x) = tan(x* - dx + 1),

Solution ['(x)=sec’{x’-3r + 1) - (x" = 3x + 1)’ = sec’{(x" - Jx + 1) + (2 - 3)
or = {1+ tan*(x®- 3x + 1)) - 3),
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M 44 Find the derivative of the function _,'h]— eyt
l+tany

Solution By the Quatient Rule,

(seex) - (1+ tany) —secx(1+ tan 1)

1 '.Il.l-!_' fhe fJ'!.:.'I'!-"JH flaile)
{1+ tanx)*

[ixy=

gec 1 tan 1 -1+ 1an x) —sec ¥ sec” 3
_|r|: ':l— S S B '—"EE""—ll-—"—'-—"' '|!.'|'|'|'.'|'“!|'!.'-Il'r'i
(1+ tanx)

gec x{tan x +tan” ¥ —sec” x)

’|:.1.':|= - - -|I|.'"'-I".|'

/ i1+ tanx) g

fix)= it o -I} (stmplify using tan” ¢ + 1 = sec” 1)
Ll +lanx)” :

Check Yourself

Find the derivative of each function.
Lam X
| J‘{ =

L fix) =r.ul[1 -x+1)

4 flx)mdsecx—cotx

ANSWers

1sec” ¥ —lanx
| ———— 4 dsec xlanx + oscx

1
L ese(r -2+ 1) {1-2x)
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E. IMPLICIT DIFFERENTIATION

Up to now we have worked with the functions expressed in the form g = f{x). In this form,
the variable y is expressed easily in terms of the variable x. A function in this form is said to
be in the explicit form, However, some functions cannot be written in explicit form. Consider
the following equation:

y+y+a=0

If we are given a value of x, we can calculate y in this equation. However, we cannot write
the equation in the form y = f{x). We say that © determines y impheitly, and that y is an
implicit function of x. Leok at the same more implicit functions:

vy -3y =7
y- =x
-y +4y=10

How can we differentiate an implict function? Recall the Chain Rule for differentiation. In
an implicit function, y is stll a function of x, even if we cannot write this explicitly. So, we
can use the Chain Rule to differentiate terms contalning y as functions of x. For example, If
we are differentiating in terms of 1,

Y = [l = 40007 00 = 4y or 'y =y,

a - s dy
Ty = =
Ty = Ty ov (Ty)

The procedure we use for differentiating implicit functions is called implicit differentiation.
Let us summarize the important steps involved in implicht differentiation.

IMPLICIT DIFFERENTIATION

| Differentiate both sides of the equation with respect to . Remember that y is really
‘a funetion of x and use the Chiain ule when differentaung terms containing y.

< Solve the resulting equation for y"or %'t:r terms of x and y.
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4’ Find y' given the equation §° + y + x =0,

Solution

(4" +y+x)=(0) (differentiate both stdes;

(W )+ +(x)'=0  (by the Sum Rule)

Su'y'+4 +1=0 (by the Chain Rule)
yGy' 41)=-1 (factorize)

1 | L
i 5" +1 (isolate y*)

m 46 Find % given the equation y* - y’x + x* -1 = 0.

Solution

| Example 1 4

@' -y'x+2* -1)=(0)
) -’ x) +(x*) -(1)=0

3y & —(“Eyﬂx +y")+2x-0=0
dx dx

dy ., 5 2
L (3y* -2yx) =y* -2
dx(y yr)=y -2

dy  y' -2

dx  3y* -2ux

The equation x* + y* = 4 is given.

a. Find % by implicit differentiation.

(differentiate both sides)

(by the Sum Rule)

(by the Chain Rule and the Product Rule)
(factorize)

; dy
late —
(isolate dx)

b. Find the slope of the tangent line to the curve at the point (3, 1).

¢. Find the equation of the tangent line at this point.
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Solution a. Differentiating both sides of the equation with respect to x, we obtain
(*+y')=@)
(@) +(") =0

2x+2y@=
X
d
d_y=_f (4 20).
x oy

e—cf—e—c b. The slope of the tangent line to the curve at the point (v3, 1) is given by

dy _dy  _ X V3 _ B
dI m=— —— e 3
s dx (3, 1) Yia 1
is used for slope of the '

curve at the point (¢,b). | ¢, We can find the equation of the tangent line by using the point-slope form of the
equation of a line. The slope is m = —v3 and the point is (3, 1). Thus,

Y-y, =mx-x,)
y-1=-Bx-3)
ﬁx%—y—ﬂl:(].

A sketch of this tangent line is given on the right.
The line x + v3y — 4 = 0 is tangent to the graph
of the equation x* + y* = 4 at the point (v3, 1).

=Y
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 Example | AB ¥ind he derivative with respect 1o x of the implicit function " +y +1" =2

Solution Differentiating both sides of the given equation with respect to x, we obtain
d
dx

R
—(r+ T =+ i+2x=0
Eh ¥ dlt[r ¥ *

i d d
My (=@
(X +1) +itt1] n,xi}

%l{x‘ + gty +‘Ey%] +2¢ =0

E«I"l':y#‘! - _qI{I! + yi}l.':
ax
Eyd—y =4 x® 4 7 ) - 2x
dx L

dy _ et +yt -

i ]

Check Yourself
l. Find j—i by impicit differentiation.

A r+ry+y =5 box'y +ay'=3x
cee=l

1. Find the equation of the tangent line to each curve at the given point,
Ly -y +a-1=0(L1) b E*£=k (-5, =)

¥ i

c x-‘+y; =4; (1,343

Answers
v -3 -2uy b 3-2ay-y
x4y &+ 2xy
2.1 y=—ii-‘:+?- h =-£r—=i ¢y =—/3x + 443
5 33 S B

145



EXER
D. Derivatives of Trigonometric 1
Functions
a fix) =sin(3x-5) 2

b. flx) = coafx® - 1)

e flx) = sinx - cosx

d fix)=2m@nx + secx
e flx) =sinx tanx

f fix) =2xtanx - xcosx
g fix) = ecos* (2" - 3x)

b f(0)= (25

l+omx

LY
l4seca

. flxy = (1 + secx}- (1 - cosx)
k fix) = lan r=x-1

cot{x' - 1)
l-sec{x'-1)

L fix)m

1 fix)=

m. flx) = [rsin(x - 1)J°

n fix)=sec’{

h |
)
[ |

E.
3.
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e

. Find the equation of the tangent line to the cumve

at the given point.
i y = xcosx;

X

For what values of x does the graph of
fix) = x + 2 sinx have a horizontal angent hine?

Implicit Differentiation
Find % fior each equation below.

&2 ax-du=13 b xy-y-1=10
e dtat-ay=1 ¥ -3%=5
X

e 2+ =12 £ Pemyey'=11
g - =8 hJ-%-4'=0

. Find the eguation of the tangent line to the given

curve at the indicated point,
a4 4+ %' =12 (1, -2)
b 2%° +xy = 3y (-1, -1)



Chapter 7
SPACE GEOMETRY




INTRODUCTION TO SPACE GEOMETRY

AXIOMS OF SPACE GEOMETRY

[n your previous studies, yvou studied plane peometry. Plane geometry is concerned with the
definitions and properties of the figures in the plane. However we live in a three-dimensional
world. Therefore we need o extend our study of peometry to include figures which have
three dimensions, that is, figures with height or thickness as well as length and width.

line

A line is a one-dimensional figure. [t has length, but no width or height. Two lines in the same
plane can be coincident, intersecting or parallel. In plane geometry, the intersection of two
non-coincident lines is a single point. Perpendicular lines intersect at 90 degrees.,

Definition plane
A plane is two-dimensional. It has length and width but no helght, and extends infinitely on
all sides. Two plancs can be either parallel (with no common peints) or intersecting, The

intersection of two planes is a line,

Space is the set of all polnts. Space contains an infinke number of planes.

SpECe geometry

The geometry of three—dimensional shapes is called three-dimensional geometry or space
Ee0mnetry.

In this chapter we will smody lines and planes in space. We will state axioms, definitions and
theorems about lines and planes. In the proofs of theorems, sometimes we will use theorems
(rom plane geometry, We will use plane geometry theorems without proving them.
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collincar, non-collinesr, coplanar, non-coplanar

Points which are on the same line are called collinear points. Points which are nai on the
same line are called non-collinear points. In the same way, points or lines lying in the same
plane are called coplanar points or coplanar lines. If they do not lie in the same plane they
are non-coplanar paints or non-coplanar lines.

In our study of space geometry we will use the axioms of plane grometry and the axioms of
space geometry. The axioms of space geometry are as follows:

Axioms of Space Geometry

1
2

6.
7.

Twn different points in space determine a line.
Three non-collingar points in space determine a plane,

In space, there are at least two points on 4 line and there is at least one point outside this
line.

A plane which has two points in common with a line contains this line.

If two planes have a common peint then there is 4 common line passing through this
point {i.¢. the intersection of two intersecting planes is a line).

In space, outside a plane there is at least one point.

A plane divides a space inte two semispaces.

We can use these axioms to prove theorems and corollaries about space geometry.
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1. Relative Position of Two Lines in Space

Two lines in space can have different positions relative to each other These can be described
as follows:

a. Infinitely Many Intersections

The lines can be coincident. If two lines are coincident then they have infinitely many
intersections. If two lines have two commen points then they are coincident.

b. One Common Point

The lines can intersect. From plane geometry we know that if two non-coincident lines
intersect each other then their intersection s & unique point. We have seen that (wo
intersecting lines determine a plane, So Intersecting lines always have a common plane.

g C. No Common Point

: § 1f two lines have no common points then there are two possible cases:

i. Parallel lines: Parallel lines are defined as coplanar lines having no peints in common
From plane geometry we know that in a plane, through a point not on a line we can draw
one and only one line parallel to the given line. Similarly we can say that in space, through
a paint not on a line, a line parallel to the given line can be drawn and this line is unique.

i1, Skew Ines: Two lines are called skew lines if there is no plane which contams both lines. In
other words, skew lines cannot be coplanar. By extension, skew lines have no commen point.
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2. Relative Position of a Plane and a Line

A line and a plane in space can have the following three positions relative to each other:
a. The line lies in the plane.
b The line intersects the plane at a unique point.

¢. The line & parallel o the plane, _ ;

a4
b,

/{’..

f_‘_,.f’"'fi-— "'n’r
__il = E _ﬂ-
II_.-"I-FI
Lited ju hamg 1n A Lire & imireserts plane 6 LINe il 5 i-ll.l!.." [} pLT 9

1 LmEJue prand
We can write the following theorems and conclusions concerning the position of 2 line relative

Ll:l'r1|ﬂarle:

L If a line d not in a plane is parallel o another line lying in the plane, line d will be
parallel to the plane.

2 Ifa line is paralle] to a plane, i this plane there are lines parallel to the given line.

3. Two lines parallel to the same line are parallel,
4 Two angles with corresponding parallel arms in the same direction are congruent.

B. If one of two parallel lines intersects a plane, the other line intersects it also,
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Proofs 1. Letd be a line parallel to another line m lying in
plane a as shown opposite.

Singe d and m are paralle] lines they determine
a plane 4 by Rule 2 for the determination of a

plane.

a and & are intersecting planes along line m by

Axiom 5.

If df anc o intersect each other, their intersection

point must be on m by Axtom 5.

So m and d intersect, ie. they are not parallel. This is a contradiction.
In conclusion, d and & have no common peint, L.e. they are parallel.
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2. Look at the figure. Let d be a line parallel to a
given plane o and let A be any point in plane .

Then o and A determine a plane fi by Rule 3 for
the determination of a plane.

fand a have a common point, that is A. So they
have a common line by Axom 3.

Let us call this line m.
Both d and s are in f.

Since d has no common point with §, it cannot intersect m.

So d and m are paralle] lines by the riles of plane geometry,

We can find infinitely many paralle] lines as there are infinitely many points A in the
plane. We can conclude that if a line is parallel to a plane then in this plane there are
infinitely many lines parallel to the given line, and these lines are parallel to each other.

153



3. Let m, n and d be three lines in space such that 4
m i d and n ff d.

Since m and 4 are parallel they determine a

plane o, and since » and 4 are parallel they
determine another plane B by Rule 2 for the

determination of a plane.
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Let A be a point on 7.

Line m and point A determine a plane .

Since f and A have a common point A, they have a common fine & by Axiom 3.

We know that m // d. So, m is parallel to f by the Theorem 1.

Then lines d and k are two lines in plane f parallel to line m. So k and J are parallel.

By the rules of plane geometry, we can draw only one line through point A which is
perallel to d. S0 n and k must be coincident lines,

Therefore, nr and n are paraliel lines.

. Let ZABC and ZAB.C, be wo angles with corresponding parallel arms in the same
direction.

Let M and N be any two points on arms 84 and
BC resectively . -

(m B A, and B.C, take two points M, and N such @ ] T g
that M8, = MB and N.B, = NB. ' |

Since BA f BA,, BMM B, is a parallelogram. . L
So0.8B, /MM, and BB, = MM, (1) [ L~
Similarly BC /f B,C, and BNN B, isa : — -
parallelogram.

So BB, // NN, and BB, = NN, @)
From (1) and (2) we get NN,/ MM, and NN, = MM,
So MNN M, is a parallelogram and MN = M\N,.
Then by 5.5.5, AMEN and AM B N, are congruent.
This means AMBN = #M BN and ZABC = £AB.C..

. Let o be a plane and let f and m be two parallel lines such that o intersects o
There are three possible cases: ar lies in o or m is parallel to @ or m intersects .
i, Ifm is in e then o will be parallel w a line in o So d is parallel to . This is a
contradiction.
fi. If m is parallel to @ then in e there will be a line (for example n) parillel to m. Since

d /f m and m /' n, we can conclode that o // n by the Theorem 3. In this case again d
will be parallel to e, which is a contradiction. Therefore m intersects a.
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® Ifone of two parallel lines Is parallel to a plane then the other line is elther in the plane
or parallel to the plane.

® If the corresponding arms of two angles are A A
parallel and in opposite directions, the angles i
are equal. 4 ; i

—
=
=

® If the comesponding arms of two angles are
parallel and if one pair of corresponding ams  — " o’
i ini the same direction while the other pair is £ '
in the opposite direction then the sum of the L By
angles is 180°. ABC = AT WIC -+ 2l = 1

3. Relative Position of Two Planes

In space, there are three possible cases for the position of two planes relative 1o each other
8 The planes can be coincident.

b. The planes can intersect.
¢ The planes can be parallel.

r J
I ’
i
4 J
E I : 4 y
- F
/ / |
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| Theorems |

Proofs

1. If a plane passes through a line parallel o another plane and also intersects that plane
then the line of intersection of the two planes is parallel to the given ling.

2. If two intersecting lines in a plane are comespondingty parallel to two intersecting lines in
amother plane, the planes are parallel.

3. Through a poini not in a plane we can draw one and only one plane parallel to the given
plang.

4. If a line intersects one of two parallel planes, it intersects the other plane too.

1. Letd bea line parallel to a plane a, and let fi be
i plane contalning d and ntersecting o along
line m.

Then d and m Lie in f.
Since m is in o and d // o o and m cannot
intersect each other. They are also not skew

because they lie in the same plane.

Therefore they are parallel.
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2. Look at the figure, Let @ and fi be two planes,

Let m, n be two intersecting lines in a and let
m,, n, be two intersecting lines in [ such that
m fm, and n ff n,.

We need to prove that cand B are parallel, ie.

l-’ that thev do not have any common point.

Let us assume that they have a common point
and look for a contradiction,

If ot andd 5 have a common peint then they will
have a common line: their line of intersection. Let d be this line.

Since m and n are parallel to m, and x, respectively, both m and » are parallel to p
d € B, so neither i nor o can intersect line d.
As a tesult, since m, n and d are in the same plane, we must have m /' d and n [/ d.

But in this case, m and n must be coincident or parallel lines. This is a contradiction
because it is given that they are intersecting lines.

This means that a and B do not have any common point. Therefore they are parallel
planes.
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3. Let a be a plane and let A be a point not in a.
We need to prove that
a. through A, we can draw a plane parallel to @, and
b. this plane & unique.
a. First we prove that the plane exists:

Let d and m be two intersecting lines
in a,

Through A we can draw a line paraliel
to d and another line parallel w m.

Let us name these lines d, and m,,
Lines d, and m, are intersecting lines,
s0 they determing a plane [

By the previous thearem, o and [ are parallel.
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b Now we prove that the plane Is unigue:

Assume that there is another plane [ containing A and paralle] o &, and look for a
contradiction.

P cannot contain both d, and m, otherwise it would be coincident with plane p.
So at least one of d, and m, intersects ', Let d, be this line.
Since d and d, are parallel, d also intersects plane §'
This mean that ' cannot be paraflel to &, which is a contradiction.
So plane f§ is unique.
4. Let a and f be two parallel planes and let d

be a line intersecting o at a point A as shown
in the fgure.

We need to prove that d intersects i,

Line d cannot lie in f because 4 intersects o
and o/ i

Any line drawn through A and paralle] 1o B
must lie in @, so if d is parallel to b it lies in

i,
However, we know that o is not in o

Hence there is only one possibility: line J is not parallel w [}, Le. it intersects .

i

/
A
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If two plane an: intersected by & third plane then the resulting intersection lines are parallel
to each other

FProofs I
. R
o
4 y
v 4
-
r \ H?
4 S [
i e “
! I
'\-\._.H.
N=AE |
Mr@=go | 9

g;i?}: %zg} {intersection line of two planes contains ell common points of planes)

In(Z), if ABHCD it intersects at a point £

E€ABCIX) —EE(X) intersection line of twa planes containg all commaon points of planes)
EE-:T:n'r:'L"II’:I—-EE'i"’J}Ir Lo il

Ec(¥)~(Y) they have common point £

This is contrary 1o the given (X //[Y)
Therefore AB does not intersect €D [Twa lines are parallelif then either lie i a same plane or they are intersected)

If a line intersects one of two parallel planes then it intersects the other plane too
(a
\ X
I'||II By F l"\
i
X o A
i "'ﬂl\

R

AN
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Proofs

Let E&(Y) we draw EN//AB (One and anly one straight line can be drawn parallel to a given straight line through
a point outsite the given line) [Farallel s Postulate)

Let {Z} contains EF and AB (There is one and enly one plane contains two porailel lines)

FB //EM (Theorem 1)

AB intersects () at M

If a plane contains one of two parallel lines then the plane is parallel to the other line

Proofs

If AB is not paraliel to (X} 50 it intersects it at a given point E
AB//TO

(X} intersects CD (4 plane which intersects one of twe parailel lines then it intersects the other line toc )
This is the contrary to the given( COCIX))

{(X) does not intersect AB
()7 AB

If two distinct lines are each parallel to a third line in a space then they are parallel to each other

Proofs
Let AEK

Let [X) contains L and the paint & (There s a enigiee plane comtains o [ime and a poirt outsice of the ne)
IFEG (), So K will intersect [X) at a point A

« (X intersectlﬂ_, This is imposible (4 plare which intersects ane of bwo poarallel lines it intersects the other ling too |
P KT
In(¥) AT

=K intersect L at a point M

5o we have twa strasght Ines drawn from the point M each parallel bo R

This i contrary to given [Parallel s Postulate)
'K does not intersect L

THT
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The intersection line of two planes is parallel to any line which [s contained on
' one of the planes and paralled to the other

//_, _____ AV !
S ' r“/
x | /
A
E, COCiX) Given
CO /(X

In (), suppuseﬁ intersects AB

€D intersects (X) (The intersection line resulting from two imersected planes contains all their
common points)

This is contrary to given CO // (%)

BE /D
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Coroliary of Theorems if a plane is parallel to a plane and if a line is drawn from a point within the plane parallel
to the given line then the line drawn lies in the plana

Proofs

If €D (X)

= (M) intersects CI_.DaE L
CD/ /AB (Given)
= ) intersectsﬁm plane which intersects one of two parallel lines it intersects the other line to)

This is contrary to the given that

AB / /(X)

= ﬁ does not intersect (X)

BTN ) fftwo intersected planes each contains one of two parallel lines then the intersection line of
the planes is parallel 10 each of the paraliel lines

THTE. / /<D Given
CD (Y]

AB / /(Y) (Theorem 2)
AB  (X) (Given)

AB / /EF (Theorem 4)

164



A line is perpendicular to two intersecting lines at their intersected point if it is perpendicular to their plane
A line is perpendicular to a plane if it is perpendicular to all [ines in the plane through its trace
There is one and only one straight line can be drawn perpendicular to 3 given plane from a given point

Let C be a point, so either C ¢ (X)orC e (X)
There is a unigue line [ Passes through the point C such thati L ()

The line AB is inclined {obligue) to the plane if it intersect the plane and it is not perpendicular to it.

If ﬁr"ﬁl}:] = {C} and Eis nat perpendicular to (X) then ﬁ‘_.E-is inclined to (X}

Maote: A—.Brs not perpendicular to () if Eis inclined or paralted to (X)

The length of a line segment drawn perpendicular to a plane from a given point to the race is called the
distance of the point to the plane

AR is the distance of the point A to ()

The Length of the line segment bounded by two parallel planes and drawn perpendicular to the planes is

called the distance between two planes

If (X)/ /Y, AB L (X), AB L (X) Then AB represents the distance between 0 , (¥)

If a line is parpendicular to one of two parallel planes it is perpendicular to the other plane too.

Two planes are parallel if they are sach perpendicular to a straight line
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If a plane is perpendicular to one of two parallel lines then it is perpendicular to the other line too.

Proofs

E}ﬁﬂﬂ= {D} (Thearem 1)
Irw (X} we draw E_EB_F

DG/ /BE
DH/ /BF

n } ‘Parakel’'s Postulate)

= ABE = m<CDG
m-rABF = m=<CDH

{If each two sides of an amgle is parallel fo two sides of another angle then their measurements of the angles are equal
and their planes are paralfel)

AB L (X) {given)
AB | BE,BF

M=CABE = m<xCDG =910
M ABF = m<CDH =090

CD L pY

Corollary of Theorams If tw lines are perpendicular to a plane then the lines are parallel.

Proofs
i A:-BJ'E nat parallel to CDthen

From D e (X) we draw I:TE HE {Parallel s Postulata)
E-E. 1 (X] igiven)

DE L (X) (theorem 5)
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CD L (X {given)

There are two lines both drawn from D perpendicular to (%) it is ipmossible, because there is ane one and only one
line can be drawn perpendicular from a point to a given plane

-

DE=DC

AB/ /CD

I two lines are drawn from a point in a plane one of them perpendicular to the plane and the other perpendicular ta
a given line within the plane, then the join line between any point of perpendicular line to a plane and the point of
intersected lines is perpendicular to the given line in the plane.

Froofs

From point B we draw EE f ftﬁ [Parallal’s Pastulate)
COc(X) (fgiven)

—BFc (X} (if two lines are parallel then the plane which contains one of the two lines and a point of the other line
contains the two lines)

BE LCD {given)

BF LBE (iri & plane, a line which is perpendicular to ane of two parallel lines Is perpendicular to the other line too)
AB L(X) (given)

NB LBF

BF L(NBE)

CD L(NBE) (Therem 5|

EN LCD

The same way we can prove that any line joining a point of AB and the point E, is perpendicular to CD
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Carollary of Theorems If twa lines are drawn from a point outside of al plane, one fo them perpendicular to
the plane and the other line perpendicular to a given line in the plane, then the join line
between the traces of two perpendicular lines is perpendicular to the given line in the
plane

Proafls

If BE is not perpendicular to CD so from the peint B we draw NE L CD {There is ane and only one perpendicular
line can be drawn fo a given line from outside point)

AR L (X) (given)

m J.tT:-‘-' (Theorem 6)

ﬁil_E JLEE (given)

ﬁ EE {There is one and only one perpendicular line can be drawn to a given line from outside point)
N=E

BE =BN

BE=CD

SOLVED PROBLEMS

1 BCD right triangle at B, A is a point outside of triangle plane such that AC=CD , AB=BD. Prove that BC is
perpendicular to a triangle ABD plane

Proofs
In triangles ABC,ECD

A_|B =B'_[.} {given)

E — E (given)

E is COMMan

2ABC =.BCD

m<CBD = m<ABC =90

BC LBD (m<BCD=90") (given]
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BC L AB (m<ABC=90") (proved)
RC L(ABD)

1) ;E-kliis a diameter of a circle whose center is O, ¢ is a point on the arcle, 5 is parpendicular to cirde’s

plane. Prove that AC L (BCD)
Proofs

ABis a diameter of the circle (Given)
M-CACB =90 (A circumference angle drawn in a half circle is right right angle)
AC LBC
CD L (ABC) (Given)
ACLCD
AC L (BCD)
2) ABC is right angle triangle at B, AE L (ABC) , D is midpoint of CE, N is midpoint of AB. Prove that

AB LND

Proofs
Let M be a midpoint of E
D is midpoint of  (given)
Mis midpoint of  [given)
MD / / AE (The segment line joining between two midpoints of two sides of a triangle is paralie! to the
third side)
Wh" ;"B_C{The same reasan)
AE/ /(BCD) (given)

MD / J(BCD) (Theorem §)
<L B is right angle {given)
=AB 1BC

M_.-H.- LAB (in a plane if a line is perpendicular to one of two parallel lines, it is parallel to the other too)
M = (ABC)

=MD L(ABC) , MN L AB , AB  (ABC)

= ,ﬁ i ﬁ {Theorem of perpendicular]

1} ABCis right angle triangle at B, AB=4cm, BC=3cm, 5 1 (ABC) such that CD=12cm, Find the length of
AD

21 Prove that if two lines are each perpendicular to two intersected planes then the lines are not parallel.

3l In AABC, m<TA= 30°,BD L {(ABC) , BD = 5cm, AB =10cm ,if BH L AC then find maBHD
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__ PERMUIATIONS

We can define a permutation as an ordered areangement of some or all of the elements in a
given set. The way a set of books is arranged on a shelf, the seating positions of a group of
peopd at a table or the way the players in a foothall team line up for a team photo are some ex-
amples of permutations singe in each case, the order of the elements is important.

A. FACTORIAL NOTATION

181l
fr—s b ny oshe LS

Solution

When we are solving permutation problems, we ofien need to express the product of all
consecutive counting numbers from | to 2 number . Factodal notation provides an casy way to
denate this product

factoral

For any counting number x, the product of all positive integers less than or equal to nis called
n factorial and denoted by nl:
pl=p-(g-1)-...-2:1

For example, 3l =3-2-1=6and5! =5-4-3-2-1 =120
As a special case we accept that 0! = 1,

Evaluate the expressions.

a 7! b, 6l -3 ¢, (6-3)1 4, 4 +21
8 8

e (4+2)1 g 8 . _]|
It . [4

a Tl=76-5-4.3-2.1=5040
b 6l-31=(6-5.4:3.2-1)=(3:2.1) = 720-6="TI4
¢ (6-Ti= (3 =3 =32:1=6
doAl+9=(4.3.2. )+ 2. 1)=24+2=2
e A+ =(B)=6-5-4.3.2.1=720
Bl 8765 4-4-9.1
a1 A-3-9-1

- [9][42}!:241:2
q

=8-7-6-5= 1630

A
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\ For all positive integers, n! = nix—-1)!

For example, 7! =7-6-5-4-3-2.1=T-61,
1]

As a result of this property, we can write
il =nn -1 =win-Die- 20 = win - 100 - Din-2in -3 el

m ! Fvaluate the expressions.
. 2 y 13! e 1001— 90! 3 10!+ 8!

Bl 1 91-71

9l _9-8

a. ~ =M
Solution Bl 31
131 1312- M1 .
b. TR =156

¢, 100! -89) = (100 - 91} - 59! = 931(100 -1) = 99 - 99|

101+8!_(10-8-8-71)+(8-71) _ 710-9-8+8) _728
ol-7  (9-8.7)-7! ae-8-1y T

" ul b (n+3) {n-2)! " (n+1)!
-1 -1 (m+2)! Cne(n-2)

o Hl -“E:.F-"’m_u

Solution (-1} (p-1)
b (med) - _(n43) (4D (-2 _(n+3)
-1 (A2 (- (2! (A2 (n-1)

- (m+1)! _(n+1)-{n-1)-n-(n~2)
n{n-2) n-(n—2)

(a4 1) (n-1)en’ -1
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(n+2)!
Saolve =6n-12.
O P T

(m+2)  _(n+d)-(e4l)n-(n-1)-(n-2)-(n-3)!
(n' —mi(n-3 nin -1){n-3

42 A 1] - p ) (13

Solution

it - (n+T) (n=T) (m—3}
=(n+2)-(n-2=n"-4.

Son’—4 = tn - 12, which gives " -6n + 8= 1.

This equation has two mosts: ny = 2and #q = 4.
AEER) Aoty

Hememnber! Since the first root makes (2 =3 invalid, n = 4
s Lhe Factorial expression

re! i noisi he 4 oomnting
LT, Check Yourself

1. Evaluate the expressions,

13! L 18-14 (a42)(n-1)!
103! 15!+ 14! (w+1)n!

2. Solve for n.

A2 b -1 -2)1=720

TETET
AnSWers
1, 2.286 b T 42 5.6 b5
H i

173



B. PERMUTATIONS OF r ELEMENTS SELECTED FROM n

ELEMENTS

Many permutation problems ask us to consider amangements of r things chosen from r things
(0 <7< n), ie permutations of r elements chosen from a set of n elements,

nl
(n—u)!

m s How many different two-letier combinations can we form from the letters of the word KANO
if & letter cannot be used more than once?

Solution The order of the letters is important and a letter cannot be used more than once. By the

multiplication principle, the number of combinations is: 4 - 3 = 12, These combinations are

KA AKX NE QK
KN AN NA 04
LT > 3

In this section we will use a new formula to solve problems of this type.

P(n,n} =

Definition permutatdon of r elements selected from = elements
The number of permutations of r elements selected from a set of ® elements is

e c c c c IF we apply this formula to Example 38, we can write the answer as

bome books use ', or
P o mesan Piu, 1,

Note
Any question which can be solved using this permutation formula can also be solved using

the muliiplication principle,

BT 6§  coculaep5.3)- Pl{? 2).

53 2= r—— i —=T.6-54.3= 2500
Solution TR HJ' 72 2
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| EXAMPLE iy 4

Solution

Solution

| ExampLe B

Solution

EX 10

Solution

Evaluate the expressions.
aP7,3) bPnn e Pl

NN _T654
a K73 = R =210
b o _al %l
AR (n :} il R
nl =l
: F{"‘j_{u i

Pin, 3} - 5 = Pin, 4) is glven, Find n.

P(w, 3)- 5 = Pin, 4)

|
m-3)  (a-4

5 1
(n-3)- (-4 (md

G=n-3

n=H

How many three-digit numbers can be formed from the digits in the number 13567 if a digit
cannot be used more than once?
We are choosing three digits from five digits. So there are

5 _54-3-2f
(5~ 3}| A
Naotice that we could have sobved the same guestion using the multiplication principle:
5-4-3 =60,

F54 = = il different three-digit numbers.

Three raffle tickets will be selected in order from a bex containing 30 tckets. The
person holding the first ticket will win a car, the person with the second ticket will win a
computer, and the person with the thind ticket will win a CD plaver. In how many different
ways can these prizes be awarded?

Since the guestion is about an ordered arrangement of three tickets selected from thirty
tickets, we can use the formula;

_FI:: ﬂ,.'{:_ 0! =@=W=g§3ﬁﬂ.

(30-3)1 27 a7l
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Solution

Solution

RARR]
Munsally exclusive cases

e cases which canno
bagipen i the same tdme.

Solution

The number of permutations of v clements selected from n elements is the product of »
successive numbers bess than or equal to i

Pim, F)=w-(a-1)-(R-2)-..(n-T+1),

T Jator
For example,
P(5, 4) = 5-4-3-2 = 120, M(10,3) = 10-9-8 = 720and P(20, 1) = 20 =20
i Jiom 9 factory I dadior

A fighter plane has seats for a pllot and a copilot. [n how many
dilferent ways can these be selected [rom a squadron of 13 seldiers?

P18, 2)=18-17 =306
7 fivtame

How many different combinations of at least 3 leiters can be formed from the leters in the
word MATHS if no letter can be used more than once?

Al least 3 letters” means the combination can have 3 lesters, 4 letters or 3 letters. So we need
1o consider three mutually exclusive cases: combinations of 3 letters, 4 leters and 3 letters.
Then we add the number of permutations in each case:

P(5.3) + P5, )+ P(5,5) =(5-4-+(5.4-3- N+ (5-4-3.2.1)
et vark 4w ke s = 5) + 120 + 120 = 300,

Sa there are 30 possible combinations.

Kemal's bookease has three shelves. Kemal has 5 different math books, 6 different biology
books and 7 different physics hooks. He wants to arrange 3 math books, 4 biology hooks and
5 physics books on the shelves so that each shelf is for one subject only. In bow many different
ways can Kemal arvange his books?
There are F{5, 3) possible ways to arrange the math books. There are also P(6, 4) and P(7, 5)
different possible ways to onder the bislogy and physics books respectively,
However. Kemal can chonse the shelves for the subjects in 3! ways. As a result there are

P(5, 3) - PiG, 4y P(7.5) - 3] =60-360-840: 6

e I L

= 108 864 000 ways for Remal to arrange his books.
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| exampie B 1

Solution

A three-dight number is formed by choosing elements from the set {1, 3, 4,5 7 8. 9}
without repetition.

& How many numbers do not contain the digit 57
b How many numbers contain the digit 57
¢ How many numbers contain 1 or 7 or both 1 and 77

@ The problem is the same as finding the number of three-digit permutations of the set
{1,3, 4,7, 8, 8} (D excluded): P{6,3) =6-5-4 = 120.

b The total number of three-digh permutations of the set {1, 3, 4, 5, 7, 8 9} Is
P73 =7 6.5 =210, From part a, 120 of these permutations do not contain the digit 5.
S0 there are 210 - 120 = 90 three-digit numbers which contain the digit 5,

. We begin by caleulating the number of three-digit permutations in which 1 and 7 are no
used: P(5, 3) = 5 -4 3 = 60 permutations. So there are 210 - 60 = 150 three-digit
numbers which contain 1 or ¥ orboth | and 7.

Check Yourself

. There are T different pleces of frull on a tray. We will choose 3 of them and arrange them
in a row on a plate. How many different arrangemenis are possible?

2. The students in a class are photographed in pairs such that each student is photographed
with every other student. If there are 90 photos, how many students are there in the class?

3. A machine generates all the possible two-letter combinations of the letters ABCDE,

without using a letter twice. What percentage of the combinations do not contain a

ponssnant ?

4. How many of the four-digit numbers formed from the digits of the number 12345
without repetition do not begin with the digit 27

5. Agroup A contains 6 students and a group B contains 8 students. In a class photo, two stu-
dents who are to sit in the front will be from A and three students who are (o stand at the
back will be from B, How many arrangemenis are possible?

Answers
LA =210 2.10 3. 10% 4.P0G 4)-P4,3y=99% 5 PG 2)-P8, 3) = 10080
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EAERCISES

A. Factorial Notation

1. Write 24 -23 - 22 - 21 . 20+ 19 using factorial ne-

101-2-8!

3 Evaluste o — .,
{oh2-31)-T!

4, Simplify the expressions.
n! (42 4in+1)!

Y -2y 2-nl+ i+ 1)

@u+D)! (n-1)
© @1 (n+2)

B. Salve the equations.

1)l -
S Rt
(n+1)
(n-1)

a,

=hh

% Sirmplify (1 11)4 (220 4+ (3. 30 + ..+ (n-nl).

B. Permutations of r Elements Selected

from n Elements
7. Evaluate the expressions,

. PALY) b. P(8,3) - P(5, 4)
i P, 4) q Pid, 3)+ KB, 3
Pin, 3) ' Py, 3)

. P{5, 5)
LT

178

8.

10.

L

i,

How many different five-digit numbers can be
formed by using the digits in the number 75401

Mee?

. In how many ways can a group of 7 sludents be

seated in a row of ¥ chairs if a particular student
insists on betng fn the frst chair?

In how many different ways can we name a
regular pentagon using letters P, Q, R, §, T7

Seven people will be n a group photegraph. In
how many different wavs can the phowsgraph be

et up if 3 people must be in front and 4 must be
at the back?

A group photograph will be taken of 5 boys and 5
girls. Five people must be in the front and 5
people must be at the back. It the girls must sit (o-
gether, in how many ways can the photograph be
taken?



___COMBINATIONS

When the order of the elements chosen from a set is important, we use permutation. However,
order is not always important when we are choosing elements. For example, we may want to
choose a certain number of people from a group to form a committee, The onder of the chosen

members is not important since the result is a group of people, not an ordered set. An un-
ordered selection of elements like this is called a combination.

e E' c e c When we alk about a combination of n objects taken r at a time, we mean the r-element

subsets of a set with n elements. We write tatal the number of such combinations as
An r-element subsel 54

sithset with r elements, Cin, r)or [ﬂ] (n,redand D<r<n),
T

For example, if we are asked (o choose two digits from the set {2, 3, 3}, we might choose
{3, 5} or {5, 3} These are the same combination. This is very different to the problem of

forming a two-digit number vsing the digiis 3 and 5 because 35 and 53 are two different

A. COMBINATIONS OF r ELEMENTS SELECTED FROM n
ELEMENTS
Consider the set K = {1, 2, 3}. Let us compare the K=11,2.3}
two-glement combinations with the two-element T P-Ei'mul.u.wmi
permutations of the set K in a table: with 2 elements  with 2 elements
{12} 12 2]
{2, 3} 23 32
{1, 3} 13 3l

We can see that the mumber of permutations with two elements is twice the number of the
combinations with two elements: 2 - C(3, 2 = P(3, 2).

If we now consider the =-ﬂ'.'=-.{'ﬁ¢h,'ﬁ,i}§
' od .
el pir i mﬁ%ﬁ Permutations with 3 elements
and permutations of the set {a, b, c} abe  ach bac bea cab  cha
A=labcdhwegetthe — yp gy bd udb bad bda deb dba
o e Gadr Vi Tede Uad[iida e dch
(b, ¢, d} bed bde obd  odb  dbe  dch
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There are four combinations and 24 permutations. We can see that the number of permuta-
tions with three elements is 3! times the number of combinations with three elements: 3! -
C(4, 3) = Pid, 3).
1f we repeated this exercise for two-element permutations and cambinations we would find
2! C(4, 2} = P4, 2).
We can generalize this pattern as

Clm,r) -zl =Pm,r), which gives us the formula

vga of clmay vy of amangng

By T

1
Pin,r) :*‘{. h__
rl il (n=r)r!

Clar)=

combination

Let ® and r be non-negative integers such that D<r<n,
e_e_e_e_eﬁ A subset of 7 elements chosen from a set of » elements is called an r-element combination of

that set,
. E:l;; :smé","mﬁ The number of r-element combinations of a set of & elements s
rr t
;:"]. oL Cln, 7) = —— ared and D<r<n).
[" s l-(n -1}l : IJ

| gCy I sometimes sead
| as
', ehoos

ENT1 15 cacuisiecs, 3.

8! B 8785
By the formula, C(8 3= = - =5R.
Solution 3B-H 3.5 W5

| EXAMPLE | 16:cczs con

1 R (O |
19, 5)-C(7, 2)= . -
Solution G HLA SL{12-5) 2(7-2! 5. 2050 51.21.5
¥ 11-10-9-8.7.6 5

=11-2.9.2.7.6 = 16632

5.4 38T . 5

180



17

Solution

Solution

19

Solution

= 20

Solution

Find the number of groups of 3 students which can be chesen from a class of 10 students.

00 1098
310-3) 3-2-1

120.

The number of such groups is C(10,3)=

There are 8 fruit pleces of different kinds including an
apple on a tray. How many selectlons of 4 pleces of frult
ean we make if we have to include the apple?

If we have to include the apple, we need to select three
pieces of fruit from the seven remaining: C(7, 3) = 33,

There are 10 players in a list. A basketball coach will choase 6 players from the list for a school
team and make one of them the captain. In how many ways can the coach form the team?

The coach can chonse 6 plavers in 210 ways [ﬂ[lﬂ.ﬁ} g =Elll'.ll}

GL(10-6)1

Additionally, any one of these six chosen players can be the captain. By the multiplication
property, the coach can form the team in C{10, &) - 6 = 1260 ways,

In & group of 9 children, 4 children will be given apples, another 3 children will be given or-
anges and the rest will be given peaches. In how many ways can these fruits be gven?

!
We can choose four children from nine in ( q] wars and from the remaining five children we

can choose three in {?—] ways. There will only he one way 1o choose the other two children.

g} (9
S0 the total number of possible groupings is [4] - [i] 1 = 1260

Note that we can also solve this probdem by treating it as a permutation with some identical

elements.
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21

Solution

EXna 22

Salution

B 23

Solution

A cafe offers chocolate, lemon, sour cherry and vanilla
Navors of ice cream. A customer can choose one, two or
three scoops but the flavours must all be different, How
many different possible ice creams can a customer
order?

There are four types of ice cream.
The number of possible ice creams is [n+[:]+ [:} =d+6+4=14.
Notice that

o) ] oo ()= -(s

Classes 10A and 108 have 12 and 18 students respectively. A basketball team of 5 players will
be formed by choosing 2 students from 104 and 3 students from 10B. How many different
teams can be formed?

The kaskethall team has five players.
12
We can choose 2 students from 12 students in [ o ] Ways.

We can choose 3 students from 18 students in [T] ways.

So the weam can be formed in [1;]-[15] =66-816= 03856 ways.

How many three-dight numbers abe can we write which satisfy the conditlon ¢ < b < a?

Notice that the digits a, b and ¢ must all be different. So any three-element set of digits
{a, b, ¢} will be enough te form a valid number, because we can just arrange the digits to
satisfy the condition. For example, the digits set is {0, 1,2, 3, 4,5, 6, 7, 4, 9} and from the
chosen subset {3, 5, 8} we can form the number 853, So we just need to find the otal
number of three-digit subsets of the set of digits: C{10, 3} = 120 different numbers can be
formed.
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m 24 A watchmaker has 7 different jewels. He wants to

cheose four of them to decorate the quarters
(3, 6,9, 12) on the face of a cleck. How many
different decorations are possible?

5 :
Solution The watchmaker can choose four jewels in [4] ditferent ways and set them around the quarters

f
ory the dial in 4! different ways. So the total number of possible decorations is [4]-4! = B40.

(Notice that we cannot use circular permutation in this problem. Can you see why?)

m 2’ Seven polnis are given as shown In the adjacent figure.,

a.

Solution a

How many lines can be draw which pass through at least - eem,
two of the points?

How many triangles can be formed using the points as
vortices?

rrrrrr L L

Two lines are already given, There are three collinear points on the wp line and four collinear
points on the bottom line. Other lines can pass through one of the top and one of the bottom
points, There are 3 -4 = 12 such lines. Including the wp and bowom line, there are 12 + 2 =
14 possible lines.

For any triangle we want te draw, there are two cases;

Case 1: Aside is on the upper row and the vertex is & point
on the lower row. Since two points determine a side, there
can bhe [g]i = 12 such iiangles.

some of them are shown in the Bgure.

Case 2: A side is on the lower row and the vertex is on the

upper row. There are [4]-3 =18 such triangles.

2
Some of them are shown in the Bgpure.

In conclusion, we can form 12 + 18 = 30 triangles.
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"XERCISES

A. Combinations of r Elemeants Selected 4 list all the three-element subsets of the set
from n Elements C=1{k | mmnr}

1. Evaluate the expressions.
a ((4,2)
b, C(6, 2) + C(8. 3)

2. How many subsets of at least 4 elements does the
) setk = [*, 0 & 00,0, # have!
E(? 1)
¢ (e Rl-+(o)
2. [13]+[]3]+[]3]+,,,+[13] 6. How many of the three-element subsets of the set
RaCe e £ H = {a.}. ¢, 4. 6,f} include the letter 7

7. In how many different ways can one novel, one bi-

2. Simplify the expressions. ography and one poetry book be chosen from 3
Cin, 3y novels, 4 biographies and 5 poetry books?
a 204, b ﬁ e Cim, 2) + Cln, n-2)

B. Snow White wants to choose 3 of the 7 dwards to
clean her house. How many different groups can
she choose?

8. A computer programmer wants to set a key
combination for an operation in a program. For
this purpose, he will use twe of the kevs Shift, Cerl

3. Solve the equations. or Alt together with one of 26 letters, How many
different key combinations can he choose from?

! R b ("] eog-[®
a Cn,2) =1 [E]+m [3}
G [ﬂi;J=[H;I]+]T 10, In a group of 10 people, everybody shakes hands
: with evervbody else. How many handshakes are
there?
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A. PASCAL'S TRIANGLE AND BINOMIAL EXPANSION

Look at the pleture oppesite. A mouse is moving from
circle to circle from lefi to right across the page. After
each circle there are two wavs for the mouse to
proceed: right and up or right and down. The
number in each circle is the number of

ways in which the mouse can

reach that circle. A W

The numbers in the circles sar—g

show a pattern which is known

as Pascal’s triangle. This triangle
has many interesting properties, To
understand them, let us move the

triangle to an upright position.

L - A §’
{ o
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¢eeee

A constanl ferm in an

expression is a ferm that
dioes nol charge with the

First notice that each row begins and ends with 1.

Secondly, notice that the sum of any two consecutive terms in a row gives us the term between
them on the next row. For instance, the number 15 marked in red in the sixth row is the sum
of the 10 and 5 located above it. We can extend the triangte infinitely dewnwards by using this
rule.

Notice also that the first row is row zero. For convenience, when we count the positions of the
numbers in each row we also begin with zero (not 1). For example, number 21 marked in
green is the second entry (not the third entry) in the seventh row. The entries in Pascal's tri-
angle are related 1o the coeflicients of the expansion of a binomial with 1 non-negative integer
power. To understand the relationship, look at some binomial expansions with the first few
powers and notice their coefficients.
(a+b)' =1
(@+b) =a+b
=lg+1b
(a+b) =a" + 2ab+ b
=1a* + 2ab+ 1b*
(a-b)" =" - 3a’b + Jab* - b
=la* - a*b+ Jab* - 1
(z+23) =x" + 8%y + 24xty® + 32xy* + 164"
= 1a* + () + (290" + 1220 + 12

We can see that the coefficients in each expansion are the same as the entries in the
corresponding row of Pascal's triangle.

The expansion of a binomial expression to the n™ power has the following properties:

= There are n + 1 terms in the expansion.

= The coefficients of the terms in the expansion correspond to the entries in the n® row of
Pascal’s triangle.

= The power of the first term in the binomial expression beging at n in the expansion and
decreases by 1in each term down to zero.

= The power of the second term in the binomial expression begins at zerw In the expansion
and increases by 1 in each term up to n.

= In the expansion of (x + y)". the sum of the exponents of 1 and y in each term lsn.

= The sum of the coefficients of an expansion can be found by substituting 1 for each variable
in the binomial expression.

= [f the binomial expression is a polynomial then substituting zero for each variable in the
binomial expression gives us the eonstant term of the expansion
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m 26 How many terms are there in the expansion of (x + §)"*?

Solution Since the poweris 12 (n = 12) there will be n + 1 = 13 terms.

B 27 mpunacc+ gy

Solution  The primary cocfficlents of the terms in the expansion will be the entres in the sixth row of
Pascal's triangle: 1,6, 15,20, 15,6, 1.

The first term of the binomial is 2x. To avoid any mistakes, let us keep 2v in parantheses to
begin with:
(Zv + )" = (2} + B(20Py + 15(2e)y" + 20020)%" + 1520 + 62 +

= Gdx* + 632y + 15(16x")y* + 2008 )" + 15-40%y + B2y’ + o°

= 642" + 1021% + 2400y + 160x'y* + 60y’ + 121" + o,

ETma28 ey

Solution We will use the entries in the fourth row as the coefficients: 1, 4, 6, 4, 1, If we write
consider (x° - 3y} as (x* + (=3y))' then
(=3 = () - 40" Bu) + B33y - 40 (Jy)' + (3y)*
= 2 - 12 + Gy - 4027y + Bly!
= x* - 12xfy + Sdoly® 1082%" + Bly*,

EIT29 o 1]

"

Solution Use the seventh row:

[‘n+%]? 4T %Hln‘”[;}]}+35*u‘&]3+35n‘[%]‘+2h*[ﬂs +h[_:;]s+[%]-.

1 1 1 1 1 |
=0 4+ =+ 2" —+ 350" =+ 350" — 4+ 2’ —+ TR+ —
] w n ' T T

=" +7n’ +Eh’+35a+E+E+lﬁ+ i;,
T E'z " on

EXAMPLE 30 Find the sum of the coefficients in the expansion of {3r + i7",

solution If we substitute 1 for each variable in (3x + 3 we get (3- 1 + 1*) = 4" = 4006
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m 3‘ Find the constant term in the expansion of (Tx + 3)°.
Solution Substitute zero for each variable in (Tx 4+ 3)% (7- 04 3)° = 37 = 243,

Check Yourself
Expand the binomials.
]
1
LG3x+m)t 2 [1— I] 3.(2- 9y

Answers 3 1
1.81x + 10RYYy + Sdatyi+ 12 + ' 2 x"’dﬁ?F 3,232 - 16442

B. FINDING BINOMIAL TERMS USING COMBINATION

A laboratory mouse has heen exposed to five types of virus. A scientist wishes to find out how
many viruses ame now present in the mouse, In how mary ways could the mouse have been
infected?
Infected with no viruses: C(5,0) = 1 (mouse is clean)

Infected with 1 type of vius:  C(51) =5

Infected with 2 types of virus:  €(5.2) = 10

Infected with 3 types of virus:  C(5.3) =10

Infected with 4 types of virus:  C(54) =5

Infected with 5 types of virus:  C(3.5) = 1.
Can you see the similarity between the number of combinations and the entries in the filth
row of Pascal’s wlangle?
Perhaps one of the most interesting characteristics of Pascal's triangle is its relationship with
combination. We can describe this relationship simply; entry number r in row n is the
number of subsets of r elements which can be taken from a set with r elements.
This gives us another interesting charactenstic of Pascal’s tnangle: the sum of the terms in
the n"* row of the triangle is 2* {can you see why™).

The symmetrical property of Pascal's triangle ean also be related to the combination rule

[H]=[ " ]l:]'I,TE'] and 0=r=m),
=T

T -
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For example, the third entry in the eighth row of the triangle is the same as the fifth entry in
the same row since C{8, 3) = C(8, §) = 56

Let us now redraw Pascal's triangle using combination:

o o)
)

H H
B 6 G

I

- R 1S A I

o o 06 6 & 6 G
/ \

Using the above triangle, we can generalize the expansion of a binomial to any power n as

o (i

Notlee that the coefficient 1 in the first and kst terms of the expansion 1s obdained from [;]
and [#] respectively.
i

i ¢

m 32 Expand (x + )° using combination.

Solution (z+y) = :t“+[ﬂx" 'H[?]x""f +[§]x"'"‘y‘ +(§Jf"y‘ +[§’]f iy

= x84 By + 150" + 20247 + 15kt + Gry' + 3
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m 33 Expand (2a - by,
Solution (3z-bY = (2a) +[5]]@a}“{—b}+[g]{h}”{—&}’ +[§]{ﬂu‘f‘“[—b}“+[g]{ﬂu}”'t-ﬁ:l" +(-b)’

= 32" -5-16a"b+10-8a"h" ~10-4a°h" +5-2ab' - b

= 32a" —80a'b + 80a"F — 106" + 10ab" - b

exampLe |5 7. Q- ["EJ'H'
s (& e { (el arT oo T
WEORHEERY

VT TP LeaF LaasfT L3600 Lol Lanfz s e
X : 2 X x! - o xR

. 35 35 21 Tr 1
-EJE+?;:‘+EIJE+-;+T+?+?—+F

The relation between combination and Pascal's triangle helps us to calculate any particular
term in a hinomial expansion without writing out the entire expansion,

For example, suppose that we are asked to find the third term in the expanston of (x = 253"
Using our knowledge of the properties of binomial expansion, we can sav that 2y will have ex-
penent 2 i this term and x will have exponent 1 since the sum of the exponents must be 3.

Now we only need to find the coefficient, which we can calculate as [é]- : §

So the thind term is G]xl;ﬂy}’ = 3x 4y =12xy". We can easily check this against the full

expansion: (x - 2)* = x* - 'y 4+ 1 2xp* - By,
We can formulize our findings as follows:

190



The ™ entry in the expansion of (x + )" i5 (: l]x"" Iy = [:]]:""'y“'.

3’ Find the ninth term in the expansion of (a + b)*,

12

Substitute i = 12 and r = 9 in the lormula: [9-:

2=l 01 _ gt
Solution ]:: ' =4050'b.

m 36 Find the sixth term in the expansion of (2v + 1)".

Solution Wewilllusen=9andr=6. 8507 -1 = 5 and the sixth term is

[g]{ﬂ.r]"if= 126 - 16x"y" = 2016x"y".

EXAMPLE 31 What is the coefficient of the fourth term in the expansion of (2¢ - 4y)77

(7 ; y
Solution T = dmeanst -1 = 3. So the fourth term is [EJ{E&:}T —4y)" = 35- 162" (-64yy”". From this

we can caleulate the coefficient to be -35840.
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_ PRUBADBILILY

experiment, outcome, sample space, event, simple event

An experiment is an activity or a process which has observable esults. For example, rolling a
die is an experiment.

The possible results of an experiment are called outcomes. The outcomes of rolling a die once are
1, 2,3, 4,300 6.

The set of all possible outcomes of an experiment is called the sample space for the experiment.
The sample space for rolling a die once is {1, 2, 3, 4, 5, 6},

An event is a subset of {or 2 part of) 2 <ample space. For example, the event of an odd member
being rolled on a die is {1, 3, 5}.

IF the simple space of an experiment with # oulcomes i 8 = {21, £9, €3, £4, .. , £} then the
events 41+ deal, {eqh ... legh which consist of exactly one outcome are called simple events.

m:a What is the sample space for the experiment of

tossing a coin?

Solution There are two possible outcomes: tossing heads
and tossing tails. So the sample space is {heads,
tatls}. or simply {H. T}.

ms, Write the sample space for tossing a coin three

Limes.

Solution The sample space is {HHH, HHT, HTH, HTT, THH, THT, TTH, TTT}.

DETEET A O e sple space for an experiment is {1, 2, 3,4, 5, 6,7, 8, 9). Write the event that the resul
15 @ prime number,

Solution Theeventis {2 3,5, 7).
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D EITTEEN  union and intersection of events, complement of an event

The uniom of two events A and B is the set of all outcomes which are in A and/or B. It is de-
noted by A U B.

The intersection of two events A and B is the set of all outcomes in both A and B. 1i is
denoted by A~ B.

The complement of an event A is the set of all outcomes in the sample space that are not in
the event A. [t is denoted by A (or A%).

A i
\ &
5 [ A
AuB Al N
(rton of A and &) (v rsectten of Aand B) i compbemen] of A)

BETTTIT A1 Consider theevents A = {1, 2,3, 4} and B = {4, 5, 6} in the experiment of olling a die, Write
the eventsAw B, ArvBand A"
Solution The sample space for this experiment is {1, 2.3, 4, 3, 6}. Therefore,
AuB={l,12 3 4,5 6} (the set of all outcomes in events A andfor §);
A B = {4} (the set of all common outcomes in A and BY;

A'= {5, 6} (the set of all sutcomes in the sample space that are not in event A),

Definition mutually exclusive events

Twoevents which cannot ocour at the same time are called mutually exclusive events. In other
words, IF two events have no outcome in common then they are mutually exclusive events.,

OE.
§ |

A aned 8 are munalhy eclisive gvents
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For example, consider the sample space for rolling a - =ty

die, The event that the number rolled is oven and the . _." ",

event that the number rolled is odd are wo mutually 223 Z7=3 "‘-'if.‘-_' i

exclusive events, since E = {2, 4, 6} and l{ ':-:.:_- = ) BN

0 = {1, 3. 3} have no outcome i common. -y : .,l.h"' ‘-l-gl-l
L gy

Now we are ready to define the cancept of probahility of \ : o 4

ar evenL

probability of an event

Let E be an event in a sample space § in which all the outcomes are equally likely te occur
Then the probability of event E is P{E}:"{{—‘E;, where n(F) is the number of oulcomes in
ki

event E and #(5) is the number of outcomes in the sample space 5.

BT A2 A coin is tossed. What is the probability of ob-

taining a tail?

Solution  The sample space for this experiment is {H, T}

and the event is {T}, soniS) = 2and n(E) = 1.
Soth ired hility i =ﬂ=1.
ot desied probabiiy s HE)="L < =2

W A3 1 1ol a die. What is the probability that the

number rolled is odd?

Solution The sample spaceis § = {1, 2, 3,4, 5,6} and the
even! that the number is odd is £ = {1, %, 5}

So the probability is P{E‘)=%= %= %

BETTIT 44 A coin is tossed three times. What is the

probability of getting only ene head?
Solution The sample space is

§ = {HHH, HHT, HTH, HTT, THH, THT, TTH, TTT} and the desired event is

E ={HTT, THT, TTH}. So the probability is P(E) = %
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m4’ The integers 1 through 15 are written on separate cards. You are asked to pick a card at

Solution

BETTTT A6 A chid is throwing darts at the board shown

Solution

random. What is the probability that vou pick a prime number?
There are fifteen numbers in the sample space. The primes in the set are 2, 3. 5, 7, 11 and

.
13. S the desired probability is ]—'; - %
ul

Since the number of outcomes in an event is always less than or equal to the number of

n(E)

outcomes in the sample space. “EFEI is abways less than or equal to 1.
R
Also, the smallest possible number of sutcomes in an event is zero. So the smallest possible
o, iy 0
probability ratio 8§ —=——=1(0-
a(S)  a(s)

In conclusion, the probability of an event always lies between 0 and 1, ie. 02 P(E) £ 1.

it the fgure, The radii of the cireles on the
board are 3 em, & em and 9 cm respectively
What is the probability that the child's dart
lands in the red circle, given that it hits the
board?

We know from geometry that the area of a circle with radius r is ar®, Hence the area of the red
circle is 3 = Oz em” and the area of the pentire board is 2% = 8ln cm®.

We can consider the area of each reglon 25 the number of outcomes in the related event.

S0 the probability that the dant lands in the red circle s P{red) = st igli: 1
n(board) 8lx §

As the probability of an event gels closer to 1, the event is more likely to occur. As it gets

choser w zero, the event is less likely 1o occur. In the previous example, the probability is close
to zeto so the évent is not very likelv. However, note that é dees not tell us anything about
what will actually happen as the child is throwing the darts. The child will not necessarily hit
the red circle once every nine darts. He might hit it three times with nine darts, or not at all,
But if the child played for a long time and we looked at the ratio of the red hits, w the other
hits we woold find that It is close 1o %
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B 47

Solution

IETTT A8 A small child randomly presses all the switches in the ;

Solution

certain event, impossible event
An event whose probability is 1 is called a certain event. An event whose proability is zero is
called an impossible event.

A student rolls a die. What is the probahility of each event?

a. the number rolled is less than 8 ﬁ
b. the number rolled is 9 | |

The sample space is § = {1, 2, 3, 4, 5, &}, ll I',
a. We can see that every number in the sample space is Jess than §. | |
Sotheeventis E = [1,2,3,4, 5, 6}.
Therefore the probability that the number is less than § is

KE) =g=l, which means the event is a certain event.

b. Since it is not possible to roll a 9 with 4 single die, the event is an

empty set (E = @). So the probability is P{E}=%=ﬂ, which

means the event is an impossible event.

circuit shown opposite. What is the probability that the
bulb lights?

Each switch can be either open or closed. Let us write O to

mean an open switch and € 1o mean a dosed switch. Then
the sample space contalns 2 - 2+ 2 = 8 outcomes, namely

00,0, 0L, OGL, 060, C00,, COL, CGO, CGGLL
The bulb only lights when all the switches are closed. So the desired probability is %
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A9 114 game. a player bets on a number fram 2 to 12 and rolls two dice. If the sum of the spots

Solution

on the dice is the number he guessed, he wins the game. Which number would you advise
the player to bet on? Why?!

There is no difference between rolling a die twice and rolling two dice
together. Let us make a table of the possible outcomes of rofling the
dice

(0, 1 0L 23 €1, 3) (1, ) (1, 508 6

Eﬂ.ﬁﬂ.ﬂ}{ﬂﬁﬂ (2, )42 BT 15t

[[#] 4

=
&
=
o
Peaalmhilaty (%%

1 &3 4% 67 &0 D11

We can see that there are six ways of relling 7 with wo dice. This is the most frequent
outcome of the game, 5o the player should bet on 7. As there are 6 - 6 = 36 outcomes in the
sample space, the probability of rolling 7 is 13%5!!3- , which i the highest probability in the

game.

Check Yourself

L. A family with three children is selected from a population and the genders {male or female)
of the children are written in order, from oldest to voungest. If M represents 2 male child
and F represents a femake child, write the sample space for this experiment.

2. A student rolls a die which has one white face, two red faces and three blie faces. What is
thee profbability that the top face is blue?

3. Two dice are rolled together. What is the prohability of obtaining a sum less than 6?

4. Abox contains 15 lght bulbs, 4 of which are defective. A bulb is selected at random, What
is the probability that it is not defective?

. Theee dice amre rolled ogether, What is the probability of rolling a sum of 157

Answers

L. AMMM, MMF, MFM, FMM, MFF, FMF, FFM, FFF} g1 58 41 g 3
2 14 15 108
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Solution

Solution

In this section we will leamn some rules of probability which are frequently used for solving
problems.

rules of probability

1. ForevervevenlE.0sPE =1,

2, For a sample space S, P(3) = 1.

4. For two mutually exclusive evenis A and B, PiA . B) = PiA) + P(E).

4. For any two events A and B, P{A U B) = P{A) + F{B) - P{A ~ B).

5. Forany event A, P{A) +P{A" = 1. In other words, P(A") = 1 - P(4).

Note

Many problems in probability are written in natural language. The key word for recognizing

the union operation (. in & written problem is ‘or’. When we use the word ‘or” (A or B) in
mathematics, we mean A or B or both.

The key word for recognizing the intersection operation {~) in a written problem is “and’.
When we use the word ‘and’ (A and B) in mathematlics, we mean both A and B,

A die is rolled. Find the probabilicy that it shows 3 or 5.

Let T mean the die shows 3 and F mean the die shows 5. Then '3 or 5 mearns Tu F,

Since T and F are mutually exclusive events, by the rules of probability we can write

P(TwFy=#T) + P(F)

111 g
[ R Y
st573 SnthEpluEnblhIfIE:]

A die is rolled. Find the probability that # shows an even number or a prime number.

The possible prime numbers are 2, 3 and 5 and the even numbers are 2, 4 and 6. Showing an
even number (E) or a prime number (P} are not mutually exclusive events, since the
putesme is in both events,

Since P{EJ=%, KEnP)= é
50 the probability of E or Pis Ew P)=PE)+KP)-PEnP)
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Enn 52

Solution 1

Solution 2

Solution

EXEE 54

Solution

An urn contains five blue marbles, four red marbles and six yellow marbles, We want (o take
ane marble from the um. What is the probebility of taking a red or a yellow marhle?

Since a marble cannot be both red and yellow, drawing a red .
marbde and drawing a yellow marbde are mutually exclusive events. e 9

So the probability is . . .

PRUY) = BR)+ DY) = 4 2= 102

515 15 3 a. e @

We can also solve the problem in another way, Let E be the event

that a red or vellow marble is drawn. Then the complement of . G. . .
E (written E™) is the event that neither a red nor a vellow marble is

drawn. In other words, £’ is the event that a blue marble is drawn.

We also know that P(E)+ i{j'} =],

So the probability of drawing a red or vellow marble is P(E)y=1-PKE" =1_%=%=%

We have twenty cards numbered from 1 1o 20, A card is drawn at random, What is the
peobability of drawing an even number or 2 number divisible by 37

Let the event that an even number is drawn be E = (2,4, 6, 8, 10, 12, 14, 16, 18, 20} and the
event that a number divisible by 3 is drawn be T = {3, 6, 9, 12, 15, 18}. We can see that
EnT = 16,12, 18}.

S0 we.can wille: ((ELT)= F{E}+P{T}-P{En’r_}=%+u—-—-=u—_

A coin is wesed four times. What is the probability that the coin shows tails at least once!

The sample space contains 2° = 16 outcomes, If E is the event that we .

et tails at least once then E' is the event that we get no tails. In other

words, E Is the event that we get heads three times (can vou see why?).
Since there is only one way to do this, F{E") =%. .. .
1 15
=1-KEY=l-—=—.
So P(E}=1-PE" TR
We can check this result with the sample space:
§ = {HHHH, HHHT, HHTH, HTHH. THHH, HHTT, HTHT, THHT, TTHH, HTTH, THTH,

HTTT, THIT, TTHT, TTTH, TTTT}.
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m ” A group of b people iz selected at random. What is the

Solution

probakility that at least two of them have the same birthday?!

First let us assume that there are 365 days in a vear Then the
sample space for one person’s birthday has 365 outcomes because
there are 365 possible dates for a contains, Let the desired event be A.
Then A’ s the evers that none of these six people have a common
hirthday,

S0 A' contains 365 - 364 - 363 - 362 - 361 - 360 outcomes.

Let E be the sample space for the experiment. Then E contains 365° possible outcomes, be-
cause there are six people,

nid') =1_3ﬁﬁ-:ﬁ4-363-362~361 36 .

0.05.
nik) 365"

5o the probability of A s 1-

Check Yourself

1. A die is rolled. What is the probability that the die shows a number greater than 3 or an
even number?

2, A number i drawn at random from the set A = {1, 2, 3, ... .100}.
o. What is the probability that the numbsr is divisible by both 2 and 37
b. What is the probability that the number is divisible by 2 or 37

Answers
1. E 2.4, i b. E
3 25 100
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EXERCISES

1. An um contains 5 red, 3 vellow and 6 white
marbles. We draw a markle from the wm at
random. What is the probahility of drawing a red

or a yellow marble?

. An um contains 3 black, 4 red and 2 blue
marbles. What is the 'p-:l'l:ll:la.l:li]ilj' that a marble
drawn at random is no¢ blue?

3. A fair die ks rolled. What is the probabiliey of rolling

an even number or 4 prime number?

i,

A fair die is rolled. What is the probability of rolling
a number which is less than 5 or greater than 27

. You draw a card from a well-shuffled deck of 52

cards. What is the probahility of drawing a king or
a queen’

. Two dice are rolled. What 15 the probahility of ob-

laining a sum of & or 107

. A hag contains 4 red balls, 3 yellow balls, 5 green

halls and 2 black balls. Find the probability that a
hall dravn at random s neither black nor red.
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Chapter 9

MATRICES



A. BASIC CONCEPTS

Three car dealers each sell three models of 2 car, The table below shows the number of cars

each dealer sold ina given month.
5 7 4
3 4 9
2 0 1

Wi can organize data like this in 2 matrix. The matrix for our car dealer data is
b b, D,
Modeld [ 5 T 4
A=moiciB| 3 4 9|
Mol |2 0 1

c e c c c Two large square brackets contain the numbers in the matrix. This matrix has three iows and

The piural form of reairix | three columns.

I= matrices, poonoanced

‘may-irih-sees’ 2

The column |3 | represents the cars sold by the first dealer. The row |5 7 4| represents all

2
the model A cars sold by the three dealers,

Matrices give us an effective way of organizing and manipulating data in different problems.
We can begin our study of matrices with a more formal definitien.

matrix
A matrix is a rectangular arrangement of numbers in rows and columns,

EH ﬂl.:l ﬂ'l]."' ﬂ.Il 1

iy U Op- O
Qy By Ay Oy b rows

;ﬂlﬂ Oy Dpges Opgy |

n l:l]l]l;mll!
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| The horizontal lines of numbers in a matrix are called rows and the vertical lines are called
eolurnmns. The number of rows and the number of celumns determine the dimensions {also called
the order) of the matrix. A matrix with m rows and » columis has dimersions m % r and & called
anm X 1 (read as ‘m by n') matrix. Notice that the number of rows is always given first,

Each number in a matrix is called an eniry of the matrix. a4 Means the entry in the ith row

and jth column of the matrix A.
m .1-{ -H vilii
¥ v 11
rows X columns 2 bl |-
A: E 3 ﬂ 1 roun Matrix Aisad -.['luuhg.rthref}ma[ﬂx.
-
413 _ :
" '\ A 294 iqq is the entry in the first row
Istrow 3rd column 1830 and the thind column: a3 =4,
m I Write the dimensions of each real matrix,
{3 { 0.5 2041
CO0O00n A-L ?] h-H-[n i E] ! 4 D={5907
.lFmI:mnd'a mair 7 10489
| 15 & real mumber then the
oy fs ealled a real ma-
i
Solution a. |Algygisa 2x2 matrix b. [Blyyqisa 1%3 matrix

IR R
o e

€. [C]3yqisa 3x1 matrix d. [y 4isa 34 matrix

2041
A=|5 8 0 7| isgiven. Write each matrix entre

Emm g Lo

. @3] b. a9y C 034 d. a9

Solution a. 1 b. D e B d B

! Glven A=

-3 05
B 1 3 | find 2ay3 - 3a3; - 4ags,
4

. We have n,anﬁ.n,,-ﬁmudmﬂ-g.snthempmﬁmhemnes
Solution 2

{2-5}-3{J;711“-{4-%}=lu-s-ﬁ=-5.
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B. TYPES OF MATRICES

(eeee

A matris with only ane
row, siech as [l 3 D), is
cathed i mw matri

Likewise, & column
1
mitrin such &5 [q] has
q

oealy ontee coliamn,

¢eecee

The main diagonal of a
spiare  mairix ahwas
rums from fop lefi to bot-

tam right

AN
s offganni)

1. Square Matrix
A square mafrix is a matrix which has the same number of rows and columns.

000
00 :
[2], ) and |0 0 O are all square matrices. We say that a square matrix has order n if
060

it hias m rows and # columns.

2. Zero Matrix
A zero matrix is a matrix whose entries are all zeros, We write 0 to mean a zero matrix.

oo
o], gﬂ]am{[

0 0 0 ﬂ] are all zero matrices.

3. Identity Matrix

A square matrix whose main diagonal elements {from top left to battom right) are | and whose
other entries are all 2ero is called an identity matrix. We write [ 1o mean the identity matrix.

100
111, {]; I]ﬂ:l‘ld 0 1 O|am all identity matrices. [II: Dl] is not an identity matrix.
001

4. Diagonal Matrix

A square matrix in which all the entries except the main diagonal entries are zem is called a
diagonal matrix

10 200
|:_{] EI;| and [0 5 0 are diagonal matrices.
5. Scalar Matrix

000
A suare matrix whose main diagonal elements are all equal (2] = agg = a33 = ..) and
whose other entries are all zero is called a scalar matrix

g g T00
181
0 -5

and (0 7 0] are all scalar matrices.
007
Motice that a scalar matrix is a type of diagonal matrix.
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Answers
I, a3 x 1, column matrix b, 3 x 3, square matrix, diagonal matrix, scalar matrix

o 4 % 4, square matrix

Loag=8agp=3ay=1

C. EQUAL MATRICES
b

Two matrices are called equal matrices if they have the same dimension and their cormesponding
entries are all equal, We write A = B 1o mean that two matrices A and B are equal.
1
Notice that [1 2 3]=|2|, hecavse these matrices do not have the same dimension;
3
(1%3) = (31).

4 Find ayy. a9, 39 and agg in the matrix equation.
L TR = e
a, .| [-3 0

Solution  Since the two matrices are equal, their corresponding entries are equal, and so
ap=2  ap=-l,
@] = -d, EH = (;

i+y -3

s LI

Solution  Since the two matrices are equal, thelr corresponding entries are equal. So
t+y=2 (1}
-y=2x+3y=x+dy=0. (2}

]-:E ﬂ;f:]g] is given. Find x, yand z.

Solving (1) and (2) for x and y gives us x-%, y-—%.
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D. OPERATIONS ON MATRICES

B 6

Solution

e 7

1. Matrix Addition

Although we can always add two real numbers together, we cannot alwavs add two matrices,
In fact, we can only perform matrix addition on matrices with equal dimensions. To add or
subtract two matrices A and B, we simply add or subiract corresponding entries.

A + B
¢ |
ufr+E}_(ﬂ+£] b + J)
cd| |g h] |l + g) (& + k)
5 0 4 4.1 1 5] : 4 !
il PO -1]‘3"5 3 ?]mdﬂ_[ﬁ | ISR Do o
a A+B b, A-B cA+C

i.. Since the matrices have the same dimensions, we can add them.

50 4] [2 2 1]_[5+2 0+2 4+1]_[T 25
2 3 1[5 3 7] [2+45 343 147 |7 6 6

b. Since the matrices have the same dimensions, we can subtract them.
50 412 2 1] [5-2 0-2 4-1 1l 3 2 3
2 3 -1] |53 7] |2-5 3-3 -1-7] |3 O -8

Notice that A - B« B - A.
e. A+ Cis undefined, gnce A and B have dilferent dimensions,

+

Find each matrix sum or difference.

: 1ﬂ'+'-l 2] b 12+‘uu <[22
14 3] 3 143710 0 13 5] 1 2
12].[-1 2] [o o 12 [o0] [12
il + = b + =

Solution 4 3] (4 <3 [ﬂ Hl 4 3] [0 0] [4 3]
c't 2] 2 -1] [-1 3
38l o328
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EnrE 8

Salution

examie I

Solution

2. Multiplying a Matrix and a Scalar
In matrix algebea, a real number is often called a scalar. To multiply a matrix by a scalar, we
multiply each entry in the matrix by the scalar This operation i called scalar multiplication,

s a s oa

12 4 2 00
The mairices A=|-3 0 -1|andB=| 1 -4 3| are given. Perform the matiix eperations.,
. -1 3 2
a. 34 b, B ¢ 34-B
12 4 31 32 314 3612
a =33 0 -1|=3(=DH 30 3{-DH|=|9 0 3
- 5l 1.9 31 1% 6 1 6
b. -H={-1}[ 1 4 3f=|-1 4 _:s‘
-1 32 1132 g g 16 12
c. JA-B=3A+(-B)=|-8 0 3[+|-1 4 3|=|-10 4 &
63 6/ |1 32| 70 4
from fram b

i 1 D 3 B 0 18
Solve the matrix equation for x and y. =
smssntnal s Tl 6

Simiplify the left side of the equation:

of[F 25],[ 8 5]|_[0 18
[ﬁ 4] [—Ely 3) |6 14

3-3 2045] [0 18]
6-3y 4+43) (6 14

0 4x+10] [0 18]
12-6y 14 | |6 4]
Equate corresponding entries and sobve the two resulting equations:

qv + 10 =18 12 -6y =6
=8 by =6
r=12 y=1
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A fs an w ® o mairx
and B s am + % p matriy
e b produc AB s an
WX pmaric

A .- B=AB

mEr TEp mEp

-
|_-||---I:|.;----r«\-|I

Check Yourself
Given the matrices a=[ﬁ - "]andﬂ=[] : i]iﬁm:l

2 43 150
2. -A. b, 24-3B. e 54 +B.
Answers
. [ 1 y [0 142 NS
1243 7 76 1925 15

3. Matrix Multiplication

It is important to check the dimensions of two matrices before we start to multiply them, If
matrix A has dimension m % n and matrix B has dimension p ¥ g, then the product AR only
exists it n = p. Furthermore, the product will have dimension m % g.

g =g
mxn pXqg

A msyaew o meduc s g

We obtain each entry in the matrix AB (the product of A and B) from a row of A and a column
of B as follows: multiply the entries in the ith row of A by the entries in the jth column of B
and addthere*sullstugaﬁm&ﬂ.

fih coluenm of B

Lnﬁztr-1}+ﬁ-ﬂ+ﬁ-1}= "*'J

ith row ol 4

I =
1394 |=| 17
il
L --._P2 = - =
1 15

31 5

1 -2
10 a‘.=[ﬂ ]de= -2 0 6| aregiven. Find the products,

3 24
a. AR b. BA
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Solution a The product AB is defined because A has dimension 2 » 3 and B has dimension 3 x 3,
Momeover, the product AB will have dimension 2 » 3. Look at the procedure for calculating

the product:
11'1“ |;-2]-+ur.a].;j=.ﬁJ
B | B —Tﬁ
15t row, 1st column [3 ] 51. a9 0 6 =[ :|
3 2 4

,Li'.-{—1]+l-|:|+{—ﬂ]-2-—-ﬁJ|

\

1 =1 &
1st row, Znd cohumn E ! _:l 2 0 6 =I_E £ I
] 3 2 4
| 1-5+I-B+{—2]=-{=3_‘|
91 9| 7 5 6 4313'
1st row, 3rd columm 3 1 _q 12 0 Gl=
- T la 24 b -
_ % i P O -
Dl row, Ist colurmn 3 : hg- g 0 gl= ]_E 0%
2 - _3 2 4_ z \ b
’ 1-1#1-(-2)+5:1= 16 |
91 91| . £ 6 8
2Znd row, 2nd column “1la o gl=
31 5 1 9 4 6 7
‘ ¥ |
1-ED+1.045-2=7 |
g i1l 27 ¥ Feumog
2nd row, 3rd column 12 0 6=
31 & 6 7 41
3 2 4 J
| BEHLEES A=
1 -156
21 -2 I
S0 the product | -2 0 8|= :
E]m"m[al EJ iy [15 ?41]

b. Since the dimenstons of B and A are 2 % 2 and 3 x 2 respectively, the product BA s not
defined. This shows us that matrix multiplication is not alwavs commutative; AB = BA.
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Check Yourself

e T TR T i
(3.4 4 b [ 5 e [s ]

EXAMPLE 11 Gi-.-mrhemalﬂrﬂsd=[n2 g] mdﬂ-—-{_ﬂ] i.slmwmamﬂabﬂﬂ-

Solution Using the definition of the product of two matrices, we get
M_‘ﬂ 3][-1 T_[ 0-61+3-2  0-T4+34 ] [6 12]
2 4

CeeeQ 2o Tl )62 (-2)746-4] |14 10
Mtris nvaeplication s ot Eﬂ='—1 ?]’u 3 [CD-047-(-2) (-D-347.6] [-14 39]

by il st 2 4)f-2 6| | 2:044() 23446 | | 8 30|

Thus AB # BA.

12 The following table shows the probatilities of a tasi ride ending at each of three destinations
for taxis waveling among three sections of a dity For example, the probability of picking up
a rider sout bside and dropping him off downiown is 30%.

Noriiside B 0% | 0%

Down 0% 05 0%
Soulside W% 0% 05

What is the prebahility of starting downtown and being downtewn aginalier two taxi ddes?
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Solution Let us represent the information we are given ina matrix
N D 8§
N[0S 0.2 0.3
Di0.]1 04 05|=F
S(03 0.3 04

05 02 03)(05 02 03] (D46 027 037
Then P =P-P={01 04 05(|0] 04 05|=|0.24 033 0.43
03 03 04]103 03 04 03 03 04

The second colunm of the poduct matix ™ shows the probaliky of ending up downtown
after two ti ps, Gven the original s@arting point of either N, D or §. The Downiwn to Down
town probabdlity is in the middle: 0,33, or 33%,
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0

Civen X = l:z 4

]md‘.’:[g 'J,ﬂndx'.f,?x,x: and V2

| EXANPLE B IR

wel 00 T_[20402 21403 ] [0 2]
S olution 1 -1)|2 3] (10402 LI+ (2 4
o0 N2 O] [ 02411 00416 ] 1 ]
2 3][1 1] |2-24(3)1 204031 1 3
w02 O]_[ 22400 2.0404D] [4 0
11 -1 124D L0+En¢n]|
[0 1[0 1]_[ 00412 01413 |
2 3|2 3] [2:04(3)2 214D

e 14 s ][ f']

Solution First expand the left-hand side:

] 5 e o i

Now equate corresponding entries:
16-x' =]
=17

1 =%,17. This is the solution.

Check Yourself

! Eultu;ﬂtell*‘-glﬂm_;“&“- S i ]
5 l_] E][E ?} sl1o1 1l
=1 “} =12

20 3
2 Eh'en|:1 01
020
3. Given the function fix) = 2* = 5x + 21 where | is the identity matrix,

0
calculate f{4) for A =ﬁ 5]

find A and A”.

Answers
- 2 | 46 6 14 12 18 40
. & b. | & 2 A*=|2 2 3[A'=|6 6 8 3.
7 20 62
- 202 4 4 6
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E- DETERMINANT

This formula is one you should memorize: To obtain the determinant of a 2 by 2 matrix, subtract the prod-
uct of the offdiagonal entries from the product of the diagonal entries:

|i|:![lﬁu El::]_tl ay
Gy Oy v 9z

=3y ay —a,;dy,
To illustrate,
dﬂ[; i] =M -2N =2

Using the notation for these permutations given in Example 1, as well as the evaluation of their signs in Ex-
ample 3, the sum above becomes

det A = (1+)a;;a,5a; + (-1)a; a5,
+('l)aua21333 + (+1)a12a23a3l

+(+1)a;a,a,, + (+1)a5a,,a,,

or, more simply,
det A =a a3, + ;3,2

)
T2133,,35, - Q),2335, - 8138535

As you can see, there is quite a bit of work involved in computing a determinant of an n by n matrix directly
from definition (*), particularly for large n. In applying the definition to evaluate the determinant of a 7 by 7
matrix, for example, the sum (*) would contain more than five thousand terms. This is why no one ever actu-
ally evaluates a determinant by this laborious method.

A simple way to produce the expansion (**) for the determinant of a 3 by 3 matrix is first to copy the first and
second columns and place them after the matrix as follows:

al la12a13
A= | aya,ay,
a3185,353

a3, A, |3, A,
Ay Ay Ay |y Ay
a3l a’32 a33 a3l a32

Then, multiply down along the three diagonals that start with the first row of the original matrix, and mul-
tiply up along the three diagonals tha start with the bottom row of the original matrix. Keep the signs of the
three “down” products, reverse the signs of the three “up” products, and add all six resulting terms; this gives
(**) Note: This method works only for 3 by 3 matrices.

reverse the signs of these products

keep the signs of these products
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F- GRAMER S RULE

Cromers Rule

Consider the general 2 by 2 linear system
a;Xa,y=b,

a,Xa,, y=b,

Multiplying the first equation by a 22, the second by — a 12, and adding the results eliminates y and permits
evaluation of &

a apk+ay Ay = apb,
“apay K- apa, Y=o, b,

X (alz Ap-ap a21) =ay bl -y bz
a,b, -a,b,

A3 A3y

assumming thata 11a 22 - 2 12 a 21 # 0, Similarly, multiplving the first equation by = a 21, the second by a 11,
and adding the results eliminates x and determines v

-, X - a, A y=- a, b,
a,a, X+ A3, y=2ay, b,

_')’(au ay-a,3,) =a;b,-a, b
aubz - Ay bl

a8y - A58y,

again assuming thata 11 a22 - a 12 a 21 « 0. These expressions for x and ¥ can be written in terms of deter-
minants as follows:

b, a,
ay bl -y bz l:)2 a,,
a3, 33y, Ay
Ay
and
ap bl
a; b, - Ay b a, b2
A1dy - A Ay a;; A
A Ay

If the original system is written in matrix form,

all alz X bl
ay ay | - |:_‘yj| - b2:|

then the denominators in the above expressions for the unknowns x and y are both equal to the determinant
of the coeflcient matrix. Furthermore, the numerator in the expression for the first unknown, x. is equal Lo
the determinant of the matrix that results when the first column of the coefficient matrix is replaced by the
column of constants, and the pumerator in the expression for the second unknown, v, is equal to the determi-
nant of the matrix that resulls when the second column of the coefficient matrix is replaced by the column of
constants. This is Cramer’s Rule for a 2 by 2 linear system.

Extending the pattern to a 3 by 3 linear system,

Ay A A, x b,
A Ay Ay y b,
a3 A3 Ay Z b3
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Cramer’s Rule says that if the determinant of the coefficient matrix is nonzero, then expressions for the un-
knowns x, v, and # take on the following form:

b, a, a; a, bja; a, a; b,
b, a, a,; a, b, a, a, ay b,
b, a;, ay a; by a, z a; a; b,
xX= Y= = —
all a22 al3 a’ll a22 alS all a22 a’l3
alZ a21 a23 a’lz aZl 323 a12 a21 a'23
A3 Az A3 A33 A3 A3 33 A3 Ay

The general form of Cramer’s Rule reads as follows: A system of n linear equations in n unknowns, written in
matrix form A x=has

o000
A, a, X b,
o000 b
4 Ay Ay %a 2
anl an2 am b ba

nl

will have a unique solution if det A = 0, and in this case, the value of the unknown x j is given by the expres-
siom
_ det Aj

det A

Xy

Examplel:

Finde the solution of the linear equation:
2% -3y= -4 , Ix+y=2

solution:

-4 -3

B detx - I -4+6 2
det 2 -3 249 11

dety [> 2] 4412 16
det 2 3| 249 1l

216



Example2:
Finde the solution of the linear equation:
x+ 3y -z =1

2Xx +2y+z=10

IX+y +2z2 = -1

solution: we finde the det of variables

3 -1
2 ¥ =4
1

1
det= | 2
3 2

-1 2
1 3 1
detz= |2 2 0 |=0
3 1 -1
detx -2 -1
X = = =
det 4 2
det 2 1
y = y = =
det 4 2
detz 0
7 = = = O
det 4
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. TR
D. Operations on Matrices

L. Caleulate A + B, A- B, 24 and 24 - B for each pair
of matrices.

(12 -1 -2
oL e
6 S
b, A=| 2
-3

. A=| 2| B=| &
__I E—

2. FI.I'tdEE] Hﬂdflaiff=3¢*—iﬂ,

SR e

3. Find g4 and 39 1 C = 24 + 56,

4 11 -4 18+
A={0 3 2|and B=|4 & 11}
3 1 1 44 9

4. Solve the matrix equation for a, b and ¢,
a b bel |4 a
2ol s

5. Find &, m and n il

i3 3

IH:|
m k|

SED

6. Solve the matrix equations for e, b, ¢ and d.
] [a-b 2b+c] [5 1

le-2% a+d]| |55

a+h bic] [0 3

#-¢ b-a]| |3 2

T. Calculate AB in each case.
D
I.3 -'3-.
_—
B=

a2 1

1 |
1]‘ E"[a
q 7

-] 8] B=
1 -1

i, A: 1 13:

F
e e

I|—|. i —:II— "."':.

g
e A=8 2 1LB=|3
0
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8. Calculate AB in cach case.

(21 0-110
a A=|-2 4| B=|4 0 2
| 1 6 g -17
0 -10 2
b, A={4 0 2|, B=|-3
B -1 7T 1
-1 3§
o A 4 —~5 B -
o7
10 0 (1]
d A=j0 4 0|, B= —] !
00 -2 05
b
B -1 4 =
e A=|0 0 -3}, B=|8 :hqf*"'— | =
6o 7 6
E - Determinant:
9.Find the det.
5 4 713 26 306
D |, 6‘ ii ) S| |10 iv) [4 0 7
5 01 5 0 8
F - Gramer's Rule
10. Finde the solution of the linear equation: by using Gramer's Rule
i) 2x = 3y + 4 i) 6L - 7K =0 iii) x+3y+2=0
5y =-4x -1 4L +3K =0 3x-2y-z=1

x+y+2z=0
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